Chapter 3

Formation of Boson Stars

3.1 Introduction

Although the idea of Bose star dates back to several decades, the recent advances
in the observational astronomy can provide an unique opportunity for detecting
them. For example, the detection of the gravitational-wave signal GW190521 by
the Advanced LIGO/Virgo collaboration [99] could be due to the merger of two
boson stars [100].The idea of a Bose star is closely related to the concept of geons,
first introduced by Wheeler in 1955 [101]. Geons are considered to be macroscopic
confined states of electromagnetic or gravitational radiation, held together by the
gravitational field created by their own energy density. The notion of a boson star,
formed by the scalar degree of freedom present in fundamental theories of physics
undergoing gravitational collapse, was first introduced by Kaup in 1968 [102] and
Ruffini and Bonazzola in 1969 [103]. Such a star can be regarded as a macroscopic
state created by the balance between the quantum pressure of the scalar field due
to the Heisenberg uncertainty principle and the force of self-gravity. There has
been significant progress in finding solutions of the Einstein-Klein-Gordon equations
for various situations in the literature [104]. According to the standard model of
cosmology, known as the ACDM model, cold dark matter constitutes approximately
83% of the total matter in the Universe. Various candidates for dark matter, such as

the QCD-axion [105, 106, 107, 108] and fuzzy cold dark matter [109], are described
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by the scalar degree of freedom. Hence, it is plausible that the Universe contains
numerous Bose star-like objects. Moreover, gravitational bound state structures
formed by bosonic dark matter may help in explaining the missing satellite problem
faced by ACDM model[for example see [110]]. There has been several studies that
explore the connection between Bose stars and phenomena like fast radio bursts or

the detection of axion stars [111, 112, 113, 114].

It should be noted that in the literature, not much attention has been paid to the
issue of boson star formation under realistic scenarios. However, some interesting
works have been published in recent years that focus on this issue [110, 115, 116]. In
[110], the authors study the gravitational collapse of a randomly distributed, non-
interacting cloud of scalar bosons in the kinetic (low-density) regime. The kinetic
regime is characterized by the de Broglie wavelength (mwv)~! and time scale mv? of

the particles, which satisfy the following conditions:

muR>1 and muvir, > 1 (3.1.1)

Here, m is the mass of the dark matter particle and v is its typical velocity. R
represents the halo size, and 7, is the condensation time at which the star formation
process begins. The authors estimate the value of 7, using a heuristic argument.
After the time 7,,, numerical simulations show that the time evolution of the scalar
field exhibits strong fluctuations during star formation, and the mass of the star
continues to grow on average. The authors argue that their study can also help in
solving the missing satellite problem [110].

The role of self-interaction among the bosonic dark matter particles in the kinetic
regime was analyzed in [115]. This study shows that self-interaction in the dark
matter cloud can influence the mass and compactness of the Bose star. Simulation
of ultralight dark matter halo formation has been carried out in [116]. The study
demonstrates a solitonic core and confirms the core-halo mass relations.

However, it should be emphasized that gravitational shearing can naturally in-

duce rotation in star-forming clouds. For instance, velocity gradients were observed
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across the molecular clouds of the M33 galaxy, revealing their rotation [117, 118].
Thus, considering the ubiquity of rotation in star-forming clouds, we investigate the
formation and evolution of a Bose star when the initial dark matter distribution pos-
sesses finite angular momentum. Additionally, we explore the role of self-interaction
in the star formation process while the initial dark matter density is randomly
distributed throughout space, satisfying the conditions associated with the kinetic
regime. In this work, we consider the self-interacting scalar dark matter field de-
scribed by a Gross-Pitaevskii-type equation. First, we would like to note that there
are existing studies in the literature that discuss related issues. In the reference [119],
numerical solutions of the Einstein-Klein-Gordon and Einstein-Proca equations are
considered to investigate the formation process of a Bose star. The initial field den-
sity profiles are examined with and without axisymmetry. It is demonstrated that
in such cases, the scalar star is always unstable and loses all its angular momentum,
resulting in the formation of a Saturn-like ring around the scalar star. However, the
authors do not take into account any self-interaction. Moreover, in the Proca case,

it was found that it might be possible to have a rotating stable star.

