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CHAPTER 2

In the field of gas sensing mechanisms, a profound understanding of the intricate
interactions between gas molecules and two-dimensional material is paramount. These
interactions form the bedrock upon which efficient gas sensors are built. While experimental
procedures can yield valuable insights, they often demand substantial investments of time and
finances. Computational approaches emerge as a potent and cost-effective avenue to delve into
these molecular interactions at the atomic level. In this chapter, we delve into the computational
methodologies essential to our gas sensing research. One of our primary tools is Quantum
Espresso' employed for Density Functional Theory (DFT) calculations, a cornerstone in the

study of molecular interactions.

This strategic junction not only opens the system's static attributes but also gives us
access to its dynamic behaviour. It enables us to investigate time-dependent perturbation
reactions and dig into the world of rheological properties, a multidimensional realm that
includes electrical subtleties, structural dynamics, vibrational patterns, and crucial transfer
parameters. This chapter provides a critical link to a thorough understanding of the molecular
complexities that regulate gas interactions at the atomic scale, bringing us closer to the

construction of highly efficient gas sensors.
2.1. Theory of Electronic Structure
2.1.1. Many body problem

A solid can be considered as an assembly of heavy nuclei and loosely bound electrons.
In a solid with N nuclei, there are N + ZN electromagnetically interacting particles, where Z
represents the atomic number. This system presents a many-body interaction problem. The
ground state energies can be determined by solving the time-independent Schrodinger

equation’.

Hy = Ey - (2.1)

Here, ¥ represents the wave function for all particles, E is the energy eigenvalue of the system,
and H is the many-particle Hamiltonian. The simplest example is the hydrogen atom, which
consists of one electron and one proton. For this case, the Schrédinger equation can be solved
exactly, yielding an energy of -13.6 eV for the hydrogen atom. However, in conventional solids,
there are numerous electrons and ions, leading to complex interactions among them.
Consequently, the Hamiltonian of the system becomes more complicated and is described by

the following equation.
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ﬁ = TN + Te + Vee + VBN + VNN ----- (22)

were Ty and T, are the kinetic energy operators for the nuclei and electrons respectively, V,,
V,.y and Vyy are the potential energy due to the electron-electron interactions, electrons-nuclei

interactions and nuclei-nuclei interactions respectively. The many body Schrédinger equation

reads:
hz 82 ZlZl’
Hy = [— -
2me £ 07" C2M 2 4 IR, — R/|
l;tl’
1 e? 1 e Z] _
+- Ziz:j e ] 2 Bl ¥ = B —(23)

where i and / are indices running for electron and nuclei, me and M stands for the mass of

electron and nuclei, Z; and Zy define the charges on different nuclei, 7; — 7;, R, — R} and

T; — R, represent distances between electron-electron, nuclei-nuclei and electron-nuclei
respectively. The solution of the equation (2.1) is the eigen state and energy eigen value which
is the total energy of the system from which the ground state properties of materials at
equilibrium condition can be obtained. The Hamiltonian in equation 2.3 involves atomic mass
and charge of electron, atomic number and mass of nuclei, therefore the solution of equation
2.1 does not require any adjustable parameter owing to which the method is known as first-
principles calculation. In practice, for smaller system such as hydrogen the equation 2.1 is
easily solvable, but is difficult to solve for large systems and for that several approximations
were proposed.

2.2. Wave function-based methods to solve many body problem
2.2.1. The Born-Oppenheimer approximation

Nuclei are heavier and move more slowly compared to electrons. Born and
Oppenheimer assumed that nuclei can be considered static relative to the moving electrons,
allowing the kinetic energy of the nuclei to be neglected®. As a result, the wave function can be
divided into two parts: the electronic part and the ionic part, leading to a many-body wave

function.

