Chapter 2

Distributional chaos on uniform

spaces

In the last few decades, many researchers have studied the extensions of Li-Yorke
chaos based on the properties of scrambled sets, for example, dense chaos, generic
chaos, e-Li-Yorke chaos and others. In 1994, Schweizer and Smital introduced a
stronger notion of chaos based on the probabilistic measure of the distance between
two trajectories for interval maps, popularly termed as distributional chaos [18].
Since then the notion of distributional chaos has evolved into three nonequivalent
variants termed as DC'1, DC2 and DC3 (ordered from strongest to weakest) [3].

The relation between distributional chaos and different kinds of specification
properties is explored by various authors. Sklar and Smital proved that for a con-
tinuous self-map on a compact metric space, specification property implies distri-
butional chaos of type 3 [38]. Further, Oprocha and Stefinkové proved that a
continuous self-map on a compact metric space having weak specification property
and a distal pair is distributionally chaotic of type 1 and possesses a dense scram-
bled set [13]. Dolezelova studied the invariance of distributionally scrambled set for
a continuous self-map on a compact metric space [20)].

In this chapter, we consider the topological notions of distributional chaos and

specification property defined for uniformly continuous self-maps on uniform spaces
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[54, 55]. In Section 2.1, we explore the relation between topological specification
property and topological distributional chaos defined for uniformly continuous self-
maps on uniform spaces. Essentially, we prove that a uniformly continuous sur-
jective self-map acting on a uniformly locally compact Hausdorff uniform space
with topological weak specification property and a pair of distal points is topolog-
ically distributionally chaotic of type 1. This extends the result due to Oprocha
and Stefankova [43]. In Section 2.2, we study the invariance of topologically dis-
tributionally scrambled set for maps on uniform spaces. Results of Section 2.1
are published in International Journal of Bifurcation and Chaos [71] and results of
Section 2.2 are communicated.

Throughout this chapter, by a dynamical system we mean a pair (X, f), where
(X,U) is a Hausdorff uniform space without isolated points and f : X — X is
a uniformly continuous map. For given dynamical system (X, f), we denote the

product map f x f on X x X by F.

2.1 Topological distributional chaos and topolog-
ical specification property

In this section, we study the relation between the topological notions of distribu-
tional chaos and specification property defined for uniformly continuous self-maps
on uniform spaces. First we recall, the definitions of topological distributional chaos

and topological specification property.

Topological distributional chaos

The notion of topological distributional chaos for uniformly continuous self-maps
on uniform spaces is introduced by Shah et al. in [55]. For any positive integer

n, points x, y € X and E € U, define the lower and upper distribution functions
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Fuy(E) and Fy, (E) as follows:

n—oo

1 .
Foy(E) =liminf —#{0 <i<n| F'(z,y) € EY},
n

1 _
F;,(E) = limsup E#{O <i<n|F'(x,y) € B},

n—oo

where # A denotes the cardinality of the set A.
Definition 2.1.1 [55]. A pair of points z, y € X is called

(i) topologically distributionally chaotic of type 1 (briefly TDC1) if F,,(E) = 0,
for some £ € U, and F; (E) =1, for all E € U,

(ii) topologically distributionally chaotic of type 2 (briefly TDC2) if F,,(E) <
Fy (E), for some E € U, and F; (E) =1, for all £ € U,

(iii) topologically distributionally chaotic of type 3 (briefly TDC3) if F,,(E) <
Fy (E), for some E € U.

A set S containing at least two points is called a topologically distributionally
scrambled set of type k for f if every pair of distinct points in S is topologically
distributionally chaotic of type k, where k € {1,2,3}.

Definition 2.1.2. [55] A map f is said to be topologically distributionally chaotic
of type k, where k € {1,2,3}, if there exists an uncountable topologically distribu-
tionally scrambled set of type k for f.

Topological specification property

The notion of topological specification property for self-homeomorphisms on uni-
form spaces is introduced and studied by Shah et al. in [51]. However one can

define the notion for continuous maps on uniform spaces as follows:

Definition 2.1.3 [53]. A map f is said to have topological specification property
(briefly TSP) if for every E € U there exists a positive integer M such that for any
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finite sequence x1,Zs, ..., 2, in X, any integers 0 = a; < by < as < by < -+ < ap <
by with a; —bj_1 > M (2 <j <k)and p > M+ (b, — a1), there exists x € X such
that fP(x) =z and F'(z,z;) € E (a; <i<b;, 1 <j<k).

