Chapter 2
Preliminaries and Methodologies

In this chapter, we will review all the mathematical terminologies related to signal pro-
cessing and machine learning models that are used in our research work. First, we will
see the feature extraction techniques like the mel-frequency cepstral coefficient and the
mel-frequency discrete wavelet coefficients, with a brief review of wavelets. Then, we
will review a signal processing technique named short-term autocorrelation. Further,
various normalisation techniques are also reviewed. After that, various methods used
for classification are discussed. These classification techniques are dynamic time warp-
ing, artificial neural networks, radial basis function networks, and hidden Markov models.

Finally, the chapter ends with a brief on the confusion matrix and performance measures.

To do successful automatic speech recognition, we need to extract vital information from
the speech signal, called features. This is essential as the speech signal, in its raw form,
is of large dimension. So, using it for recognition directly would require a huge amount
of storage and time. Thus, the feature extraction step allows for reducing the dimension
of the data without losing important information from the speech. We mention two such

techniques that are used in our work.

2.1 Feature Extraction using Mel-Frequency Cepstral

Coefficients

Feature extraction is the process of extracting vital features from a digital speech signal.
The output of the feature extraction process is a feature vector. They not only contain
important features of the speech, but they also have a lesser dimension than the input.
These feature vectors represent the information in a small window of the speech signal
[6]. Tt is a spectral and parametric representation of the digital speech signal. There are

many ways to represent a speech signal in this way. Some well-known feature extraction
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techniques for speech are linear predictive coefficients (LPC), reflection coefficients (RC),
linear predictive cepstral coefficients (LPCC), perceptual linear predictive coefficients,
mel-frequency cepstral coefficients (MFCC), and relative spectra filtering of log domain
coefficients (RASTA) [54], [55]. But the most commonly used method for feature extrac-
tion from speech is MFCC [5].

The steps for determining MFCC from a speech signal are as follows:

1. First, the speech signal is pre-emphasised. Let x(¢) be the recorded digital speech
signal, where x is amplitude and ¢ is a sample number representing discrete time.
From this, the pre-emphasised speech signal is obtained using equation (2.1). Pre-

emphasising of speech signals is done using a first-order high-pass filter [1], [6].

s(t) = z(t) — ax(t), 09<ax<1 (2.1)

This step increases the amount of energy for the high frequencies. It makes infor-
mation from higher formants more available to the recognition process, and hence
it improves recognition ability [6]. Moreover, this step makes the signal spectrally
flat, which makes it less susceptible to finite precision effects. More commonly, the

value of « is considered around 0.95 [1].

2. Speech is a non-stationary signal [6]. As a result, the spectrum of speech changes
very quickly. So, the features are not extracted from the entire speech. It is impor-
tant to extract features from a small part of speech. Hence, after pre-emphasising,
in this second step, the pre-emphasised signal s(t) is divided into frames s; of N
samples each, where 7 is the frame index. There is an overlap of M samples from

each frame with its adjacent frame. This gives frames
si(t), 0<t<N—1 (2.2)

The values of N and M are chosen such that the signal is approximately stationary
within each frame and its statistical properties are constant within the frame [6].
For a speech with a sampling rate of 8000 samples per second, N = 300 makes each
frame around 45 milliseconds long, which is called a frame size. And M = 100 gives

overlapping of 15 milliseconds, which is called a frame shift.

3. The above steps abruptly cut the signal at its boundaries, giving a rectangular
window (or a Dirichlet window) in which the sample values are not modified at all.
Such a rectangular window can cause discontinuities, which can create a problem
while applying the Fourier transform [6]. To overcome this issue, in this third step, a

Hamming window given by equation (2.3) is applied to each pre-emphasised frame.



CHAPTER 2. PRELIMINARIES AND METHODOLOGIES 15

Hamming window w(n) = (1 — B) — [Bcos(ZX% )|, 0 =n<N -1 for N = 256
1.0 - — B=03
— 7 D B=0.4
<[~ 0.8 7 N —— B=0.46
£l , N
N\E Y N — B=0.5
0 7 Q) — B=06
8 0.6 /.// \_\\ o B=07
= 04 e, T
T‘" 02 ,/'/././ ‘\.\'\.\
— - -
-~ 0.0
I
E -0.2
S
-0.4
0 50 100 150 200 250
n
Figure 2.1: Hamming window for different values of 3
2mt
w(t) = (1—p) — Bcos N 1) 0<t<N-1 (2.3)

The typical value of [ is taken as 0.46. For different values of 3, the hamming
windows are shown in the Figure 2.1. This step shrinks the sample values of the
signal to zero at both boundaries of the window. To apply the hamming window,
a pre-emphasised signal is simply multiplied by the Hamming window, as shown in
the equation (2.4).

si(t)w(t), Vi (2.4)

This step decreases the discontinuities at both ends of the frames [1], as shown in
the Figure 2.2 [4].

4. In the next step, spectral details are obtained from the windowed signal. This is
done by applying the discrete Fourier transform (DFT) to a windowed signal. For

all frames i, it is defined in the equation (2.5).

DFTi(f) = ) _ si(thw(t)e” ¥, 0<fSN-1 (2.5)

Here, f represents frequencies. This equation gives us information about the
amount of energy present at various frequency levels [6]. The output of the discrete
Fourier transform is a sequence of complex numbers. This represents the phase and

amplitude of the frequency in the windowed signal. To visualise this, the power
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Figure 2.2: Tlustration of Framing and Windowing [4]
spectrum defined by equation (2.6) is used for all frames i.

PS,(f) = %|DFTZ-(f)|2, 0 < f < floor <¥> (2.6)

5. According to the psychophysical studies, human hearing is not equally sensitive to
all frequency components [6]. For sounds with high frequency, the human perception
is less sensitive. Human hearing of the frequency component of speech does not
follow a linear scale [1]. Thus, the frequency output f by discrete Fourier transform
is warped using the "mel" scale Mel(f) given by the equation (2.7). This is the

reason why they are called mel-frequency coefficients.

Mel(f) = 11271n <1 + %) (2.7)

According to this function, the relationship between frequency and mel is approx-
imately linear up to 1000 Hz, and then it is logarithmic, as shown in the Figure
2.3. After that, a filter bank of 20-40 triangular filters defined by equation (2.8) is

considered, where k is filter index and f is frequency.

k—Mel(f—1
s e Mel(f = 1) < k < Mel(f)

) < k
Filter; (k) = { sy Mel(f) <k < Mel(f +1) (2.8)

0, otherwise

6. This filter bank is applied to the power spectrum. They collect energy from each



CHAPTER 2. PRELIMINARIES AND METHODOLOGIES 17

30001 —— Mel function 4

---- Linear function //
2500 1 ’

2000
T _
2 1500

1000 -

5001 (1000,1000)

0 1000 2000 3000 4000 5000
Frequency (Hz)

Figure 2.3: Plot of mel-scale converted from frequencies

frequency band [6]. Due to the mel scale, out of 20 filters, the first 10 are linearly
spaced below 1000 Hz, and the other 10 are logarithmically spaced above 1000 Hz.
Multiplying these mel-scaled filters with the power spectrum given by equation
(2.6), we get energy output of k™ filter Sy, defined by equation (2.9) [56].

Sy = PS;(f) - Filter;(k) (2.9)

7. After that, a logarithm of energy output of k" filter is determined, which gives
In(S) [56]. This is important because the response of the human ear is logarithmic
when receiving signals. So taking logarithm makes features less sensitive to varia-
tions in speech due to the speaker’s mouth moving further or closer to the recording

microphone [6].

8. When a speaker is speaking, the speech waveform is produced at a glottal source
with some fundamental frequency. Then it passes through a vocal tract, which
represents a filter. Due to the shape of the vocal tract, various speech sounds are
produced. So the characteristics of the filter (vocal tract) are more important as
compared to the characteristics of the source (glottal source). Because the exact
characteristics of the vocal tract can help us identify the speech sound produced,
So, it is important to separate the filter from the source. Cepstrum helps us with
this [6], and the discrete cosine transform is a way to convert the spectrum into
the cepstrum. This is the reason why they are called cepstral coefficients. So
finally, taking a discrete cosine transform of the logarithm of the equation (2.9), we

get important features called mel-frequency cepstral coefficients given by equation
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(2.10) [56]. )
&, = ;m <Sk> cos {n <k . %) %1 (2.10)

Here, K is number of filters and n = 1,2, ..., L and L is the desired length of the

feature vector.

The MFCC features are extracted for each frame. In this method, only the first few
cepstral coefficients (9-13) are taken as features because these initial coefficients represent
information only about the vocal tract filter, separating the information from the glottal

source.