¥ = x(R) ¢i(F, R) -—--(2.4)
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Here y;(R) represents ionic, while ¢;(7, R) stands for electronic wave function. Following

equations are separated ionic and electronic parts of wave function:

2

[—%Zzaf? +Vyw(R) + EE(ﬁ)] x1(R) = Ex,(R) ——(2.5)

[_ ;;;Zi% + Vye(7, R) + Vee(‘r‘_)] ¢, (7, R)=E, ¢, (7, R)--mme- (2.6)

Here, in the above two equations derived from equation 2.2, where the first term of equation
2.2 vanishes under Born-Oppenheimer (BO) approximation and the last term will be a

constant* The residual Hamiltonian will now be read as:

_

H=T,+V, +V, + Constant ------ 2.7)

The Hamiltonian operator (H) can be modified as a sum of kinetic energy of electrons,

the electron-electron interaction (V,,) and the interaction with the external potential (V,,;):

The external potential of interest is the electron-nuclei interaction and is given by

vext = 21’,1 Vl(lri - RID ““““ (2-11)

were 7 is the coordinate of i™ electron and V,,, is the external potential.

2.2.2. Hartree approximation

In the Hartree approximation, electron-electron interaction is based on classical
electrostatics, where Coulomb repulsion is considered in some form. In classical electrostatics,
an electronic charge distribution n(r) generates an electrostatic potential through Poisson's
equation”.
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V2p(r) = 4mn(r) -------- (2.12)

Electrons subjected to this potential will have a potential energy known as the Hartree

potential, which satisfies Poisson's equation.
V2V (r) = —41n(r) -------- (2.13)
The solution of equation 2.9 in Hartree units, will have the form: a potential energy Vy(r) =

—@(r) , which is called the Hartree potential

Eyln] =3 MO g3y g3y (2.14)

|r=r]

With the inclusion of Hartree potential one can write the complete Schrédinger’s equation for

electronic part as follows:

hZ

=V ¢ —

2m,

ler RI('b Zpuf f = € ¢;—-(2.15)

4ATTE =T;

The first term on the left-hand side of the equation represents the kinetic energy of the
electrons, the second term denotes the ion-electron interaction (Vig) that depends solely on the
electron's position, and the final term represents the Hartree potential (Vu). This equation,
equation (2.11) known as the Hartree equation, is solved using the variational principle, which
yields the ground state energy by minimizing the expectation value of energy E.

_ (WulH|"H)

(Pul¥h)
Hartree transformed the many-body problem into a single-electron problem, known as the
independent electron approximation. This approach neglects electron correlations and the

asymmetric nature of the electron wave function.
2.2.3. Hartree-Fock (HF) approximation

As fermions, electrons follow Pauli’s exclusion principle, so their wave function's
asymmetric nature and the effects of electron correlation cannot be ignored. Hartree and Fock

took into account the asymmetric wave function, described by the following equation®:

‘PHF(Fl,Ul, ey T, 04y o, T, 0G ) = —'PHF(r_l, 01, ) 1, Oy ey 17, 0, ) ----- (2.17)
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In HF approximation, minimization of equation 2.15 is done by considering the above

asymmetric wave function in the determinant form known as Slater’s determinant’.

llU1(7”_1,Cf1) W1(772;02) ‘1’1(%, UN)
WHF(T_LO'L e T O'N) = lle(Fz,Uz) l1”2(7”_2,572) q’z(mi UN) """ (2.18)
Yy(y,on) Wy(y,on) ... Wy, on)

The determinant of the wave function can be written as
1
Vur = mZP(—l)pP ¥y (x1) Y5(x2) ... 'IUN(XN) """ (2.19)

where, x = (T, 0), P is the permutation number and p is number of interchanges for making up
this permutation. Substituting the Slater determinant of many body wave function in equation
2.15 gives expectation value of Hamiltonian as

e |wi(xl| ‘I’j(xj)|2
ameg -7

d3rd3r’

E =3[ W' @) [~ % V2 + Vi WD L 54 Lo ]

1 2w @) waE) w@ ,
_EZi,jzjiiff : — ) —drd’r’ - (2.20)

4TTE r—r
0

where the last term is the consequence of Pauli’s exclusion principle known as exchange

energy. Minimization of equation 2.17 leads to Hartree-Fock equation:

1 et W WEV W@ |
[— Wi(r)—EZfo dreg =7 d°rd°r

i,j j#i

hZ
2_ - -
e 272 V) + V)
L

= g %) - (2.21)