In the references [120, 121], the authors consider the initial configuration as an
isolated boson star with finite angular momentum and study their stability. The
authors show that rotating Bose stars are always unstable when the self-interaction
between their constituent particles is either negligible or attractive, leading to the
loss of all angular momentum. Interestingly, when the self-interaction is repulsive,
it is possible to have a rotating star. In reference [120], an analytical expression
for the growth rate of the instability was obtained. The dark matter field in this
reference is described by a Gross-Pitaevskii-type equation. On the other hand, the

reference [121] considers the Klein-Gordon field.

Therefore, we believe that the approach chosen in our present paper will provide
useful insights into the formation process of Bose stars. Additionally, it will allow

us to compare our results with the related works discussed here.

This work is divided into the following sections: In Section 3.2, we discuss the
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time evolution of boson particles for various cases, including attractive/repulsive
self-interaction and angular momentum. In Section 3.3, we present the results for
the aforementioned cases. Finally, we summarize and conclude the results in Section
3.4. Throughout the paper, we use natural units where ¢, kg, and A are set to 1.
Here, ¢ represents the speed of light, kg is the Boltzmann constant, and 7 is the

reduced Planck constant. Boldface quantities indicate three-dimensional vectors.

3.2 Evolution of the Bose star

In the non-relativistic limit and for a high mean occupation number, the system
can be represented by a classical scalar field, (7, t), whose time evolution can be

described by the Gross-Pitaevskii-Poisson equations [115, 86, 122] :

o) 1
1% = LV my gl (3.2.2)
V20 = 4rGm(|]* — n), (3.2.3)

Here, ® = ®(r,t) is the gravitational potential, G is the universal gravitational
constant, and n is the mean particle density of the boson gas. The parameter g rep-
resents the self-interaction coupling constant, where positive values correspond to re-
pulsive self-interaction and negative values correspond to attractive self-interaction.
The case g = 0 corresponds to a non-interacting scenario. For a box with a size L
and a total number of particles N, the number density is given by n = N/L3. The
above equations (3.2.2) and (3.2.3) can be written in dimensionless form using the
following scaling: r = (1/muvo)7, t = (1/mvd)t, ® = v2®, ¢ = (v3\/m/4rG)e), and
9= (rG/v5)g:
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0 5 l~2~ 2T =727
i = =5V 4 4 g1, (3.2.4)

Vi = [§)? — @, (3.2.5)
. 4nG 3 9 vy -
Here, i = ——n, and N = [ d®r[¢)|* can be expressed as N = 5N, where
mug 4rGm

vp is the reference velocity [115].

Next, numerical solutions of the above equations are obtained using the pseu-
dospectral operator splitting method. This is done by utilizing the code AxioNyx!
[123]. However, we needed to modify the code to incorporate the effect of self-

interaction in the method.

To proceed further, we need to specify the initial condition for ¢ at time ¢ = 0.
First, consider the case when there is no angular momentum carried by the function
1@. In this case, the wave function is assumed to be 'Gaussian’ and can be written
in Fourier space as:

B N1/2

b= —371 e P2l (3.2.6)
m

Here, «,, represents a random phase distributed over the Fourier space between
the numbers 0 and 27. To generate a randomly distributed matter density distribu-
tion in space, we transform to the coordinate space to obtain the profile of amplitude
1;(3%, 7, %,t = 0). This prescription is the same as that considered in reference [110].

The angular momentum in the initial wavefunction is incorporated using the

following prescription: First, consider the function

.1 =0) = e ™ /2eiltan (5/7) (3.2.7)

This function is then transformed to Fourier space to obtain f (p). The initial

thttps://github.com /axionyx
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Figure 3.1: The initial snapshots of density profiles of |dﬂ2 at the initial time

(t = 0) in §Z, 2% and Iy planes. The top panel from left to right describes the
initial cloud density for Liot = 0. The bottom panel respectively correspond to
Liot =5 case.

wavefunction in momentum space can be obtained as ) (p) = f(p) x €, where
o, is the random phase as defined above. The input wavefunction O(%,7, 2,1 = 0)
is generated by transforming d;(p) back to coordinate space. For all the numerical
results presented in this paper, we use the aforementioned prescription. It is possible
to modify the prescription described by equation (3.2.7); in fact, we have tried a
couple of different prescriptions to introduce angular momentum in @E(:i, §,%,t=0),
but it does not change the value of 7,, for a given value of angular momentum. The
qualitative behavior of the numerical results remains the same. Fig.(3.1) shows the
initial density profile [¢)(Z, 7, 2,1 = 0)|? for different values of angular momentum in

different planes.