2.2 Feature Extraction using Mel-Frequency Discrete

Wavelet Coefficients

The speech signal is a non-stationary signal. The wavelets are better suited for analysing
the non-stationary signal. So, discrete wavelet coefficients can give better results when
used as a part of the feature extraction process in speech recognition. They are called mel-
frequency discrete wavelet coefficients (MFDWC)[57]. Before understanding this feature

extraction technique, we will briefly review the concept of wavelets.

2.2.1 Wavelets

The word "wavelet" means a small wave. It is a windowed function of finite length.
The nature of this function is oscillatory, so a wavelet is a type of wave. Wavelets
have compact support, which means that the oscillations do not last forever. Another
interesting property about a wavelet is that the area underneath it is zero, which means
that the energy is equally distributed in positive and negative directions. So wavelets
are quickly decaying wavelike oscillations that have a zero mean and exist for a finite
duration. Let W be a wavelet function, also called a mother wavelet, then it satisfies the

following properties:

/oo U ()] dt < oo (2.11)

o0

/Oo |U(t) dt < oo (2.12)

/ U(t)dt = 0 (2.13)
Equation (2.11) says that the mother wavelet W(¢) is an absolutely integrable function,
and equation (2.12) says that the mother wavelet W(t) is a square integrable function.

The meaning of these two properties is that the mother wavelet has finite energy and
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U(t) — 0 as t — +oo. Equation (2.13) says that the area under the wavelet function
is zero. This means that a mother wavelet has a zero mean. So a wavelet is a function
with zero mean, finite energy, compact support, and a fast-decaying nature. One example
of such a wavelet function is shown in Figure 2.4. It is called a Daubechies-6 wavelet

function, named after Belgian mathematician Ingrid Daubechies.

A mother wavelet can be scaled and translated according to need. This is done by a scale
parameter a and a translation parameter b. So, this gives us W, ;(¢), which is the same

wavelet function but scaled by factor a and translated by factor b. It is given by:

W, (1) = %qf (t ; b) (2.14)

The continuous wavelet transform of signal f(t) at scale a and translation b is given by

w () = [ o (2.15)

Now, most of the real-life problems deal with the signals, which are discrete. So, there
is a requirement for a discrete wavelet transform of such a signal. Suppose X|[n| be a
discrete signal defined corresponding to f(¢) at M discrete values on 0,1,2,..., M — 1.
The general expression of a discrete wavelet transform (DWT) for a discrete signal X [n],
having M samples, is given by approximation coefficients (2.16) and detail coefficients
(2.17).

W ljo, K] = %M S X[y aln) (2.16)

Wik = <= 3 Xlnlsalnl. > (2.17)
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Figure 2.5: Discrete wavelet transform: wavelet coefficients at different levels

Here ¢j, 1 is a discrete scaling function and 1;,[n] is a discrete wavelet function having
M components each [58]. These approximation and detail coeflicients are the discrete
wavelet transforms of a given signal. These coefficients are obtained at various levels.
Level-1 approximation and detail coefficients are obtained by applying a discrete wavelet
transform to the signal. Then, level-2 approximation and detail coefficients are obtained
by applying a discrete wavelet transform to level-1 approximation coefficients, and so on.

This process is shown up to level 3 in the Figure 2.5.

The advantage of the wavelet transform over the Fourier transform is that the window
width is adjustable. It uses short windows for high frequencies of the signal and long
windows for low frequencies of the signal. Due to this advantage, the discrete wavelet
transform is used in the feature extraction technique for speech recognition, as explained

in the following.

Mel-Frequency Discrete Wavelet Coefficients

In the previous section, we described how the discrete cosine transform is used in the
derivation of feature vectors by mel-frequency cepstral coefficients. In the discrete cosine
transform, the basis vector covers all the frequency levels. But there can be a corruption
in frequency levels due to the presence of noise in the speech signal. This affects the
values of feature vectors. This is one limitation [55]. Another limitation is the possible
presence of two adjacent phonemes, one voiced and another unvoiced, in some frames of a
speech signal. In such situations, the voiced phoneme information prevails in the low fre-
quency spectrum, and the unvoiced phoneme information prevails in the high frequency
spectrum. The mel-frequency cepstral coefficients are designed in such a way that one

speech frame should ideally represent only one phoneme at a time [55].

These above-stated limitations of mel-frequency cepstral coefficients can be overcome by

the use of the discrete wavelet transform, due to its property of localisation in time and
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Figure 2.6: Steps of determining feature vectors.

frequency domains. Also, the discrete wavelet transform is less affected by corruption in
the frequency band. This solves the issue of speech frames having noise. Moreover, due
to the multi-resolution analysis feature of the discrete wavelet coefficients, the frequency
levels are divided into sub-levels, and each sub-level is processed separately. This solves

the issue of voiced and unvoiced phonemes in the same frame.

The steps for determining features using MEFDWC from the input speech signals are as
stated below. They differ from the MFCC in the last step [57].

o Pre-emphasis the digital speech signal.

o Frame the signal with overlapping frames.

o Apply the Hamming window to each frame.

o Obtain a discrete Fourier transform and power spectrum for each frame.
o Find energy of applied Mel-scaled triangular filter-bank.

o Apply suitable wavelets to logarithm of the filter-bank energies, resulting into dis-

crete feature vectors using the discrete wavelet transform.

These steps are summarised in the block diagram: Figure 2.6.
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2.3 Short-Term Autocorrelation

Short-term autocorrelation is a signal processing technique that is useful for isolating
words in a sentence. A signal x, in discrete form, can be represented as an array of
numbers. The autocorrelation of an array (representing signal) x of length N is given by
equation (2.18) [59].

N-1
a, = Z ThThen (2.18)
k=0

Here, n is called the lag, and it is an integer value, a,, is the n'* coefficient of autocorre-
lation between the original signal x and the same signal shifted by n samples. The sign
of n represents whether the signal is shifted to the right or left. If n = 0, we get energy
from the signal. Moreover, k in equation (2.18) is the index representing the k% element

of an array =x.
To understand how autocorrelations are calculated, consider the following example: Let
x = (0,1,2,0,3,2) be a given signal or an array, with length, N = 6 as shown in the

Figure 2.7.

Then, substituting n = 0 in equation (2.18) for this array, we get,

5
aozZxkxk:x0x0+x1x1...x5x5:02+12+--~—|—22:18
k=0
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Substituting n = 1 in equation (2.18) for this array, we get,

5
a; = Z:L’kxk,l =120 + Toxy ... 2524 = 1(0) +2(1) +--- +2(3) =8
k=0

Substituting n = 2 in equation (2.18) for this array, we get,

5
ay = kaxk_2 = Toxo + 321 ... 2523 = 2(0) +0(1) +---+2(0) =6
k=0

Similarly, a3 = 7, a4 = 2 and so on. One important property, that equation (2.18) satis-
fies is a,, = a_,,. Plotting all the autocorrelations for various values of n, we get a plot as

shown in the Figure 2.8.

In the context of speech signals, these autocorrelations are called ’short-term’ autocorre-
lations. Because the signal is divided into several frames, each having N samples, Then,
the autocorrelation with lag n = 1 is calculated for each frame, which is a non-negative

number as seen in the example above.

2.4 Normalisation

Normalisation is a common technique used to rescale the data in a certain range before
using it in machine learning models for classification tasks. This improves convergence

and reduces the complexity of calculations. In our work, we used a few normalisation
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techniques that are summarised here.
1. Maximum normalisation
2. Min-max normalisation
3. Z-score

Let A = (aq,as,...,a,) be a given vector or pattern given in the data. In the maximum
normalisation, each input vector (pattern) is divided by the maximum value of all the
components of that vector. So, the normalised A is obtained by dividing it by M where

M = max{a;}, where i = 1,2,...,n. So we have:

a;
N lised a; = — 2.19
ormalised a; = - (2.19)

The min-max normalisation of the same A is obtained by using the formula given in the
equation (2.20), A, is the minimum of all the components and A4, is the maximum
of all the components. A
. i — Amin
Normalised a; = I (2.20)
For determining the Z-score, first we need to calculate the mean a and standard deviation
o of all the components of vector A. Then it is determined using the formula given in

the equation (2.21).

. a; —a
Normalised a; =

(2.21)

Maximum normalisation is used for the data with all the non-negative numbers. In this
case, the normalised values are in the range [0, 1]. Min-max normalisation is useful for
the data having real values, and the normalised values are in the range [0,1]. Z-score is

also useful for data with real values, and its usual range is within [—3, 3].