This method improves upon the Hartree approach by incorporating exchange energy
and considering the asymmetric nature of the wave function. However, the total energy
€; requires minimization over the sum of N-particle Slater determinants (equation 2.15). Such
determinants are quite large, making this approximation computationally expensive for both

large and small systems.
2.3. Density based method: Density functional theory

The ultimate goal is to determine the ground state energy of a many-electron system by
solving the many-body Schrédinger equation (equation 2.3). For a system with N electrons,
there are 3N variables, making the solution of equation 2.3 complex. Density functional theory
(DFT) uses a density-based method where the interaction energy and potentials depend only

on the electron density, significantly reducing the computational cost.
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2.3.1. Thomas-Fermi theory

The initial method for solving many-body systems to compute the ground state energy
using density-based theory was developed from the Thomas-Fermi (TF) theory®’. In 1927,
Thomas and Fermi suggested that the electron density could serve as a fundamental variable
instead of single-particle wave functions or orbitals. They proposed that the total energy of the
system could be expressed as a functional of the electron density. The kinetic energy of N

interacting electrons can be written in terms of the electron density n(i) as follows:

5
Tre = Ci [ n(P)3d3r —— (2.22)

The total energy can be written as a functional of electron density by adding the kinetic energy,
electrostatic energy and external potential as a functional of electron density

2 a(#)n@®

E = Trp + [ Vie@®) n@)dr + 3 [ ;== 5= dPrd®r’ - (2.23)

where E is the Total energy. The total number of particles can be obtained by the minimization
of above energy with constraint recognized by Lagrange multiplier as:

—Ckn(r) + [ ’i(ﬁ,) Br'=p;u= —Ckn(r)s + V(F) - (2.24)

4amey |7

Equation 2.23 can be solved iteratively. In Thomas-Fermi theory, the exchange energy is not
included. Dirac expanded upon this method to incorporate exchange interaction and correlation
functionals'®. However, Thomas-Fermi theory does not account for the shell structure and

atomic behaviours of complex systems.
2.3.2 Hohenberg and Kohn theorem

In 1964, Hohenberg and Kohn established two fundamental theorems that underpin
density functional theory calculations!!"!2. The schematic of these theorems is illustrated in

Figure 2.1. The first theorem, Theorem I, states:

"For any system of interacting particles in an external potential Vex(r), this potential is

uniquely determined, up to a constant, by the ground state particle density n(r)”

According to Theorem I, the ground state of a system uniquely depends on its density.
Therefore, given the charge density, the Hamiltonian operator can be uniquely determined,
allowing for the computation of the wave function ¥ and all material properties. The proof of

Theorem 1 is presented below:
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Consider two different external potentials v ®(r) and v?)(r) differing by more than a

constant and leading to different ground state wave functions, ¥’ and ¥ respectively. Let us
assume same ground state density n(») for both potentials. The two external potentials lead to

two different Hamiltonians, #”” and H?. Since ¥ is not the ground state of A",
E@ = (lp(l)lﬁ(l)llp(l)) < (lIU(Z)lﬁ(l)|lp(2)> _____ (2.25)
The last term can be rewritten as:

(p@|FO|y@) = (pO|FO|p@) 4 (y@|FD - FO|p@) ____. (2.26)

ext ext

= E® + [V ) = VA )| n(r)d¥r — 227)

so that
E® < E@ + [[vE () - 2 )| n(dPr — 2.28)
It is reasonable to interchange the labels 1 and 2.
E@ < E® + [y ) - vE )| nrd3r — 2.29)
Adding equations (2.25) and (2.26) gives
EW+E@ < E@ 4+ O ____(2.30)
Which contradicts our assumption and proves that there can only be one external potential

Vext(r) that produces the ground state density n(r), and conversely that the external potential

Vext(r) 1s uniquely determined by the ground state density.

Figure 2.1: Schematic representation of first Hohenberg and Kohn theorem. Here, the HK
theorem completes the circle, while arrow shows the solution of Schrodinger equation.
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The second theorem is stated as follows;
Theorem II: “The functional that delivers the ground state energy of the system, describes the

lowest energy if and only if the input density is the true ground state density.”