To calculate the total angular momentum carried by the initial scalar field, we

consider the stress-energy tensor [124]:
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Figure 3.2: Snapshots of |@[~1|2 at different values of time are shown in Zgy-plane.
All the plots represent the case when the initial cloud has total-angular

momentum L,y = 5 and no self-interaction § = 0. The gravitational condensation
time 7, for this case is around 15600. The plots in the upper panel from the
left to right respectively correspond to time ¢t = 0, 0.574,, &l74.. Three plots in

the bottom correspond to 1.1574., 1.5%gr&1.8%gr.

70 _ 5 (B8 — 085 (3.2.8)

The total angular momentum in the Z, ¢, and Z directions, in terms of the

stress-energy tensor, can be defined as [124]:

Jii — / (FTI0 — FT0) 5. (3.2.9)

For the considered initial distribution in equation (3.2.7), the total angular mo-
mentum in the # and § directions (J>3 and J*!, respectively) is zero. Therefore,
the total angular momentum of the system is Etot = JL2 = [N. It is important to
note that once a star is nucleated, it will be performing random motion. Therefore,
even in the case with [ = 0, the star will have some orbital angular momentum.

In cases when the initial cloud has finite angular momentum, it is hard to study
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angular momentum transfer from the cloud to the star because of the presence of
orbital and also the possibility of having intrinsic angular momentum. In this case,
we find it useful to study how the vorticity magnitude is distributed outside the star
formation region. However, this approach does not allow us to quantify angular mo-
mentum transfer from the surrounding cloud to the star. To determine the vorticity
of the system, we introduce the velocity’ v = J /p, where J represents the current
density and p = |¢|*. The current density J is defined from equation (3.1.1) as

= %(wVQﬂ* —¢*V1)). From this, one can define the vorticity as 2 = V x v, and
the vorticity magnitude as Q = /Q2 + Q2 + Q2.

In the subsequent discussion, the magnitude of vorticity in different planes has
been used to understand how the angular momentum is distributed throughout the

space during the process of star formation.

It is important to emphasize that the presence of attractive self-interaction can
also allow for the possibility of forming bound states without the self-gravity playing
a significant role [115]. Thus, for a gravitational bound state to be produced in
the numerical solution, it is expected that the self-coupling term remains small or
comparable to the self-gravity term. Furthermore, the self-interaction term can
influence the typical size of the structure produced by self-gravity, even when there
is no angular momentum in the rotating cloud. In the kinetic regime, one may not
be able to use the hydrodynamic formalism to estimate the Jeans length. Therefore,
in the present case, the following arguments can be used to estimate the typical size
of the gravitational structure and provide a bound on the coupling constant.

If we replace all spatial derivative terms in the GPP equations (i.e., equations

(3.2.3) and (3.2.4)) with 1/L, where L is the length scale, we get:

a 2
(;f [224 (WI2 ~>+gM]¢L2 (3.2.10)

The system would collapse under gravity. If there are no particles in the sur-
roundings, then a stationary state can be reached, i.e., a—; ~ wz/z By relabeling L

with the symbol Lg, where the subscript B indicates a bound state, we have:
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o A e,
2L L

Here, the term with 7 is neglected in comparison with the [¢|? term. The first

and second terms in the square bracket correspond to the quantum pressure and

self-gravity effects, respectively, while the third term is the contribution from self-

interaction. For a gravitationally bound state to be formed in the collapse, we

require that the second term in the square bracket remain larger than the term with

self-coupling, leading to the following condition:

GL5%) < 1. (3.2.12)

Thus, we can estimate the size of the bound structure by solving the biquadratic

equation:

o _w—glol | \/(w—mw?)u?w, (3213

TP Al

where we have ignored the negative square root solution as it could result in
EZB < 0. Since w < 0 for gravitationally bound states, from the above equation, it
can be seen that for attractive self-interaction (i.e., § < 0), the formed structure is

smaller in size compared to the cases with ¢ > 0 and g = 0.