Suppose A= (3,1,6,4,9,5,2). Then the normalised vector A using various normalisation

techniques is as follows:

o Maximum normalisation: (0.33,0.11,0.67,0.44,1,0.56,0.22)
o Min-max normalisation: (0.25,0,0.63,0.38,1,0.5,0.13)

e Z-score: (—0.52,—1.32,0.69, —0.11, 1.89,0.29, —0.92)

Once we have generated feature vectors from the speech signal for the recognition phase
of the automatic speech recognition process, we would require various techniques that
can perform this job. In the next section, we describe the classification techniques that

we have used in our work.
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2.5 Dynamic Time Warping

Dynamic time warping allows us to find the similarity between two vectors by measur-
ing the distance between them. There are various types of distance measures defined to
find such similarity. Euclidean distance is the most commonly used distance measure.
However, the main limitation of Euclidean distance is that we cannot use it for vectors
having different lengths. It is used to determine the similarity between vectors of equal
length. In speech recognition problems, we cannot use it for classification purposes be-
cause speech feature vectors, produced in the previous phase, may not be equal in length.
The length of speech feature vectors will depend on the speed of the speaker’s utterances.
For speakers who speak fast, the length of the feature vector is short, and for others, the
length of the feature vector is long. Even for the same word spoken by the same speaker
in two different instances, we may get two feature vectors of unequal length. Hence,
to find the distance between two speech feature vectors, we have to explore some other

distance measures.

Dynamic time warping was introduced by Sakoe and Chiba in 1978 [60]. Using this,
we can align the two vector sequences of unequal lengths to find the distance measure.
Figure 2.9 shows the alignment of 12 values of sin(z) and 14 values of sin(2z) in the
interval [0, 27] [61].

Let us try to understand this with one example. Let X = {z1,29,...,2,} and Y =
{y1,92, - ..,y4} be two vectors of unequal lengths p and ¢ respectively. Then the dynamic
time warping distance between X and Y is determined by the equation (2.22).
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D(wi,y;) = |wi — ysl + K, 1<i<pl<j<yq. (2.22)
and K is given as

K =min {D(zi,y;-1), D(wi-1,yj-1), D(wi-1,y;)} (2.23)

Here, | - | is the absolute difference.

Let us try to understand how this works with a small example. Let X be a vector having 5
components defined by X = (1,3,5,8,8) and Y be a vector having 4 components defined
by Y = (2,4,6,7). First of all, the 5 x4 matrix D is constructed, where the components of
X are arranged row-wise and the components of Y are arranged column-wise, as shown
in the Figure 2.10 (a). The elements of this matrix are D(z;,y;) for 1 < ¢ < p and
I<j<q

Then, the absolute difference |x; — y;| is computed using all the components of vector X

with all the components of vector Y, as shown in the Figure 2.10 (b).
The element D(z1,y;) is calculated using, K = 0 and
D(xy,y1) = [z1 —y| =[1-2[=1
Then all the elements of the first column are determined using K = D(x;_1,%;) and
D(zi, ) = |z — |+ K

o D(xi, ) = |z — i + D(zim1, 1)

as shown in the Figure 2.10 (c).
Similarly, the elements of the first row are determined using K = D(z1,y,-1) and
D(z1,y;) = |lon —y;| + K

oo D(xy,y5) = o1 — y;] + D(21,95-1)

as shown in the Figure 2.10 (d).

Next comes the calculation of all the elements, starting from the second row and second

column D(zs,ys) to the last row and last column D(x5,y4). These values are determined
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Figure 2.10: Steps of determining a Dynamic time warping distance between vectors
X and Y of unequal lengths: (a) Arrangement of two vectors of unequal lengths as a
matrix. (b) Absolute difference between all the elements of X and Y. (c¢) Determining
the elements of first row. (d) Determining the elements of first column. (e) Determining
the elements of second row. (f) Determining the elements of the third and fourth column.
The element D(zs5,y4) = 5 is the dynamic time warping distance between these two
vectors.
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Figure 2.11: Optimal alignment between X and Y to determine minimum distance
using K = min {D(z;_1,y;), D(xi—1,y;-1), D(z;,yj—1)} and
D(ws, y;) = |z —yl + K

2o D(xg,y5) = |y — vy + min {D(x;1,y5), D(xi—1,yj—1), D(xi,y5-1) }

as shown in Figures 2.10 (e) and 2.10 (f).

After these calculations, the value of the last row and last column is the dynamic time

warping distance between the two vectors X and Y. In this case, it is D(x5,y4) = 5.

Now, we trace back from D(zs5,y4) to D(x1, ;) to find the optimal alignment of the two
vectors, which gives this minimum distance of 5. This optimal alignment is shown in the
Figure 2.11.

This way, we can determine the dynamic time warping distance between any two vectors
of unequal lengths. This is particularly useful for speech recognition problems because
we can determine the similarity between the feature vectors of a template speaker and
the feature vectors of an unknown speaker. Based on this distance computed, we can
recognise the spoken words by finding the minimum of dynamic time warping distances

between the stored template words and the unknown word.

2.6 Multilayered Perceptrons

Scientists were always curious to find out how our brain works, how it remembers, stores,
and recognises information. This curiosity of scientists inspired the study of biological
aspects of the brain and then the mathematical and logical representation of various ca-
pacities of the human brain. This led to the evolution of a new computing area named

artificial neural networks. It consists of algorithms that were developed as a mathemati-
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cal model of the workings of the human brain. These algorithms are useful for real-world

applications based on classification, function approximation, and regression problems.

It all started in 1943, when neuroscientist McCulloch and logician Pitts gave a simple
mathematical model for the firing rules of biological neurons having dendrites, soma, and
axons. The model was named the McCulloch-Pitts neuron model. The calculations of
this model were shown as a schematic graph with vertices or nodes. These nodes were
named artificial neurons. The objective of this model was to perform a linear classifi-
cation on selected data with boolean inputs and boolean outputs. But the working of

synapses in the brain was missing in this model.

Then, in 1949, Hebb, in his book "The Organisation of Behaviour," gave criteria about
how the strength of synapses between two neurons becomes stronger or weaker. Based
on this rule, scientists Stent, Changeux, and Danchin gave a model in the 1970s. Un-
like the McCulloch-Pitts neuron model, here the synaptic weights were assigned to each
connection between two neurons, which could change with training. The model based on

Hebb’s rule was used for classification tasks with boolean inputs and outputs.

In 1958, American psychologist Frank Rosenblatt proposed the Perceptron model, which
was modified by Minsky and Papert in 1969. This model was capable of linear classifi-
cation of boolean as well as real inputs. The limitation of this model is that it cannot
classify a simple non-linear boolean function, XOR, which led to the discovery of mul-
tilayered perceptrons in the 1980s. In 1989, Cybenko and Hornik published a universal
approximation theorem, which gave the criteria of a multilayered perceptron to approx-
imate any continuous function. Apart from these well-known algorithms, the field of
artificial neural networks is full of a variety of algorithms for various applications like

classification, function approximation, and regression.

So we can define artificial neural networks as parallel, distributed information processing
systems, representing a computational technology built on the analogy of the human in-
formation processing system. They are connected networks of processing elements called
artificial neurons. They have the ability to learn, store, and make the information avail-
able for use. Hence, they play an important role in artificial intelligence and machine
learning. In real-world problems, if data cannot be represented by mathematical equa-
tions, machine learning models like artificial neural networks can be used to establish the

relationship between input-output patterns.

Multilayered perceptrons are one type of architecture of artificial neural networks used

as supervised machine learning models. That is, the models for which input-output data
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pairs are given. They learn generalisation from the patterns presented to them in the
form of data by changing their parameters, called weights and biases. There are various
algorithms for updating weights and biases. The Error Back-Propagation algorithm, in-
troduced by Rumelhart, Hinton, and Williams [62], is frequently used. It is based on an

optimisation algorithm called the gradient descent method.

The architecture of a multilayered perceptron consists of an input layer, one or more
hidden layers, and an output layer. Each layer can have one or more neurons. All the
neurons of each layer are connected with all the neurons of the next layer by weights and
biases. Each neuron in the hidden layer and the output layer consists of activation func-
tions like logistic (sigmoid), hyperbolic tangent, identity, Rectified Linear Unit (ReLU),

normalised exponential function, etc.

Let & contain the values of all the neurons from the previous layer, and w contains the

values of weights. In our work, we have used the following activation functions:

1. Logistic function for hidden layer:

1

0-7) = ——— 2.24
S 8) = s (2.21)
2. Rectified linear unit (ReLU) activation function [63] for hidden layer:
f(wW - 7) = max(0,w - &) (2.25)
3. Normalised exponential (softmax) activation function for output layer:
Wi Ti .

ijl ewits

Here 9; is the i** neuron in the output layer.