We can now examine a system where the ground state density n')(r) corresponds to the external
potential Vex(r). The universal functional can be written as:
E[n] = F[n] + [ Ver(r)n(r)d3r - (2.31)
where F[n] = T[n] + E[n];: -—- (2.32)
Therefore a different density, n”(r) corresponds to a different wave function ¥, implying

that the E@ of this state is greater than £, since

E0 _ <\P<1> 4 <1>‘\P(1>> < <lp<2>‘|4 <1>‘1P<z>> _EOQ _(234)

The energy calculated using equation (2.31) for the correct ground state density ng(7) is
lower than the energy obtained using any other density n(7). This principle is known as the
second Hohenberg-Kohn theorem. The universal functional F[n] achieves the minimum energy

only when the input density is the true ground-state density n.

2.3.3. The Kohn-Sham equation

The Hohenberg-Kohn theorems allow the energy to be divided into two parts: a system-

dependent part Ivext(r)n(r)d *r and an unknown functional F/n] as shown in equation 2.28.

Kohn and Sham proposed a form for the unknown F/n/. They transformed density functional
theory (DFT) into a practical tool by constructing an auxiliary system of non-interacting
quasiparticles that have the same density as the true interacting system'?. By developing good
approximations for these functionals, direct minimization of the energy becomes possible.
According to the Hohenberg-Kohn theorem, if a system of non-interacting electrons exists with
the same density as the interacting system, the total energy of the interacting system can be

expressed as follows.
E[n]=T[n]+V[n]+ [V (n(r)dr  —oeeeeeees (2.35)

where T[n], V[n] and Vex(r) are the kinetic energy functional, Coulomb potential functional

and external potential respectively.
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D
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Figure 2.2: The connection between many body and the independent particle system is provided
by Kohn — Sham, where HK, defines Hohenberg and Kohn theorem applied to non-interacting
system

Since the single particle system and the interacting system are assumed to have the same
density, adding and subtracting Ts[n] (the non-interacting kinetic energy) and En[n] (the

Hartree energy) to (2.24), gives!?

s [n] = T, 0]+ Ey [n] + (T[] =T, (] + V] — Ey [+ [V (0N(F)F - (2.36)

Eys[N] =T, [n]+ Ey [n]+ E,[n]+ [V (NN(N)d°r - (2.37)

where the exchange-correlation energy is defined as:

E,. [N]=T[]-T,[n]+V[n]-E,[n] - (2.38)

In this context, the difference in kinetic energy T[n]—Ts[n] represents the kinetic
contribution to correlation, while the difference V[n]—Eu[n] accounts for the electrostatic and
Hartree-Fock exchange contributions to correlation. Although the exchange-correlation
potential encompasses all significant quantum many-body effects, determining the exact
exchange-correlation functional is highly challenging. Therefore, approximations are made
using simple functionals, as discussed in Section 2.5.

The Hartree energy En[n] in equation 2.27 is the classical electrostatic energy for a
charge distribution n(r) given by equation 2.10. The non-interacting kinetic energy Ty, density
n(r) and particle count N of the non-interacting system can be evaluated from the single particle

wave functions as:

T.[n]= —%i(wi Vi) — @239)
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N 2
n(r) =l (1) - (2.40)
N =[n(r)d°r - (2.41)
Ty/n] is explicitly expressed as a functional of the orbital’s whereas all other terms are

functionals of the density, then solution of equation 2.39 is the problem of minimization with

respect to density n(7).

dEKS — éTs[n] +|:d5ext[n]+ &EH [n]+ dExc[n]:| a](r) =0 --—-- (242)
Sy (r) Sy (r) | on(r) — an(r)  on(r) |o¥ (r)
From equation (2.35) and (2.37):
Sy = TRV and SRR = () - (2.43)

which leads to the Schrodinger like equations:

(Hys = &);(r) = 0 - (2.44)

where the ¢; are the eigen values, and Hks is the effective Hamiltonian
Hys(r) = =5 V2 + Vs (r) - (2.45)

Vies[r] = Vexe[r] + Vylr] + Vi[r] —- (2.46)
Equations (2.44) to (2.46), known as the Kohn-Sham equations, define the total energy
Exs and density n(r) as provided in equations (2.36) and (2.40). These equations describe
independent particle systems, where the potential is determined self-consistently from the
density. If the exact functional Exc[n] is known, the precise ground state density and energy can
be obtained.