The restriction on the values of the coupling constant can also be obtained using

a different set of arguments [125]. Here, the timescale 7 for obtaining a bound
4/ 2ma?
3n?g’m
interaction between the constituent particles of the initial cloud. For the case when

state without self-gravity is given by, 7 = , when there is an attractive

both self-interaction and self-gravity are present, their combined effect can give rise

to a new timescale 7.¢ for structure formation, which is given by:

Teff = = - - (3214)

Thus, when the condition 7, < T is satisfied, self-gravity can play a dominant
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role in structure formation.

3.3 Results and Discussion

The density profiles of the initial wave-functions in the yz, zz, and xy planes for
various values of angular momentum Ly, = 0 are shown in Figure (3.1). In the
absence of angular momentum or self-coupling in the initial boson cloud, the only
important timescale is the gravitational condensation time described by the formula

given in [110]:

_ b2 mud
12w G2n2A

(3.3.15)

Tgr

where n is the boson number density and A = log(muyL), with L = muyL
being the box length used in the numerical simulation. It should be noted that the
complete determination of the parameter b is not possible, but it can be of the order
of unity [110]. In the subsequent section, we will discuss the influence of angular
momentum and self-interaction on the parameter b. Using dimensionless units, we

can write the gravitational condensation time as:

21

Tor = —..
# 12m8 a2 log(L)

(3.3.16)

To ensure the validity of the numerical results obtained using the modified code,
we have employed the following checks:

1) In the absence of angular momentum and self-interaction, the code produces
the results from [110] and [123], i.e., the estimated value of 7, is in agreement with
the numerical values obtained by the code. Also, the power spectrum of the wave-
function F(w,t) (defined below) develops a peak at the negative frequency value
after £ > 7.

2) The total energy of the system is conserved for the system of equations (3.2.4)
& (3.2.5). To check energy conservation, the total energy is calculated for the initial

data and compared with the total energy at each subsequent step. If at any time
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the total energy of the system exceeds the initial energy by more than 5%, we do

not run the code any further.

Next, keeping the available computational resources in mind, we choose N = 10,
L = 30, and a resolution of L?/128%. The typical value of 7,, is around 8 x 10, and
further increasing the resolution can significantly increase computational time. Also,
including repulsive interactions or higher angular momentum can further increase
the condensation time 7,,. It should be noted that for this resolution, the continuum
limit can be achieved, as shown in [110](also see [115]). Here, the authors use the
exceptionally stable sixth order pseudospectral operator splitting method which is
suitable for a long statistical simulations. In this work we employ the same technique
to study time evolution of a self-gravitating cloud of a dark-matter in the kinetic

regime.

For the chosen values of N and L, the highest allowed value of |j| for the for-
mation of a gravitationally bound state is 4.56, as given by the bound condition
(3.2.12). We have checked if the numerical results show the process of star forma-
tion for |g| > 4.56 ; however, we do not find star formation occurring for either
attractive or repulsive self-interaction within the time allowed by our energy con-
servation test. Moreover, if we reduce the highest values of |g| by an order of
magnitude, the numerical solutions are very similar to the case with g = 0. Thus,
in this work, we present the results for the following three values of the coupling
constant: g = —4.56, 0.0, and +4.56. The data generated by the code is analyzed

using The yt Project [126].

Here, we would like to note that recently in [110] and [121], the authors studied
the stability of an isolated rotating Bose star. It was demonstrated that when the
self-interaction among the constituent particles is attractive or negligibly small, the
star becomes unstable for any value of angular momentum. The instability results
in the shedding of particles (including angular momentum) in the region outside the
star, leading to the formation of a Saturn ring-like structure around the star. The

time scale associated with the instability of a rotating boson star [120] was estimated
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using the growth rate given by:

100 2 1

ﬂam“ <3.3-17)

Tins =

where [, My, and «; represent the values of angular momentum, the mass of the
star, and an angular-momentum dependent parameter, respectively. However, the
authors demonstrate that when the self-interaction between the constituent particles
is repulsive, it is possible to have a stable Bose star configuration.

Thus, it would be rather interesting to see whether the Bose stars formed in
our numerical results are rotating or not. First, we would like to emphasize that in
the stability analysis by [120], the initial configuration is assumed to be an isolated
boson star. In our work, star formation occurs after a time 7, from the initial
state with a randomly distributed density over the entire space. To understand how
the instability influences the presented numerical results, let us consider the ratio
Tins/Ter-  Using the values of n and L, the ratio Tins/Ter ~ 1072, Furthermore, it
should be noted that we have used the value of 7,, ~ 8000. The typical range of 7,
is around 8000-25000 for g > 0. Thus, one can only decrease Tins/7g by increasing
Tr- SINCE Ting/Tor < 1072, we believe that any possible instability would have time
to saturate.