The output layer of the multilayered perceptron represents the predicted outputs com-
puted by the artificial neural network. Since we also have the desired outputs in the
data, these two outputs should be as close as possible. The error or loss between them is

determined using loss functions. The following are commonly used loss functions:

1. Mean squared error: For regression problems, mean squared error loss function

is used, given by:

B3> - i) (2.27)
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Input Layer Hidden Layer with Output Layer with
having n Nodes  Activation function f, Activation function /

Figure 2.12: Multilayered perceptron network architecture

Here, N is neurons in the output layer, v; is the i** desired output and g; is the *

predicted output.

2. Cross entropy loss (log-loss): For classification problems, cross entropy loss (log

loss) function is used, given by:

1 N M
_NZZ i log p” (228)

Here, N is the neurons in the output layer, M is the number of classes and p;; is

determined from the normalised exponential function.

For fitting a model to data, normally it is divided into proportion 80%-20% or 70%-30%,
training-testing data. During training, the weights and biases are changed in such a way,
that the loss between the desired output and the predicted output obtained from the
multilayered perceptron is minimised. The minimisation is achieved by taking gradients

of loss with respect to the weights and biases.

Now, we will see how this minimisation is achieved. Consider a two-layered multilayered
perceptron network architecture as shown in Figure 2.12 having an architecture N? ;.
Let ¥ = (xg,21,...,2,) € R™! be the input vector having bias o = —1 and input
neurons i, Ts,...r, and let Z = (zp,21,...,2;) € R/l be the hidden layer, having

bias zp = —1 and hidden neurons zy, 29, ... 2;. Suppose we denote the weights between
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neurons x; and z; by wj;; where 0 < ¢ < nand 0 < j < J. Let f, be an activation

function for a hidden layer. Then the values of the hldden neuron z; is given by

1=0

Let 4 = (y1,v2,...,yr) € RE be the output layer. Suppose we denote the weight con-
necting z; and y; by v;; where 0 < j < Jand 1 <1 < L. Let f, be an activation function

for an output layer. Then the Values of the output neuron y; is given by

y = fo (Z Uljzj) (2-30)

Let d = (di,dy,...,dr) € RE be the desired output. Then the sum of squares of all the

errors between ¢ and d is given by

L

1

B> -y (2.31)
=1

According to the Delta rule, we can update the weights by considering the partial deriva-
tive of error with respect to the weights. So, for the output layer, the change in weights

vy; is given by

OF
AUU W
j
0 |1 9
—_ —— —_— d J—
81][] [2 ;( ! yl) ]
L
1 21 0 B
=3 ;2(611 () oo, (di — 1)
L J
= Z (dl - yl) a_ [dl fo (Z vljzj>]
=1 Ly =0
L J
= Z (di —u1) [0 — 1o (Z Ulﬂ]) Z]]
=1 §=0

—=> - (Z) 4 232)

Similarly, the change in the weights wj; between an input layer and a hidden layer is

given by
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Awﬂ =

= 83]-1- E > (di— yl)2]

=1

L 5 7
= Z (d— )" 3 [dz — fo (Z Ulﬁy)]

=1 Jr =0

L J 7
= Z (dy — ) [0 -/ (Z Uljzj> 3 (Z Uzﬂ;)]

=1 =0 i \ G2

L J 7
== ; (di —w) £, jz_;vljzj ;UU% (%)
J

L J
= — Z (di =) [, jZ_; V12 Z Vi [fh <Z wﬂxl)]
L J
= Z (dl - yl) f Z Vi %5 Z Uljf;; <Z ’LU]Z.TZ) X; (233)

Using equations (2.32) and (2.33), the updated weights at (k + 1) iteration are
vy = Uz] noAvl (2.34)

wk ) = (k) — Aw (2.35)

Ji

In equations (2.34) and (2.35), n, and 7, are learning rates usually having values between
0.0001 and 2. The neurons calculations are done in a forward manner. But weights and
biases updates are done in a backward manner using equations (2.34) and (2.35). There-

fore, this algorithm is more commonly known as the error back-propagation algorithm.

Several modifications to this algorithm have occurred over the years. Recently, the Adam
algorithm has been widely used to update weights, which is an adaptive momentum
algorithm [64]. In this algorithm, the momentum is updated iteratively, and based on
that, the weights are updated. In 2015, this algorithm was introduced using equation
(2.36) [65].

n A
Aw = — m 2.36
UAt +e€ ! ( )
Here
m; = 4 is updated momentum at step t,

1-41
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my = Biymy_1 + (1 — 51) Vw, is momentum at step ¢,
Uy = fj—té is used to keep history of gradients,

v = PBov_1 + (1 — Pa) (th)27

7 is a learning rate,

€ is a small constant,

f1 and [y are constants.

To train a multilayered perceptron in our work, we have employed both methods dis-
cussed here. Now, we will see another type of artificial neural network named radial basis

function networks.

2.7 Radial Basis Function Networks

The radial basis function network is one kind of artificial neural network, proposed by
Broomhead and Lowe in 1988 [66], in which specific functions known as radial basis
functions are used. It was shown that it has equivalent capabilities as multi-layered
perceptrons [67]. It was mainly designed for function approximation and regression prob-
lems, but it can be used for classification problems as well. One more advantage of a
radial basis function network is that it has fewer complex calculations and fewer function
evaluations, and hence it takes less training time as compared to the training done in
a multilayered perceptron using the back-propagation algorithm. The main difference
between a multilayered perceptron and a radial basis function network is that, unlike
multilayered perceptrons, there is only one fixed hidden layer in the radial basis function
network. The other difference is that the radial basis functions are used as activation

functions in the hidden layer of the radial basis function network.

The radial basis function network, having an architecture of Ni, Jo.J5» 18 shown in Figure
2.13. Tt consists of an input layer having J; neurons, an output layer having J; and one
hidden layer having J, neurons. In general, the number of hidden neurons is less than
or equal to the number of training examples [68]. The hidden layer consists of a radial
basis function of the form ¢(r), where r is the distance between an input pattern and
a centre. So each hidden neuron is determined using ¢; (¥) = ¢ (¥ — ), where ¢; is a
centre corresponding to the i neuron in a hidden layer [67]. There are many radial
basis functions that can be used in the radial basis function network. The most widely

used radial basis function used, is the Gaussian radial basis function, defined by equation

(2.37).

_r2

o(r) = e2? (2.37)
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Figure 2.13: Radial basis function network architecture

Just like the multilayered perceptrons, here in the radial basis function network, the con-
nections between the hidden and output layers are assigned weights. These weights and

centres are updated to establish relationships between inputs and outputs.

Let {(Zp,%,) |p=1,2, ..., N}, be given data where &, contains inputs and ¥, contains
desired outputs. Let W = [, Wy, ..., W] be a Jo x J3 weight matrix. Each entry in
this weight matrix is a column vector given by w; = (wy;, wa;, ..., w Jzi)T. The forward

calculations in the radial basis function network are given by equation (2.38).

Jo
(@) = > wie(||7 — Gll) (2.38)
k=1

The calculations of equation (2.38) can be easily implemented using a matrix multiplica-

tion as defined in the equation (2.39).

Y =W'o (2.39)

In the equation (2.39), W is Jy x J3 weight matrix and ® is Jy x N matrix defined by
equation (2.40).

—

® = (61,62, ., O] (2.40)

In this matrix defined in the equation (2.40), each entry gp is column vector defined by

bp = (Dp1, Gpas - -, Ppjn)’ . The result of the matrix multiplication defined in equation
(2.39) is the J3 x N output matrix Y defined by equation (2.41.)
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Y = [3717 gl? s 737]3] (241)

In the output matrix defined in the equation (2.41), each entry 7, is column vector defined

bY Up = (Yp1, Yp2s - - -» Ypjn)* - The error between desired output and output obtained by

the network is given by
N J3

1 2
E=Ly3 e (2.42)

n=1 i=1

Here, e,; is the error at i output neuron for the n** pattern

Ja
m=1

We can decrease this error by using the gradient descent method. Here we have to
minimise the error by optimising weights and centres. Hence, we consider the partial
derivatives of error E with respect to weights and centres.

Differentiating E partially with respect to weights, we get

oF
AWy, = Do
0 |1 L&
S wd
1 L& 0
- N ; ;267126 . (em)
N Js P

n=1 1=1 m=1
2 N J3 J2
== 22 e > ol -l (2.44)
n=1 i=1 m=1
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1 N J3
= NZZQBTHC,? (enz)
nj;l zzl
- —ZZ ma = (ym Zwmz(b ||$L’n CmH))
an z;3
= 7 Zzem (0 - Z wmz > ||xn 8771”))
n= lNz 1J3
= Zzem Zwmz¢ Hl'n Cm”) a - H‘/E" CmH
an 2J31
:__Zzenzzwm1¢ ||$n Cm”)“—»‘ C ||( 1>
Nn lez 1
= —Zzem Zwmz¢ ”3371 Cm”) H—» _z H (2'45)

n=1 i=1

Using equations (2.44) and (2.45), the updated weights and centres at (k + 1)** iteration
are
wht = wk . —n Awk (2.46)

= b — Ak (2.47)

In equations (2.46) and (2.47), m; and 7o are learning rates, usually having values be-
tween 0.0001 and 2. Such a trained radial basis function network has good capabilities

for universal approximation [69].