2.3.4. Self-consistent loop

The previous section provides an in-depth explanation of Kohn-Sham (KS) theory and
the derivation of the KS equation. In practice, solving the KS equation involves numerically
adjusting the electron density and effective potential iteratively to achieve self-consistency.
Figure 2.3 illustrates the self-consistent process for solving the KS equation in a schematic
manner. To solve the KS equation, the effective potential must be determined. Both the Hartree
potential and the exchange-correlation potential are dependent on the electron density, which
determines the correlation energy. An initial guess for the electron density is typically made by

summing the densities of isolated atoms arranged as they are in the material.

Page | 26



CHAPTER 2

_’I Initial guess of ¥;(7)

Generate
new n(r)

| Calculate V4 and Vyc

h!

Problem solved! We can now calculate energy, forces, etc.

Figure 2.3: Schematic flowchart to find the solution of KS equation.

The computational solution of the KS equation involves several key steps. First, an initial
guess for the electron density is made, often by specifying the nuclear coordinates, which
provide V(r) and the exchange potential. The effective potential is then calculated, and a new
density is derived from the unknown wave function obtained by solving the KS equations. If
the new density matches the old density within a predefined tolerance, self-consistency is

achieved; otherwise, the process iterates with a new effective potential derived from the
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updated electron density. This iterative process is computationally intensive, requiring efficient
numerical methods and algorithms. Techniques such as density mixing, convergence
acceleration schemes, and sophisticated diagonalization methods are often employed to
enhance the stability and speed of convergence. Additionally, parallel computing and advanced
computational resources are typically utilized to handle the large-scale matrix operations and
integrations involved in the KS loop. Once the ground state density is obtained, the total energy
of the system is calculated using the equation'*:

n(mn(r")

[r—7']

2
Eln] =23 6, —~ [ drdr’ + Exe[n] = [ drn(m)Vee(r) + Epyaia  ------(2.47)

In this equation, Ef,qq represents the nuclear-nuclear interaction energy, which is

calculated using the Ewald summation method">.

2.4 Exchange and correlation functionals

Developing approximations for the exchange-correlation energy (Exc) has been a
significant focus of research in density functional theory. Various functionals have been created
for specific scenarios and validated by comparing their results with experimental data. The
most commonly used approximations are the local density approximation (LDA) and the
generalized gradient approximation (GGA). The exchange-correlation functionals are
computed as:

Exe = [n(@)V(r)Fy(....... )31 - (2.48)
where Fi. is the enhancement factor, with parameters that vary depending on whether the
functional is LDA, GGA, or another high-level functional.
2.4.1. Local density approximation (LDA)

In the local density approximation (LDA), the functional is assumed to depend on the
electron density of a homogeneous electron gas (HEG)'®. This is the most commonly used
approximation for exchange-correlation energy'’. It is assumed that each infinitesimal volume
element of a system has the same exchange-correlation energy as a homogeneous electron gas

at the same density. The exchange and correlation energy in LDA is expressed as:

3
B = [T n()ee™™ — (2.49)
Taking spin into account one can have spin polarized generalization of the approximation

(LSDA) which is given as:

ELPA[n" n!] = ff n(r)elm (n',n') - (2.50)
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EXLfDA[nT,nijz.fn(r)[gQ"m (n",n* )+ (0" 0 JHer —- 2.51)

The homogeneous electron gas (HEG) is a system similar to an ideal metal in a neutral state,
where electrons move in a background of positive charge distribution. The electron density »
= N/Q is assumed to be constant throughout. The LDA provides accurate geometrical
parameters and bulk moduli, and phonon frequencies are accurate to within a few percent.
However, in realistic systems, where the density varies rapidly, the LDA does not produce
accurate physical properties. The form of the exchange-correlation energy functionals is known
exactly, or at least with very high accuracy, for the homogeneous electron gas model.