To check when the star condensation begins, we employ the following three tests:

e The first test involves studying the time evolution of the maximum amplitude
1)(Z,)|. The typical value for the initial maximum amplitude is [ (Z, )| ~
2 x 1072, The sudden rise in the maximum amplitude could be due to gravity
or the self-interaction producing a bound state. This provides us with an

estimate of 7eg for g < 0 or 7, when g > 0 for repulsive interaction.

e The second test involves studying the power spectrum F'(t,w) of ¢ (z,t) [110],

defined as the Fourier transform of the correlator:

dt |
Flwt) = / CH P (), 0t + 1) o (3.3.18)
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Around the time when gravitational condensation occurs, F'(w,t) starts devel-
oping a peak at ws < 0, indicating the formation of a gravitationally bound

state.

e The third test involves checking if the formed structure is gravitationally bound

by satisfying the condition | §I~1732| < 1.

These tests allow us to determine the onset of star condensation and verify the
formation of a gravitationally bound structure.

Figure (3.3) shows the evolution of the maximum density, max ||, with time
. The plots from top to bottom correspond to cases with Ly = 0, 3, and 5.
Initially, max]zﬂ remains constant and small for a long time ¢ ~ 7, and then
there is a sudden rise in its value. It should be noted that the mean value of
density continues to rise monotonically for > 7,, until the convergence test stops
the code around ¢ ~ 21000. Ideally, the growth in density should stop at some
point, but due to computational limitations, it is difficult to observe this in the
numerical computation. Previous studies related to Bose star formation, such as
[110] and [115], have also not observed saturation in density in the kinetic regime.
Additionally, the inclusion of angular momentum in the initial amplitude does not
help in achieving saturation.

Figure (3.4) describes the behavior of the spectrum F(@,f) as a function of
frequency at ¢ ~ 21000, which is larger than the condensation time 7gr for all three
cases. The figure clearly shows the presence of a prominent peak in the region
where the frequency has negative values for all different values of Lioi. Tt should be
emphasized that this peak in F (@,1t) occurs soon after Ter and persists as long as the
convergence test remains valid. This peak indicates the presence of a gravitationally
bound state or a Bose star.

To gain insight into the fate of the initial cloud’s angular momentum, we have
shown three snapshots of the density profile \1;]2 along with the vorticity magnitude
in the Zg-plane at a time around 21000 in Figure (3.6). The vorticity magnitude is

represented by the black contours. The leftmost plot corresponds to the case with
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Figure 3.5: Figure 3.3 represents the time evolution of the maximum density|w|2
for different values of initial angular momentum of the bosonic field for g = 0.
Figure 3.4 represents the energy spectrum, ﬁ%@), as a function of @. In both

figures, Ehﬁ varies from top to bottom as O, 3, and 5. In figure 3.4, all plots

are obtained at ¢ ~ 21000.
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Figure 3.6: Three snapshots of density profile hﬁP together with vorticity

magnitude in Zy—plane are shown at time t ~ 21000. This the case when there is
no self-interaction. The first plot on the left corresponds to the case with no
angular momentum (Eun = 0), while the second and the the third plots respectively
describe the cases when Eun = 3 and 5. The black contours represent vorticity
magnitude. The high density region inside the redspots corresponds to the Bose
star. The second and third plots shows the presence of vorticity outside the
star formation region. In ZZ—plane & yZ—planes also vorticity found to be in
the region outside the star.

ﬁtot = 0, where there is no initial vorticity. In the other two plots with non-zero
angular momentum values, most of the vorticity magnitude remains outside the
star-forming region. This suggests that the stars formed in the cases with Ly = 3
and Ly = 5 may not possess intrinsic angular momentum. These findings align

with the stability analysis presented in [120].