In the next section, we will discuss a method named the hidden Markov model. This was
the commonly used technique initially in automatic speech recognition. We have also

applied this method to our work.

2.8 Hidden Markov Model

Hidden Markov models are probabilistic models developed by a Russian mathematician
named Markov, who was best known for his work on stochastic processes. A stochas-
tic process is a process defined as a family of random variables. A Markov process is a
stochastic process satisfying the Markov property. It is the property of a process in which

the future is independent of the past, given the present.

Let {X(t),t > 0} be a stochastic process which assumes non-negative integer values. The
process is called Markov process if for every n > 0, time steps 0 < tg < t] <ty < --- <
t, < t,41 and the states Sy, S1, 59, ..., Spi1, it holds
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P[X(tys1) = Spt1 | X(tn) = Sy ..., X(to) = So] = P[X(tps1) = Sns1 | X(tn) = Sn]

A Markov model is a stochastic model used for modelling a randomly changing system
in which the future state depends only on the present state and not on the past state. In
Markov models, states are visible, and the parameters of the model are state transition

probabilities.

The hidden Markov model is an extension of the Markov model for processes in which
states are hidden but the output produced by the hidden state is visible. The parameters
of hidden Markov models are state transition probabilities, observation probabilities, and
initial state probabilities. Hidden Markov models were introduced by Baum and Petrie
in 1966 [70]. Hidden Markov models have many applications in computational biology,

speech recognition, handwriting recognition [71], gesture recognition, bioinformatics, etc.

There are three basic problems with the hidden Markov model: [72].
1. Evaluation Problem.
2. Determination of optimal hidden state.
3. Determination of optimal model parameters.

The solutions to these three problems are given by the following three algorithms, re-

spectively: [72].
1. Forward and Backward algorithm
2. Viterbi algorithm
3. Baum - Welch algorithm

To understand the steps of these algorithms, consider the following nomenclature:
N = Number of hidden states

M = Number of observations

Q ={q1,q,...,qn} : Hidden state sequence

V = {vy,vq,...,up} : Various classes of observations

a;; = P(gjatt+1]¢g att); 1<i,j <N : State transition probabilities
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A = [a;;] : State transition matrix

bj(k) = P(ug at t | g at t +1);1 < j < N,1 < k < M : Observation probabilities

/ emission probabilities

B = [bj(k)] : Observation probabilities (emission probability) distribution
m = P(g; at t = 1);1 <4 < N : Initial state probabilities

II = [m;] : Initial state probability distribution

A hidden markov model is completely specified by A = (A, B,1I). Now we will the

description of above mentioned three problems and their respective algorithm.

2.8.1 Evaluation Problem and Forward/Backward Algorithm

Consider a model A = (A, B, II) and an observation sequence O given by {O1,O,, ..., Or}
of length T'. Here the problem is to calculate efficiently P(O) [72]. Consider a hidden
state sequence Q@ = {q1,¢qa, ..., qr} producing the observation O. Then the conditional
probability of observing a sequence O given the hidden sequence @, P(O|Q) can be
derived in the following way [71].

P<O|Q) = P(Ol7027"'7OT|q17q27"'7QT)
= P(O1|q)P(O2]q) - P(Or | qr)
- bq1 (Ol)bQQ (02) o bQT (OT)

S PO Q) = b4, (01)bg, (O2) - - - by (Or) (2.48)

The probability of occurrence of a hidden state sequence @ = {q1, ¢, ..., qr} is derived
in the following way [71].

P(Q) = P(q,q,---,qr)
= P(q)P(q2 | @)P(gs | q2) - Plar | qr-1)
= qup(% ’ Q1)P(CI3 ’ CI2) . --P(QT ’ QT71>

= Tq10q192Qqaqs - - - Cgqr_1qr

S P(Q) = T4, ag10,0g545 - - - Qgr_yqr (2.49)
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From this, we can derive the joint probability of occurrence of observation sequence O

and hidden state sequence @) in the following way [71].

P0,Q) = PO]Q)PQ)
b¢h (Ol)bQQ (02) ce bQT (OT)’/qu Qq192Qq2q3 - - - Yqr_1q7
= Tq bth (Ol)aquprQ(O?) s GQT—IQTbQT (OT>

S P(O,Q) = 7Tq1bq1(01)aq1q2bq2 (Os) .. R (Or) (2.50)

Equation (2.50) is derived only for a particular state sequence @ = {q1, g2, - .., gr}. Sum-
ming equation (2.50) over all the possible state sequences of length T, we can obtain
P(O) given a model A = (A, B,II) as equation (2.51).

P(O) = Z 7161 (O1) 814260, (02) - - - Qg 1q10gr(0r) (2.51)

q1,92;--+, qar

In practice, the calculation of equation (2.51) is very complex. It can be determined
efficiently using the Forward or Backward algorithm which is explained here [72].
Consider a variable oy (i) defined by equation (2.52).

Oét(l) = P(Ol,OQ, e Ot | Qt = SZ) (252)

In equation (2.52), 1 <t < T and 1 < ¢ < N. It represents the probability of partial
observation sequence {O1, O,, ..., O;} until time ¢ and state .S; is selected at time ¢. The
calculation of P(O) using the forward variable oy (i) is done using Forward-Algorithm

given by following steps [71].

Step 1: For 1 <i< N
Oél(i) = Wzbz(Ol)

Step2: For 1 <t<T—-1land1<j<N

a1(j) = [Zat(z’)a@-j b;(Ors1)

Step 3:
N
P(0) =) ar(i)
i=1
These calculations can be visualised using the Figure 2.14 [71]. Let us try to understand

this with an example. Consider a two state problem in which model parameters are given

as follows:
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Q g . . . e . .
:

41

Figure 2.14: Calculations of Forward Algorithm

N = Number of States = 2

T = Number of Observa tions = 3

IT

[

| =1[1.0 0.0]

T T2

a1 a12:| - |:07 03:|
21 Q929 B 0.5 0.5
bi(1) bi(2) 61(3)1 - [0.6 0.1 0.3}
bo(1) b2(2) b(3)] 0.1 0.7 0.2

[0, Oy 03] =1[3 2 1]

A
I

Sy
I

@)

Step 1: aq (i) = mb;(O1); 1<i<?2
ai(1) = mbi(0r) = mbi(3) = (1)(0.3) = 0.3

061(2) = 7T2b2(01) = ’7T2b2(3) == (0)(02) =0.0
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Step 2: For1 <i<2and1<t<3

apy1(j) = [Z@t(i)%

s oun () = [au(Day + a2y |by(On)

Substitute t = 1 in equation (2.53)
coas(f) = [041(1)% + 041(2)%} b;(O2)
~an(f) = [(03)ay; + (0.0)as; ] (2
Substitute j = 1 in as(j)

sas(l) = [(0.3)a11 + (0.0)aﬂ] bi(2)

_ [(0.3)(0.7) n (0.0)(0.5)} (0.1)
Soag(l) = 0.021

Substitute j = 2 in as(j)

cas(2) = [(0.3)@12 + (o.o>a22] b (2)

= [(03)(0.3) + (0.0)(0.5)] (0.7)
Son(2) = 0.063

Substitute t = 2 in equation (2.53)
“ag(f) = aa(Day; + a2(2)as; ] b5(0s)

= ag(j) = [(0.021)ay; + (0.063)az; ] (1)

Substitute j = 1 in az(j)

sas(l) = [(0.021)6111+(O.O63)a21]b1(1)

_ [(0.021)(0.7) + (0.063)(0.5)} (0.6)

cas(l) = 0.02772
Substitute j = 2 in as(j)

sas(2) = [(O.OZl)alg—i-(O.O63)a22]b2(1)

42

(2.53)
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= [(0.021)(0.3) + (0.063)(0.5) [ (0.1)
s as(l) = 0.00378

Hence, values of a4(j) are ai(1) = 0.3, a1(2) = 0.0, as(1) = 0.021, as(2) = 0.063,
as(1) = 0.02772, a3(2) = 0.00378,

From this, the probability of observing a sequence O sequence is
N
P(O) = Y ar(i)
i=1

2
= Za3(i)
=1
= a3(1) + a3(2)
= 0.02772 + 0.00378
= 0.0315

Hence, the probability of observing a sequence O = [Oy, Oy, O3] = [3,2,1] is
P(O) =0.0315