The exchange-correlation (XC) functional is the sum of a correlation functional and an

exchange functional:
g () =& (N)+ £ (n) - (2.52)

The per electron exchange energy for homogeneous system is:

¥
g™ (n) = —%[gj n(r)’ - (2.53)

n= (4?7[ rf) - (2.54)

In LDA, the exchange of uniform electron gas of a density equal to the density at the point
where the exchange is to be assessed is used:
3 4
EL%[n]=-—> (327 )%Iné(r)d - (2.55)
Ar
However, a serious limitation of LDA is that it cannot provide estimation to the long-

ranged van der Waals (vdW) interaction',
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2.4.2. Generalized gradient approximation (GGA)
The generalized gradient approximation (GGA) improves upon the LDA by

incorporating first-order gradient terms, making the exchange-correlation energy dependent on

both the local densities and their gradients 1'>!3. The functionals are generally defined as:

ECn",n*]= J‘n(r)gxc(nT,nﬂ‘VnT‘,‘Vni‘)d%---- (2.56)

c

ES®n",n"]1= .[n(r)g;“’m (n)FXC(nT,ni,‘VnTHVnﬂ}jsr - (2.57)

(o}
Where F, represents dimensionless quantities and g™ (n)is the exchange energy. The GGA

is popular due to its moderate computational cost and simplicity. Among the many functionals,
the most widely used are those proposed by Becke, Perdew and Wang (PW)'?, and Perdew,
Burke, and Enzerhof (PBE)*. Numerous studies have shown that the GGA reduces the LDA
errors in calculating cohesive energies of solids and molecules and provides more accurate
equilibrium lattice parameters compared to the LDA?!.

2.4.3. Pseudopotentials

In many instances, it is practical to simplify Density Functional Theory (DFT)
calculations by explicitly describing only the valence electrons, achieved through the use of
'pseudopotentials’. These computational tools facilitate the treatment of core and valence
electrons distinctly: core electrons, tightly bound to the nucleus, remain 'frozen' in their isolated
atomic state, while valence electrons, more loosely bound and localized further from the
nucleus, are actively involved in chemical interactions. When differentiating between core and
valence states in polyatomic systems, this approach allows for efficient computational
modeling. Core electrons, maintained in their isolated atomic configuration, obviate the need
for detailed Kohn—Sham wave functions, leading to significant computational savings.
However, accurately defining valence states involves careful adjustment near the nucleus to
ensure proper orthogonality to core states, crucial for maintaining correct 'nodal structures' in

valence wave functions.

Challenges arise in accurately describing these oscillatory features within real-space
grids or plane wave bases, which can impact computational accuracy and stability. Finer grid
resolutions or higher kinetic energy cut-offs may mitigate these issues but at the cost of
increased computation time. Alternatively, employing pseudowave functions that smooth out
nodal complexities within the pseudization region resolves these challenges. This method

involves adjusting the nuclear potential in such a way that it preserves the integrity of the
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Kohn—Sham equations, ensuring accurate representation of electronic behaviors.
Pseudopotentials, particularly Ultrasoft types, play a pivotal role in this process. They
transform the computational framework by introducing auxiliary functions around each ion
core, facilitating precise calculations while maintaining computational efficiency. These
pseudopotentials are designed to meet stringent requirements for accurate ab-initio simulations,

as outlined by Hamann, Schliiter, and Chiang??.

Integrating with the Perdew-Burke-Emzerhof (PBE) exchange-correlation functional
further enhances the accuracy and versatility of DFT calculations. PBE, within the generalized
gradient approximation (GGA), improves upon earlier methods by providing a more refined
description of exchange and correlation energies between electrons?’. Widely utilized in
materials science and quantum chemistry, PBE accurately predicts properties such as bond
lengths, lattice constants, and electronic structures of diverse materials. In summary, combining
pseudopotential methodologies like Ultrasoft with the PBE functional not only simplifies the
treatment of core and valence electrons but also enhances the precision and efficiency of
predictive modelling in DFT. This integrated approach balances theoretical rigor with
computational feasibility, advancing our ability to understand and manipulate material

properties at the atomic scale effectively.
2.5. Boltzmann Transport Equation and BoltzTraP

The Boltzmann Transport Equation (BTE) is a fundamental equation in solid-state
physics used to describe the transport of charge carriers (electrons or holes) through a
crystalline material. It relates the distribution function of carriers to their scattering processes,
providing a theoretical framework for calculating electrical conductivity, thermal conductivity,
and other transport properties based on the material's electronic band structure and scattering

mechanisms. The BTE in its general form is expressed as®:

af (kr,t)
at

+v(k) - Vo f (k,7,8) + F(k) - V,f (k1 1) = (£ (;‘:'”)wu - (2.58)