The typical time interval for which the star persists after the condensation time is
approximately (1.5-2.0)7,,, with the specific value depending on Lior and type of self-
interaction. The instability of a rotating boson star in the absence of self-interaction

is known, but the characteristic time for the instability to grow, % ~ 1072, is much
shorter than (1.5-2.0)7,. Therefore, it is expected that the ingsrtability saturates
within the observed time interval. Additionally, the presence of a peak in F (@,1)
at negative frequencies throughout the interval (1.5-2.0)7, suggests that the star

formed in the case with /jmt = 0 is stable against rotational instability.

In the left panel of Figure (3.3), it can be seen that the maximum density starts
to increase and fluctuate strongly after the condensation time. Therefore, the plots
of total mass of the star M(f) versus time ¢ can exhibit growth, but the data also
shows large fluctuations. Similarly, one would expect to observe fluctuations in the

radius versus time plots as well. The theoretical calculations based on stationary
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boson stars predict that as the mass of the star increases, its radius shrinks [86, 127].
This behavior has also been observed in numerical simulations [110]. Furthermore,
it has been shown that if the mass and radius of a non-rotating Bose star increase
simultaneously, they can be unstable [127]. In order to smooth out the fluctuations
in the data, we employ a digital filter developed by Savitzky-Golay [128].Compared
to other smoothing techniques(such as moving average, etc), the Savitzky-Golay
filter stands out for its ability to simultaneously reduce noise and maintain the
integrity of fine details present in the data. By fitting a local polynomial function to
a sliding window of data points, the filter effectively captures the underlying trend
while suppressing high-frequency noise components.

Figure (3.7) shows the M — R relation, Rgg measures distance from the centre at
which 99% mass of the star is located. It has been observed in our simulation that
2Rg9 > Lp. The red curve represents the case with no angular momentum in the
initial cloud. It can be clearly seen that the star becomes more and more compact
as its mass increases. Similar behavior is observed for the blue curve representing
the case with Etot = 3. However, for the case with Ztot = b, there are two branches
of solutions. In the lower part of the green curve, both the mass and radius of the
star increase together. This branch may be unstable [127], but the time scale of
the instability may be much longer than 7., allowing the star to survive during the
simulation time. The lowest mass on this diagram occurs around the time when the
condensation just begins, and with the passage of time, the star moves towards the

stable branch.

3.3.1 Bose star formation in presence of self-interaction

Next, we investigate Bose star formation in the presence of finite self-interaction. We
examine the gravitational collapse of a self-interacting boson field for various values
of the coupling constant g. As discussed earlier, star formation may not be possible
for arbitrarily large values of the coupling strength. For N = 10 and L = 30, we

determine that the maximum allowed value of |g| is approximately 4.56. However,
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Figure 3.7: Mass{radius relation for Bose stars without any self-interaction for

different values of Etot

if we decrease the coupling constant by an order of magnitude, the results approach
the case with no self-interaction. Therefore, in this section, we focus our analysis

on a high value of the coupling constant.

Attractive self-interaction

In this case, it is possible to form bound structures due to the balance between the
attractive force provided by the self-interaction and the quantum pressure. Hence,
it is crucial to examine the role of self-gravity in the observed bound state. For this
analysis, we consider g = —4.56.

We begin by analyzing the plots of maximum density max |1/~1|2 versus time for
different values of Ly, as shown in figure (3.8). All the plots indicate that for a
significant duration of time, max [)|? remains very small and constant. However,
after a certain time when condensation occurs, max [¢)|? starts to rise monotonically
until the convergence test related to the total energy stops the process. The specific
time at which max |1Z|2 begins to increase depends on the value of Ly present in
the initial cloud.

Next, Figure (3.9) presents the plots of the spectrum F(f,&) versus frequency
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Figure 3.8: Figure 3.9:
Figure 3.10: The caption is same as in figure (3.5), except here, we have
considered attractive self-interaction (§ =  —4.56) and all plots are obtained
at ¢t = 16000.