Now, we will discuss the backward algorithm. Unlike the forward algorithm, here the

calculations are done in a backward way using a backward variable.
Bt@) == P(Ot+17 Ot+2, Ce OT ’ qy = SZ) (254)

Here, 1 <t < T and 1 < ¢ < N. It is probability of partial observation sequence
{O¢+1, O442, ... Or} from time step ¢t + 1 upto end given that at time ¢, state is S;. The

steps of Backward algorithm are as follows: [71]

Step 1: For 1 <i < N

Bri) =1
Step 2: Fort =T —-1,T—-2,...,1and 1 <j <N
N
Bi(i) = Zaz‘jﬁtJrl(j)bj(OtJrl)
j=1

These calculations can be visualised by Figure 2.15 [71]. Let us try to understand this

algorithm with the same example as discussed above for the forward algorithm.
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;

Figure 2.15: Calculations of Backward Algorithm
For1<i<2and T =3, fr(i) =1
Ps(1) = 1.0
B(2) = 1.0
Fort=2andt=1and 1 <j <2

Bi(i) = Z@z’jﬂtﬂ(j)bj(OtH)

5t(l) = ai15t+1(1)bl(0t+1) + ai25t+1(2)b2(01;+1) (2.55)
Substitute ¢ = 2 in equation (2.55),
Bo(i) = ainB3(1)b1(O3) + ainf3(2)b2(0s)

Substitute i = 1 in B(7),

Ba(1) a1185(1)b1(1) + a1255(2)ba(1)
(0.7)(1)(0.6) + (0.3)(1)(0.1)

0.45
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Substitute ¢ = 2 in (2.55),

B2(2) = agfB3(1)bi(1) + axfB3(2)ba(1)
= (0.5)(1)(0.6) + (0.5)(1)(0.1)
= 0.35

Substitute ¢t = 1 in equation(2.55),

B1(1) = ai1 f2(1)b1(O2) + ai282(2)b2(O2)

Substitute ¢ = 1 in £ (4),

Bi(1) = anfa(1)b1(2) + a122(2)b2(2)
— (0.7)(0.45)(0.1) + (0.3)(0.35)(0.7)
= 0.105

Substitute i = 2 in £ (i),

Bi(2) = anfa(1)bi(2) + anf2(2)b2(2)
— (0.5)(0.45)(0.1) + (0.5)(0.35)(0.7)
= 0.145

Hence, the values of §,(i) are 51(1) = 0.105, 51(2) = 0.145, B2(1) = 0.45, 52(2) = 0.35,
B5(1) = 1.0, B5(2) = 1.0.

The calculations done above for forward variables using the forward algorithm and back-
ward variables using the backward algorithm are summarised in the Figure 2.16. These

values are useful in the Viterbi algorithm, which is discussed in the next section.

2.8.2 Determination of Optimal Hidden State using Viterbi Al-
gorithm

The next problem is to determine an optimum hidden state sequence @) that gives the
maximum probability, P(O), of producing an observation sequence O [72].
For this, consider a variable

(i) = Plg = Si | O) (2.56)

Here, 1 <t < T and 1 < i < N. It is the probability of being in state S; at time ¢ given
the observation sequence O. Here, model A = (A, B,II) is known. The equation (2.56)
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()

a,(1)=0.02772

o,(1)=03
By(1)=1.0

B,(1)=0.105

States

i \_/

@,(2)=0.0 a,(2)=0.063 a,(2)=0.00378
B,(2)=0.145 B,(2)=0.35 B,(2)=1.0
1 2 3
Observations

Figure 2.16: Summary of values of forward and backward variables

can be represented in terms of forward and backward variables as equation (2.57) [71].

a()f(@)  a())Bi(i) (2.57)

Ye(i) = P
PO) S au(i)B)
Using the equation (2.57), the individually most likely state ¢ at time t is given by

equation (2.58).
q: = argmax [y (i)] (2.58)

1<i<N
To understand the calculations of 7;(i), we consider the same example that was discussed

for the forward algorithm.
From the equation (2.57),

L a@B6) (1) 9i(7)
=S AG) WA + @A) .

Substitute ¢t = 1 and ¢ = 1 in equation (2.59), we get

B a1 (1)6(1)
"W = AL @A)
(0.3)(0.105)
(0.3)(0.105) + (0.0)(0.145)
0.0315

0.0315
=1
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y,(1)=1.0 y,(1)=03 y4(1)=0.88

a,(1)=0.02772

a,(1)=03 (
B(1)=1.0

B,(1)=0.105

’ ¥,(2)=0.0 , v;(3)=0.12
2
a,(2)=0.0 a,(2)=0.063 (2):0 00378
B,(2)=0.145 B,(2)=035 ﬁz(2)
1 2
Observations
For t=1, o,(1)B,(1)+a,(2)B,(2)=(0.3)(0.105)+(0.0)(0.145)=0.0315
For t=2, o,(1)B,(1)+a,(2)p,(2)=(0.021)(0.45)+(0.063)(0.35)=0.0315
For t=3, a3( B4(1)+a,(2)B4(2)=(0.02772)(1.0)+(0.00378)(1.0)=0.0315

Figure 2.17: Summary of calculated values of ~;(7)

Similarly, other values of v;(i) can be determined.
Substituting ¢t = 1 in the equation (2.59),

for i =1, we get (1) = 1.0

for i = 2, we get 11(2) = 0.0

Substituting ¢t = 2 in the equation (2.59),
for i =1, we get v2(1) = 0.3
for i = 2, we get 1»(2) = 0.7

Substituting ¢t = 3 in the equation (2.59),
for i =1, we get v3(1) = 0.88
for i = 2, we get 73(2) = 0.12

These values are shown in the Figure 2.17, together with the forward and backward

variables.
Now, from the equation (2.58), the individually most likely state is given by

g = argmax [’Yt(l)}

1<i<2

For t =1,
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¢ = argmax [1(1),71(2)] = argmax [1.0,0.0] = 1

For t = 2,
> = argmax [2(1),72(2)] = argmax [0.3,0.7] =2

For t = 3,
g3 = argmax [y3(1),73(2)] = argmax [0.88,0.12] =1

Hence, the optimal sequence of hidden states is @ = {q1, ¢, 3} = {1,2,1}. This way, we
can determine the most likely state each time. However, we cannot determine the state
transitions accurately from this [72]. For the determination of accurate state transitions,
we have followed the Viterbi algorithm.

To understand the steps of the Viterbi algorithm, consider a variable §;(:) for 1 <t < T
and 1 <7< N as given in the equation (2.60).

0:(1) = max P[ql,qQ,...,qT:Si\01,02,...,0T] (2.60)

41,92+ qr

It is the highest probability along a single path at time ¢, using the observations up to
time ¢ and ends in state S; [71]. By induction, for 2 < ¢ < T'and 1 < j < N, we get
equation (2.61).

Or1(j) = | max q0u(i)ag; o [b;(Ors1) (2.61)
[ {0

1<iKN

To keep track of the argument which maximises 0;(7), consider another variable (i) for
2<t<Tand 1 <j <N as defined in the equation (2.62).

i (i) = argmax [8(i)ay;] (2.62)

1<i<N

The steps of Viterbi algorithm are as follows [71]:
Step 1: For 1 <i< N

Step 2: For2<t<Tand1<j <N

0(J) = [ max {5t—1(i)ain b;(Oy)

1<i<N

¥i(j) = argmax [5“(@')%]

1<i<N



CHAPTER 2. PRELIMINARIES AND METHODOLOGIES 49

Step 3:
p* = max [r(i)] gr* = argmax [d7(i)]

ISisN 1<i<N

Step 4: Fort =T —-1,T—-2,...,1

@ = ¢t+1(qz<+1)

Let us try to understand the calculations of these steps using the same example that was
considered for the forward and backward algorithms.

From step 1 of Viterbi algorithm, for 1 < i < 2,

51(2) = Wzbl(ol)
Here, for ¢ =1,

(51(1) = 7T1b1 (3)

= (1)(0.3)
= 03

and for i = 2,

51 (2) = 7T2b1 (3)

= (0)(0.2)
=0

Then from the step 2 of the Viterbi algorithm, for 2 <t <3 and 1 <75 <2

60) = | s {10 (0

1<i<2

Yi(j) = argmax [5t—1(i)aij]

1<i<2

Here, for t =2

62(j) = [max {51(1)%‘7 51(2)%‘}] b;(O2)
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02(5) = angan 5, (U 6,2

Substituting 7 = 1 in above equations, we get

52(1) = [max {8i(1)aiy, 61(2)az }]bi(2)
= [max {(0.3)(0.7), (0)(0.5)}](0.1)
= [max {0.21,0}](0.1)

= 0.021

Po(l) = argmax [61(1)a11, (51(2)@1}
= argmax [(0.3)(0.7), (0)(0.5)]
= argmax [0.21, 0]
=1

Similarly, we can find other values of §;(7) and (7). All the values are summarised below
and in the Figure 2.18.