Where, f (k, r,t) is the distribution function of carriers (electrons or holes) depending on wave

vector, position, and time. v(k)is the velocity of the carriers at wave vector. F(k) represents

. . . . af (krt
external forces acting on the carriers, such as electric and magnetic fields. (%) denotes
coll

the collision integral, describing the rate at which carriers scatter due to interactions with the

crystal lattice, impurities, or other carriers.
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The BTE forms the foundation of BoltzTraP, a versatile tool for computing electronic
band structures and deriving material properties based on theoretical principles?*. Leveraging
methodological advancements, user-friendly distributed codes, and increased computational
power, BoltzTraP simplifies the calculation of complex band structures. Central to the approach
of BoltzTraP is a Fourier expansion of band energies, preserving space group symmetry
through star functions. This technique ensures that extrapolated energies precisely match
computed band energies, minimizing discrepancies using a roughness function to suppress

oscillations between data points.

This analytical framework enables straightforward computation of band-dependent
quantities critical for understanding material behavior. The reliability of BoltzTraP has been
validated across diverse applications, from intermetallic compounds to high-temperature
superconductors and thermoelectric materials. It consistently demonstrates excellent
agreement with experimental data, including challenging properties like the Hall coefficient,
which relies on precise second derivatives of band structures. Despite Boltzmann theory's
inherent limitations, particularly concerning band crossings affecting derivative calculations,
BoltzTraP remains indispensable. It offers a well-documented, reliable platform for theoretical
exploration and prediction of material properties, empowering researchers in materials science

to gain accurate insights from electronic band structures and transport coefficients?.
2.5.1. Electrical Conductivity Calculation

BoltzTraP calculates electrical conductivity by leveraging a Fourier expansion of the

band energies while maintaining the space group symmetry using star functions®.
€, (k) = Xg criSr(k) - (2.59)
Where, R is a direct lattice vector. Sz (k) is called the Star function. Given by:

Sr(k) = =Ty ek IR - (2.60)

With the Fourier-expanded band energies, the electrical conductivity tensor, can be

calculated as described:

Oap (1 T) = 7 T T(R) v (R (K) [ LERED] - (2.61)
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i Group Velocity Calculation: The group velocity v, (k) is obtained from the electronic

band structure, specifically from the derivative of the energy with respect to the wave

vector:
_10et)
v (k) = TR (2.62)
ii. Fermi-Dirac Distribution Function: The Fermi-Dirac distribution function and its

derivative with respect to energy are given by:
fo(€ wT) = —mm— == (2.63)
exp(h)+1
iii. Relaxation Time Approximation: In BoltzTraP, the relaxation time is often assumed
to be constant for simplicity, which allows separating the intrinsic material properties
from the scattering processes. The electrical conductivity then becomes:

Uaﬁ (‘Ll, T) =T Zaﬁ(,u: T) e (264)

Where, Y,5(u,T) is the transport distribution function. Which is essential for
calculating transport properties such as electrical conductivity. It represents the probability
distribution of charge carriers (electrons or holes) in momentum space, considering their energy

states and velocities under the influence of external fields and scattering mechanisms?’.
2.5.2. Steps for BoltzTraP

By following the steps below, BoltzTraP can provide insights into the transport
properties of materials, including the electrical conductivity, based on the underlying electronic

structure obtained from DFT calculations®*.

Step 1 (Electronic Structure Calculation): Perform a DFT calculation to obtain the electronic

band structure and eigenvalues for each band and wave vector.

Step 2 (Interpolation): Use the Fourier interpolation method provided by BoltzTraP to

interpolate the band structure onto a dense k-point mesh.

Step 3 (Velocity Calculation): Calculate the group velocities from the interpolated band

structure.

Step 4 (Transport Distribution Function): Compute the transport distribution function using

the velocities and the derivative of the Fermi-Dirac distribution.
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Step S5 (Electrical Conductivity): Calculate the electrical conductivity using the transport

distribution function and an assumed or calculated relaxation time.
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