If periodicity condition is omitted in above definition, we say that f has topologi-
cal weak specification property (TWSP). The notion of topological weak specification

property can be reformulated in the following (equivalent) way:

Definition 2.1.4. A map f is said to have topological weak specification property
(TWSP) if for every E € U and any n there exists a positive integer M = M(E,n)
such that for any sequence of non-negative integers 0 = Ty < T3 < Ty < --- < T,
such that T; 1 — T; > M whenever 0 < ¢ < n and any two points u,v € X, there is

a point z € X such that

Fi(z,u) € B, if Ty; <j<Ty1— M and 2i+1 < n,and
Fi(z,v) € E, if Ty, < j < Ty — M whenever 2i < n.

For any entourage E € U, if F/(x,y) € E for any j with a < j < b — M,
where M = M(FE,n) is given by TWSP, we say that x E-traces y on the interval
[a, b]. Note that, the definition of TWSP can be easily reformulated using any finite
sequence of points uy, us, ..., u; instead of just a pair of two points u, v.

In [55], the authors proved that a uniformly continuous self-map on a uniform
locally compact Hausdorff space with topological weak specification property and
a distal pair admits a topological distributionally scrambled set of type 3. In the
following theorem, we extend this result and prove that such maps are topologically
distributionally chaotic of type 1. Recall that, a pair of points (z,y) € X x X is
said to be distal with respect to f, if there exists U € U, such that F'(x,y) ¢ U, for

all 7 € No.

Theorem 2.1.5. Let (X,U) be a uniformly locally compact Hausdorff uniform space
consisting of closed entourages without isolated points having a distal pair and let f
be a uniformly continuous map of X onto itself. If f has topological weak specifica-

tion property, then f is topologically distributionally chaotic of type 1.
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Proof. Let u,v be a distal pair of points in X. Then there exists U; € U such that
F'(u,v) ¢ Uy, for all i € Ny. Also since X is uniformly locally compact, there exists
U, € U such that Us[t] is compact for each t € X. Let U = U; N Uy and Uy € U be
such that U C U.

Let Vo = Uy, and let V; be an entourage in U such that V> C V;_;, for any
i > 1. Let M; = M(V;,4%), as in the definition of TWSP, for all i > 1. Also,

let 0 =Ty < 11 < Ty < --- be an increasing sequence of integers such that
T, — T,y > M,;, for any ¢ > 1, and lim M = 00. Further, we consider
1—>00 H

oo

a subsequence {m(i)}°; of the sequence of positive integers, so that the number
of iterations needed for switching from one piece of orbit to the other (applying
TWSP) is very small compared to |T)4+1 — Tme)l-

Step 1: Since (X, f) has TWSP, for entourage V5 in U and the sequences of
points g, u, v, u and g, u, v, v, we get integers m(1), m(2) such that 1 < m(1) < m(2)
and points x,,x, € X, respectively, so that the points x,, z,: Vo-trace g on [0, T}],
Va-trace u on [Ty,1y, Tin(1y41), Vo-trace v on [Th,2), Ti2)+1]. That is,

FP(xy,q) € Vo, FP(x,,q) € Vo, for 0 < p < T} — My,
FP(2y,u) € Vo, FP(xy,u) € Vs, for T,y < p < Ty — Ma, and
FP(zy,v) € Vo, FP(x,,v) € Vo, for Thyo) < p < Tyo)41 — Mo.

Moreover, z,, Va-trace u on [T),(2)11, Tin(2)42) and x, Vao-trace v on [Ty,2)11, Tin(2)42)-
Note that, z,,z, € Ulg].

Let Wy = ()% F=i(V4) € U. Then W, C Va, which implies that

Wilz,) C Ulg] C Us[g] and
Wilz,] € Ulg] C Uag].

Since Uslg| is compact, it follows that Wi[z,] and Wi[z,| are compact sets.
Further, Wi[z,] N Wi[z,] = 0. For if x € Wi[z,] N Wilx,], then (x,z,) € Wi and
(x,x,) € Wi, this implies that F?(z,z,) € V, and FP(x,x,) € V,, for 0 < p <
T2)+2- Also, FP(xy,u) € Vo and FP(z,,v) € V5, for Ty0y41 < p < Thn)r2 — Mo.

Thus, FP(z,u) € Vi and FP(z,v) € V2, which implies that F?(u,v) € V3! C U,
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a contradiction. Also, for any point & € Wi[zy], x Vao-traces x; on [0, T}, (2)42] for
t = u, v. Without loss of generality we can assume that Wy C Vjq), where j(1) > 3.