For t =1,

i=1, 5(1)=0.3 Pi(1) =1
i=2, 5(2) = 0.0 P1(2) = 1
For t = 2,

i=1, d>(1) = 0.021 Pa(1) =1
i=2, 52(2) = 0.063 Pa(2) =1
For t = 3,

i=1, d3(1) = 0.0189 P3(1) =2
i=2, d5(2) = 0.0032 P3(2) =2

Next, we apply step 3 of the Viterbi algorithm. From this step,
p* = max [d5(7)] 3" = argmax [d5(7)]

Isis2 1<i<2

So expanding the brackets for various values of i, we get

p* = max[d3(1),05(2)]
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1
§,(1)=0.3 §,(1)=0.0189
ll)l(l =1 w3<1):2
8
<
7
2
8,(2)=0 8,(2)=0.063 §,(2)=0.00315
w1(2>:1 11)2(2):1 %(2):2
1 2 3
Observations

Figure 2.18: Summary of calculated values of variables 0,(7) and (7)

= max[0.0189,0.00315]
= 0.0189

3" = argmax|[d3(1),05(2)]
= argmax[0.0189,0.00315]
= 1

Finally, we apply step 4 of Viterbi algorithm. By this step, t = 2,1, we have
q = @/)t+1(q:+1)

For t = 2,
02" = s(gz) = (1) = 2

For t =1,
Q" = a(qz) = Pa(2) =1

51
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Hence, the optimal path of hidden state sequence is
Q={dql, %, ¢} =1{1,2,1}

2.8.3 Determination of Optimal Model Parameters using Baum-
Welch Algorithm

This problem is about determining the optimal model parameters A = (A, B, IT) such that
it maximises the probability of the observation sequence P(O) [72]. There is no known
analytical method to solve this problem. However, model parameters can be chosen in
such a way that P(O) is locally maximised [71]. This is done by an iterative method
named the Baum-Welch algorithm. The aim is to re-estimate the parameters (A, B, II).
It is done iteratively, and parameters improve such that P(O) is maximum.

For this, consider a variable defined in the equation (2.63).

ft(i,j) = P(Qt =5, Q1 = Sj | O) (2-63)

where 1 <t < T and 1 <14, < N. It is the joint probability of being in state S; at time
t and in state S; at time ¢ + 1. We can write &(¢,j) in terms of forward variable oy (7)
and [(7) using the equation (2.64) [71].

(i i)ai;b (Ot+1)5t+1< )
P(0)

ft(iaj) =

o (i )a” ((O111) Bry1(4)
Sy Yoim cw(i)aiibi (Or) Braa (4)

These calculations can be visualised by the Figure 2.19 [71].

s6(i,g) = (2.64)

By the equation (2.54), the relation between & (i, j) and (i) is given by equation (2.65)
[71].

= Z &(i, 5) (2.65)

Summing (i) over t gives expected number of transitions made from state S; excluding

the time step t = T', we get equation (2.66).
Z 7:(i) = Expected number of transitions from S; (2.66)

Summing &;(7, j) over t gives the expected number of transitions made from state .S; to
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[72]
Q
=
O, 01+| 0/+2

Observations

Figure 2.19: Determination of &(i, j) for Baum-Welch algorithm

state S; excluding the time step ¢ = T', we get equation (2.67).

-1
Z &(i, j) = Expected number of transitions from S; to S; (2.67)
=1

Using equations (2.66) and (2.67), the re-estimation formulas of model parameters A, B

and II are as follows [71].
7; = Expected number of times state S; is reached at first time step ¢t = 1

ST = 71 (Z) (268)
__ Expected number of transitions from s; to s;
W Expected number of transitions from s;
(2.69)

T-1 T-1
s =Y &0 5) /Y ()
t=1 t=1

5,( k) = Expected number of times in state s; and v, is observed
/ N Expected number of times in state s;

bi(k) = Z ’Yt(ﬁ/Z’Yt(ﬁ (2.70)

= t=1
t="Vk
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Hence, the steps of the Baum-Welch algorithm are as follows [71]:
Step 1: Define current model A = (A, B, 1)

Step 2: Use (2.68), (2.69) and (2.70) to determine a re-estimated model A = (A, B, II).

Step 3: One of the following two cases may arrive:

1. The initial model X\ defines critical points of likelihood. In this case A = A and

process is over.

2. A is more likely than . In this case, P(O | A\) > P(O | \). Take A = X and go to
Step 1.

Now let us try to understand the calculations involved in the Baum-Welch algorithm using
the example that was considered for the forward, backward, and Viterbi algorithms.

First, we determine various values of the variable & (i, j). We have,

D (1) aib;(Ory1) Brra ()
&1, ) 21221 Z?:l at(z’)aijbj (Op41)Bi+1(J)

Substituting ¢t = 1 in &/(i, j),
Fori:=1,

If j = 1, then &(1,1) = 0.3
If j =2, then & (1,2) = 0.7

For ¢ = 2,
If j =1, then &(2,1) =0
If j =2, then &(2,2) =0

Substituting ¢ = 2 in &(4, ),
For: =1,

If j = 1, then &(1,1) = 0.28
If j = 2, then &(1,2) = 0.02
For ¢ = 2,

If =1, then &(2,1) = 0.6
If j = 2, then &(2,2) = 0.1

Substituting ¢ = 3 in &(4, j),
Fori=1,

If 5 =1, then &(1,1) = 0.616
If j =2, then &3(1,2) = 0.264
For ¢+ = 2,
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If j =1, then &(2,1) = 0.06
If j =2, then &(2,2) = 0.06

By equation (2.68), for 1 < i < 2, T; = 71(i). From this, the re-estimate initial state
probabilities are

ﬁl = ")/1(1) =1
72 = ’)/1(2) =0

By equation (2.69), for 1 < 7,5 < 2, we can determine the re-estimated state transition

probabilities in the following way.

Qjj = th(iaj) Z%(i)

g — 61(27]) +§2(i>j>
Y m(d) + e(9)

Substituting ¢ = 1 and j = 1 in above equation, we get

_ 51(171)+§2<171)

a =
! (1) +72(1)
0.3+0.28

1+0.3
= 0.446154

Similarly, the other state transition probabilities are

a2 = 0.553846

g = 0.142857

Finally, by equation (2.70), for 1 < j < 2 and 1 < k < 3, we can determine the re-

estimated observation probabilities using

7 o _ 1) +72()) +73(j) Such that Oy = vy
- Y1(7) +72(4) +3(5)
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For k =1 and j = 1 in above equation, we get,

B(l) = Y1 (1) +72(1) + v3(1) Such that Oy = v, =3
(1) +72(1) +75(1)
= 73(1)/(n(1) +72(1) +73(1))
— 0.88/(1+0.3+0.88)

= 0.403669

In the same way, we can find the other values of observation probabilities,

Similarly other value of b;(k) are

b1 (1) = 0.40366972
by(1) = 0.14634146
b1(2) = 0.13761468
by(2) = 0.85365854
b1(3) = 0.4587156
b2(3) =0

Summary of the calculations of the Baum-Welch algorithm is as follows:
Given model was A = (II, a, b)

II = [7r1 7r2} = [1 O]

4= Lon oo = los 03
(D) Bi(2) b(3)] [06 0.1 0.3
b= [bg(l) by(2) 62(3)1 - [0.1 0.7 0.2}

Then the re-estimated model X = (II, @, b) using one iteration of the Baum-Welch algo-

rithm is

II=[m @) =[1 0

< Fn 512] B [0.446154 0.553846]
B ~10.857143  0.0.142857

- [51(1) bi(2) 51(3>]

91 Q22

(1) Ba(2) Ba(3)

[0.40367 0.13762 0.45872}
0.14634 0.85366 0.0

This process can be continued iteratively until the desired accuracy is obtained [71]. So
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the Baum-Welch algorithm is very useful to determine the hidden Markov model pa-
rameters, which maximises the probability of observing a particular sequence given some
initial values of the model parameters. However, in practice, there is a need to model the

observation (emission) probabilities. For that, a Gaussian mixture model is used.