& at time t ~ 16000 for three different values of ﬁtot. All three plots in Figure
(3.9) demonstrate the formation of a gravitationally bound state, indicated by the
presence of a peak in the negative frequency regime. As discussed earlier, when
the interaction is attractive, there exists an upper bound on the coupling constant
g given by the condition (3.2.12). This estimation requires determining the value
of L. In the case of self-interaction, if the Bose star is formed with net angular
momentum, it could be unstable with an instability timescale smaller than 7.
Figure (3.11) displays three snapshots of [1)|* together with the vorticity mag-
nitude at time ¢ ~ 16000 in the zy-plane for three different values of Etot. The
vorticity magnitude is depicted by the black contours, while the bright red spots
indicate the region where the Bose star has formed. The plots reveal that the black
contours are concentrated outside the star-forming region. Thus, in this case, sim-
ilar to the g = 0 case, we believe that the formed star does not have any intrinsic
angular momentum, and our results demonstrate stable stars. These findings align

with the stability analysis presented in [120)].
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Figure 3.11: The caption is same as in figure (3.6), except here, we have
considered attractive self-interaction (¢ =  —4.56) and all plots are obtained
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Figure 3.12: Mass {radius relation for Bose stars with Attractive

self-i

nteraction for different values of Enn

Figure (3.12) illustrates M — R diagrams for different values of the total angular

moime

ntum of the star. The plot is generated using the digital filter discussed earlier.

The red curve correspond to the case when there is no angular momentum in the

cloud.

The lowest value of mass corresponds to the time when the condensation

begins. The curve indicates that as the star mass grows, it becomes more compact.

The blue curve exhibits a similar behavior. The green curve corresponds to the case

when the total angular momentum is 5. In this case, for the lower branch, the mass

of the

star increases with the radius, indicating instability. However, for the upper

branch, we observe that increasing the mass of the star leads to a more compact

configuration.
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Figure 3.13: Figure 3.14:
Figure 3.15: The caption is same as in figure (3.5), except here, we have
considered repulsive self-interaction (g = +4.56) and all plots are obtained
at t = 25500.

Repulsive self-interaction

Next, we consider the case of repulsive self-interaction. In this case, it is reasonable
to expect that the bound state formed in the numerical results is due to gravity. If
the coupling constant is increased to values higher than 4.56, bound states can still
be formed. However, studying such bound states would require more computational
time than allowed by the convergence test implemented to validate the numerical

results. Therefore, for now, we restrict our analysis to g = +4.56.

First, we analyze the plots of the maximum density max |@/~)]2 vs. time, as shown
in Figure (3.13). The topmost plot corresponds to the case when the total angular
momentum of the collapsing cloud is zero. The middle and bottom plots correspond
to the cases with Lio; = 3 and Lo = 5, respectively. All plots show that max |@E|2
remains small and constant until time ¢ ~ 7,,. After that, max |1ﬁ]2 starts to increase

with time, until the convergence test limits the program runtime.

Next, Figure (3.14) illustrates the plots of the spectrum F(f, ) versus frequency
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Figure 3.16: Vorticity magnitude plotted in #j plane at times { =
22000,23300 and 27400 from left to right together with the Density for g = +4.56
(repulsive self-interaction) and Ly = 5.0. With the passage of time the net
vorticity vanishes from the surrounding of the star formation region. The
plots does not have any vorticity magnitude outside the star forming regionm.
The absence of vorticity is seen in the other two planes also. This may be
indicative of angular momentum entering the star.
@ at time £ ~, 25500 for different values of Ltot. The presence of a peak at negative
frequency in F (t,@) indicates the existence of a gravitationally bound state. The
stability analysis in [120] suggests that an isolated Bose star with angular momentum
might be stable. Therefore, it is of interest to investigate what happens to the net
angular momentum of the collapsing cloud after the star formation.

Figure (3.16) presents three snapshots of density profiles together with the vortic-
ity magnitude when Lo = 5. The condensation time for L, = 5 is approximately
18000. The leftmost snapshot, taken at £ ~ 22000, is closer to Tgr ~ 18000. In this
plot, the black contours represent the presence of finite vorticity magnitude outside
the star-forming region, represented by the red spot. The middle snapshot, taken
at time 23300, shows a reduction in the black contours around the star-forming re-
gion. This reduction is not limited to the xy-plane alone; a significant decrease in
vorticity is also observed outside the star-forming region in the other two planes.
The rightmost snapshot, taken at time 27400, exhibits a near absence of vorticity
magnitude outside the star-forming region. Similarly, vorticity is not observed out-
side the star-forming region in the other planes. A similar behavior is observed for
the Etot = 3 case as well, where the vorticity magnitude outside the star-forming
region starts decreasing soon after the gravitational condensation.