Step 2: Again by TWSP, for the entourage Vj(1y, there are integers m(3), m(4)
such that m(3) > m(2) 4+ 2 and m(4) > m(3) + 3, and points Tyy, Tuw, Tou, Tow € X,
which Vjq)-trace u on [T),3), Tin(s)+1) and Vja)-trace v on [Ty, Tn(a)41). Further,

Tyu Vjy-trace w on [Ty 41, Trn(ay+2) and [T )42, Too(a)+3],
Ty Vj(l)—trace u on [Tm(4)+1,Tm(4)+2] and v on [Tm(4)+2, Tm(4)+3],
Tou Viy-trace v on [Ty, Ty o] and won [Ty, Tngay ],

oy Viy-trace v on [Tngays1, Tinay 2] and [Tongay 42, Tngay1]-
Let W} = (749" F=i(V;1)) € U, and let WY € U be such that

W [Twu] C Wilzu], Wy [xw] € Wix,] and
W [xwu] C Whlxy], Wy [0 C Wiz,

Choose Wy = Wi N Wy, Then Wylzy,), Wal[zy,] are subsets of Wi[z,] and
Walxyy), Walz,,] are subsets of Wiz, ]. Since Wi[z,] and Wi|x,] are compact sets,
it follows that Wa[z,.], Walzw], Walz,.] and Whz,,] are also compact sets. Note
that,

WZ[xuu] N WZ[xuv] =Y,
W2 [xvu] N W2 [xvv] = (Z)

Further, for z € Walz,], © Vjqy-traces o on [0, Tryy43), for any o € {u,v}>.
Again without loss of generality, we can assume that W, C V) where j(2) >
§(1) + 1.

Continuing this way, for each k € N and any a € {u,v}*, we get a compact
set Wy[z,], positive integers m(1) < m(2) < --- < m(2k), and positive integers
J(1) <j(2) < --- < j(k), such that if x,y are points in Wj[x,], then  Vj)—1-traces
y on [0, Trak)1k]- Also, if ar, 3 € {u, v}* and o # 3, then W[z,] N Wy [z5] = 0 and
Wii1[Tauw] U Wit [Tao] C Wiz

Moreover, for any = € Wy[z,], where a = ajay - - - ay:

27



(i) = Vi-traces u on [Tyn2i-1), Tin2i—1)+1], and Vi-traces v on [Ty,2i), Tin(2i)+1), for

1 <<k

(ii)  Vi-traces a1 on [Ty(2i)41, Tm(2i)+2), for 1 < i < k, and Vj-traces a; on
(Thn(2i)+2, Tm(2iy+3), for 2 <4 < k. In general, for any j, 1 < j < k, z,

V;-—traces a; On [Tm(Qi)—i-j; Tm(2i)+j+1]7 fOI'j S ) S k.

Take S = (,2; Unequoyr Walza]. Note that, Wy [za] D Wiii[zw], where o €
{u,v}" and o/ = aa,11, a1 € {u,v}. Clearly, each string of characters {u,v}"
as n — 00, gives rise to a decreasing sequence of nonempty compact sets having
nonempty intersection. Since each sequence in {u, v} corresponds to a distinct ele-
ment in .S and vice versa, and the set of all infinite binary sequences is uncountable,
it follows that S is uncountable. Moreover, any s € S can be uniquely determined
as So = (oey Wal%ayaz-a,] Where o = ajag -+~ a, - - € {u,v}".

We now prove that S is topologically distributional scrambled set of type 1. Let
(z,y) be a pair of distinct points in S. For any entourage £ € U, since V> C V;_;
there will be a positive integer m such that V2 C E, for all i > m. Also from
condition (i), we have that both x, y Vi-traces u on [Tiy2i-1), Tin(2i-1)41), and V;-
traces v on [Ty(2i), Tn2i)11), for all @ > 1. Thus, for all i > 1, FP(z,y) € V2, for
Tnzi-1) < P < Thn@i—ny+1 — M; and Ty < p < Thy2i)41 — M;, which guarantees
that F; (£) = 1.