In the context of speech recognition problems, the observation sequence O represents the
values of feature vectors produced from speech recording, and the hidden state sequence
W represents the correct sequence of words uttered. The aim is to determine the most
likely sentence W out of all the possible sentences in language £ given some observation
sequence O of acoustic input. This can be represented with the help of conditional
probabilities, as mentioned in the equation (2.71) [6].
W= argmax P(W|0O) (2.71)
weL
Using Bayes’s rule of conditional probabilities,
= PO[W)P(W)

W = argmax
wer  P(O)

(2.72)

Here, P(W) = Prior probability, P(O|W) = Observation likelihood and P(O) = Proba-
bility of observation sequence. Here P(O) can be ignored because it doesn’t change for
each sentence. Thus, most probable sentence W given some observation sequence O is

the one for which product on left hand side of equation (2.73) is greatest [6].

W = argmax P(O|W)P(W) (2.73)
weL
In the equation (2.73), P(W) is called a language model, and it is determined using the
technique called N-gram model [6]. An N-Gram model uses the previous N — 1 words to
predict the next one. It is determined using probability of a word given previous N — 1
words. Consider a sentence W made up of n-words wy,ws, ..., w,. Then probability of
this sentence is

P(W) = P(wl,’LUg, e ,wn) (274)

Using the chain rule of probabilities,
P(wy, wa, ..., wy) = P(wy) P(wz|w) P(ws|wy, wa) - - - Plwy|wy, wa, . .. w,-1) (2.75)

Using Markov assumption that a current word depends only on previous word, the equa-
tion (2.75) becomes equation (2.76).

P(wy,ws, ..., w,) = P(wy)P(ws|wy) P(ws|wy) - -+ P(wy|w,_1) (2.76)
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In the equation (2.73), P(O|W) is called the acoustic model, and it is determined using

hidden Markov models [6]. In this case, the Gaussian mixture models are used.

Gaussian mixture models are used to model the observation (emission) probabilities when
the observations are continuous. In speech recognition problems, the observations are con-
tinuous values obtained from the speech signal using the process of feature extraction. It
is a probabilistic model, and it assumes all the values are from a mixture of a finite num-
ber of Gaussian distributions with unknown parameters: the mean and the covariance.
It is the linear combination of multivariate Gaussian distributions. Using the Gaussian
mixture model, we can learn these parameters. These models are based on computing the

probability density function. Observation probabilities are computed using the equation

(2.77) [6)].

M
]. 1 Tyv—1
bi(or) = ij—e—g(o;c—u]-m) Zm (Ok—Hjm) (2.77)
mzzl \/ 27T|Z]m‘
Here, X, is the covariance matrix, and p;,, is the mean of the mt Gaussian probability
density function and the j* feature vector. cj,, are the coefficients of Gaussian mixture
models. The probabilities determined here are useful in the hidden Markov model for the

classification of words.

2.9 Performance Measures

Whenever machine learning models are used in any application, one is always striving to

have the best model. This can be checked using various performance measures.

2.9.1 Confusion Matrix

In classification problems, a confusion matrix is a contingency table to determine how
a trained machine learning model is performing over unseen data that was not trained.
From this matrix, we can determine the overall accuracy of the classification. Moreover,
we can also determine various performance measures like precision, recall, and F1-score
based on this matrix. If there are n classes for the classification, then the confusion
matrix is n X n matrix in which each cell represents the number of patterns that are

classified or misclassified.

Consider an example of a 4-class classification problem with classes A, B, C' and D.
Suppose there are 15 test patterns having desired outputs given as a row matrix: d =
[ADBCBDABCC B BC D A] Suppose the trained artificial neural network
is giving the predicted output y = [A D D B B D AB AC A B C C B]. Then the
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Confusion Matrix

3.0
< 25

ko]
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Predicted output y

Figure 2.20: Confusion matrix of 4-class classification problem

confusion matrix is given by equation (2.78).

(2.78)

S = =N
S = W
=N OO
N O = O

The 4 rows of the confusion matrix M correspond to the 4 classes in the desired output:
class A, class B, class C' and class D. Similarly, 4 columns in the confusion matrix M
correspond to the 4 classes in the predicted output: class A, class B, class C' and class
D. The entry m;; in the confusion matrix M represents the number of times the desired
output having 7" class is equal to the predicted output having j** class. So, all the values
on the diagonal represent the correct classification. This matrix can also be visualised by
a graph, as shown in the Figure 2.20. From the confusion matrix, the accuracy of testing

a model and other performance measures can be easily determined.

All the entries in the confusion matrix are divided into the following four categories [73]:

1. True Positive (T'P): The current class was predicted while it was actually desired.
2. True Negative (T'N): The current class was not predicted and it was not desired.
3. False Positive (F'P): The current class was predicted, but it was not desired.

4. False Negative (F'N): The current class was not predicted but it was desired.

We can determine these 4 categories for each class using the confusion matrix by identify-
ing cell positions. For example, suppose we are determining these four categories for class

B. Then these 4 categories from the confusion matrix are determined using the Figure
2.21 [74].
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§_ << |TN|FP [TN | TN Legend

S| o |[FN|TP|EN|FN TP [True positive

g O [TN|[FP | TN | TN TN |True Negative

8| o TN| FP|TN| TN FP [False Positive
A|lB]|]C|D FN |False Negative

Predicted output

Figure 2.21: Identifying True positive, True Negative, False Positive and False Negative
in the confusion matrix of 4-class classification problem

After determining true positive, true negative, false positive, and false negative, we can

use these values to determine the following performance measures [73]:

1. Recall or True Positive rate or Sensitivity.

2. False Positive rate (False alarm rate).

w

. Specificity.
4. Precision.
5. F-measure.

6. Accuracy.

2.9.2 Recall

The recall, also called the true positive rate or sensitivity, for each class is defined by an
equation (2.79) [73].
TP
l=—F—— 2.79
Recall = Zp T 7N (2.79)
For the example explained by the confusion matrix in the Figure 2.20, for class B, ac-
cording to the Figure 2.21, T'P is 3 and the total outputs having value B is 5. Hence,

using equation (2.79), we get Recall = 3/5 = 0.6.

2.9.3 False Positive Rate

The false positive rate for each class is defined by equation (2.80) [73].

FP
Positi te = ——— 2.
False Positive rate TN+ FP (2.80)
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For the example explained by the confusion matrix in the Figure 2.20, for class B, accord-
ing to the Figure 2.21, the sum of all F'P values is 2, and the total outputs not having
value B are 10. Hence, using equation (2.80), we get false positive rate = 2/10 = 0.2.

2.9.4 Specificity

The specificity for each class is defined by equation (2.81) [73].

TN

—_— 2.81
FP+TN (2:81)

Specificity =

For the example explained by the confusion matrix in the Figure 2.20, for class B, ac-
cording to the Figure 2.21, the sum of all TN values is 2, the sum of all F'P values
is 2, and the sum of all TN is 8. Hence, using equation (2.81), we get Specificity =
2%8 =2/10=0.2.

2.9.5 Precision
The precision for each class is defined by equation (2.82) [73].

Precisi P (2.82)
eclsion = ———— .
PO = s p

For the example explained by the confusion matrix in the Figure 2.20, for class B, ac-
cording to the Figure 2.21, T'P is 3 and the sum of all F'P values is 2. Hence, using
equation (2.82), we get Specificity = 325 = 3/5 = 0.6.

2.9.6 F-Measure

The F-measure or Fl-score for each class is defined by equation (2.83) [73].

2
F-measure = — T (2.83)

Precision + Recall

For the example explained by the confusion matrix in the Figure 2.20, for class B, accord-
ing to equations (2.82) and (2.79) respectively, precision is 0.6 and recall is 0.6. Hence,

2 _ 2 _ 6 _
tr=4==06

0.6

using equation (2.83), we get F-measure =

0.6

2.9.7 Accuracy

The accuracy of classification is determined using equation (2.84) [74].

TP +TN
TP+TN+ FP+ FN

Accuracy = (2.84)
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In other words, it is defined as the trace of a confusion matrix divided by the sum of all
elements of the confusion matrix. For the example explained by the confusion matrix in
the Figure 2.20, the trace of the confusion matrix M is 9 and the sum of all elements
is 15. Hence, accuracy is 9/15 = 0.6. In other words, we can say that 60% of the
predicted outputs are correctly classified. The above-mentioned accuracy formula and
performance measures are used in our work to determine how each machine learning
model is performing. This gives us an idea of how accurate our model is for speech

recognition.

2.10 Conclusion

In this chapter, we discussed preliminaries and methodologies for speech recognition.
The chapter begins with sections 2.1 and 2.2 which describe feature extraction techniques.
Then, section 2.3 discusses the signal processing method to extract words from the speech.
Various normalisation techniques are explained in section 2.4. The methods to classify
speech are discussed in sections 2.5 to 2.8. Finally, the confusion matrix and post-

classification analysis measures are described in section 2.9.