Figure (3.17) shows the M — R diagram when the self-interaction is repulsive

for different values of angular momentum. In the absence of angular momentum in

45



Repulsive Self Interaction

1.8}
— £=0

16 — =3 ]

I £L=5 |

141 |

Mass

)

1.0} ]

0.8 ]

0.6F .

R99

Figure 3.17: Mass{radius relation for Bose stars with Repulsive self-interaction

for different values of Etot

the cloud, the red curve clearly indicates that just after the condensation, the star
begins with the lowest mass and, as it becomes more massive with the passage of
time, it becomes more compact. Interestingly, the vorticity plots after the condensa-
tion begins clearly demonstrate that the vorticity vanishes outside the star-forming
region. This suggests that the angular momentum might have been transferred to
the star. In this case, both the blue and green curves show two branches, where
the mass of the star grows with increasing radius, and vice versa. However, there
is currently no analytical or numerical work, to the best of our knowledge, that
can determine whether a rotating star with repulsive interaction can have a branch
of solutions where the mass and radius of the star grow together. These cases are
new and require further investigation. However, from the timescales relevant to our
simulations, such stars are formed just after the time 7, and they survive until the
convergence test allows the code to run. In that limited sense, stars represented by

the blue and green curves are stable.

In Figure (3.18), we observe the relationship between condensation time (7,)
and angular momentum per particle (1). Notably, 7, increases in a nonlinear man-

ner with increasing [. This trend is consistent across cases involving attractive,
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repulsive, and no self-interaction. Furthermore, it’s evident that, for a specific value
of I, 75 is shorter when there’s an attractive self-interaction compared to the sce-
nario with no self-interaction. Conversely, when there’s a repulsive self-interaction,
Tgr 15 longer compared to the case with no self-interaction. This underscores the
significant influence of both angular momentum in the initial field and the type
of self-interaction between particles on the behavior of 7. Figure (3.19) provides
insights into estimating the parameter b in equation (3.3.16) for various values of
[. Notably, when [ is equal to zero and there’s no self-interaction, the parameter
b is approximately one. However, as we increase the angular momentum (1), the
parameter b exhibits a nonlinear increase. Additionally, the type of self-interaction

also plays a role in influencing the behavior of b.
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Figure 3.18: Variation of Condensation Time, (Tgr) , with Angular Momentum per
Particle (I) for Different Types of Self-Interaction
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Figure 3.19: Variation of parameter b with Angular Momentum per Particle (I) for
Different Types of Self-Interaction

Figure 3.20:
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3.4 Conclusions

In conclusion, this work studies the numerical solutions of the nonlinear Schrodinger
and Poisson equations, which describe the formation and evolution of a Bose star
when the initial cloud has finite angular momentum. The star formation occurs in
all the numerical solutions presented here. The results show that once a Bose star
is formed in our numerical simulation, it persists until our code violates the energy

conservation test.

Since the work is carried out in the kinetic regime, with an initially randomly
distributed dark matter density distribution over the entire box, the typical con-
densation time is on the order of 103 in dimensionless units. The numerical results
demonstrate that the presence of angular momentum and self-interaction can sig-
nificantly affect the star condensation time. Furthermore, the study shows that
the presence of angular momentum and self-interaction in the star-forming cloud

strongly influences the mass and radius of the Bose star.

Further we would like to note here that the star formed when the initial cloud
does not carry any intrinsic angular momentum performs a random motion during
its growth [110]. This allows the formed star to have "orbital” angular momentum.
This in turn complicates the important question related with net angular momentum
transferred between the rotating initial cloud and the star formed in the numerical
simulation. To gain insight into this problem we have studied how vorticity mag-
nitude profile along with the star. The vorticity magnitude provide a qualitative
idea of angular momentum transfer between the initial cloud and the star. More
quantitative analysis of angular momentum transfer between the initial cloud and
the star shall be done in a future work. The vorticity magnitude plotted along with
the density profile for the cases related with negligible or attractive interaction in-
dicates that the formed star may not possess any intrinsic angular momentum. But
for the case of repulsive interaction, our study shows the absence of vorticity outside
the star-forming region. This implies that the Bose star formed in this case might

be having an intrinsic angular momentum transferred from the initial cloud. Thus
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we believe that our results about the angular momentum transfer are in agreement
with the analytical work carried out in Ref.[?] in which the stability of a rotating

Bose star with different interaction has been analysed.
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