Further, x,y € S implies that * = z,,y = yg, for some a = a1a2---a,---
and 3 = biby---b,--- in {u,v}N. As x # y, there exist a positive integer j such
that a; # b;, without loss of generality we assume that a; = u and b; = v. From
condition (ii), we have that x Vi-traces u on [T}, 2i)4j, Tin(2i)+j+1], for j < i, and
y Vi-traces v on [T2i)4j: Tin(2i)+j41], for j < i. Also, for Uy € U, we can find a
positive integer m, such that V2 C Uy, for all i > m. Note that FF(z,y) ¢ Uy,
for T2+ < p < T2iy+j+1 — M; and for all i > j. For if, FP(x,y) € U, for
T+ < P < Tneiirr — M, then FP(u,x) € V; and FP(y,v) € V; will imply that
FP(u,v) € U3 C U, a contradiction. Therefore, F,(Uy) = 0.
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Thus, S is an uncountable topologically distributional scrambled set of type 1

for f, and hence (X, f) is topologically distributionally chaotic of type 1. O

Since closed entourages in any uniformity & forms a base for the uniform struc-
ture [25], without loss of generality we can work with the closed entourages in U.

Consequently, we have the following result.

Corollary 2.1.6. Let (X,U) be a uniformly locally compact Hausdorff uniform
space without isolated points having a distal pair and let f be a uniformly continuous
map of X onto itself. If f has topological weak specification property, then f is
topologically distributionally chaotic of type 1.

In [15], the authors defined various forms of shadowing and specification for
uniformly continuous self-maps on uniform spaces, and studied their equivalences.
We recall here, the definitions of topological shadowing property and topological
ergodic shadowing property. For any entourage D € U, a sequence {z;}3°, in X is
said to be a D-pseudo orbit for f if (f(x;),z;41) € D, for all i € Ny. Let y € X
and E € U, then the sequence {z;}°, in X is said to be E-shadowed by y if
(fi(y),z;) € E, for all i € Ny.

Definition 2.1.7 [15]. A dynamical system (X, f) is said to have topological shad-
owing property if for every entourage 2 € U there is an entourage D € U such that

every D-pseudo orbit is F-shadowed by a point of X.

For entourages D, E € U of X, the sequence {z;}3°, in X is said to be D-ergodic
pseudo orbit for f if

lim ~4{0 < i< n | (f(z:).2i1) € D} =0

n—oo M

and the sequence {z;}3°, is said to be E-ergodic shadowed by y € X if

lim ~4{0<i <n | (f(y)z:) ¢ B} =0,

n—oo N
Definition 2.1.8 [15]. A dynamical system (X, f) is said to have topological ergodic
shadowing property if for every entourage ' € U there is an entourage D € U such

that every D-ergodic pseudo orbit is E-ergodic shadowed by a point of X.
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Recall that, a map f is said to be topologically mixing if for any two nonempty
open sets U and V of X there exists N € N such that f*(U)NV # 0, for alln > N.
In [15], the authors proved that for a uniformly continuous surjective self-maps
on uniform spaces having topological shadowing property, topologically mixing,
topological ergodic shadowing property, topological weak specification property are

all equivalent. As a consequence, we have the following corollary.

Corollary 2.1.9. Let (X,U) be a uniformly locally compact, totally bounded, Haus-
dorff uniform space and let f be a uniformly continuous map from X onto itself. If
f s topologically mizing and has topological shadowing property with a distal pair,

then f is topologically distributionally chaotic of type 1.

Proof. From [15, Main Theorem], it follows that f has topological weak specification
property. That f is topologically distributionally chaotic of type 1, follows from
Theorem 2.1.5. O

The topological notions of shadowing property and ergodic shadowing property
and their equivalences for uniformly continuous self-maps on uniform spaces are
also studied in [2, 68]. If f has topological ergodic shadowing property, then from
[2, Proposition 3.4], it follows that f has topological shadowing property, and from
[68, Theorem 1] it follows that f is topologically mixing. Using Corollary 2.1.9, we

obtain the following result.

Corollary 2.1.10. Let (X,U) be a uniformly locally compact, totally bounded,
Hausdorff uniform space and let f be a uniformly continuous map from X onto
itself. If f has topological ergodic shadowing property and a distal pair, then f is
topologically distributionally chaotic of type 1.
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2.2 Invariance of topologically distributionally scram-

bled set

In [12], Oprocha studied the invariance of distributionally scrambled sets for interval
maps. He posed the following open question: Does every map with the specifica-
tion property and a fixed point contain an invariant distributionally scrambled set?
Dolezelova answered this question positively for the case of continuous self-maps
on compact metric spaces with additional assumptions and proved the existence of
dense invariant distributionally scrambled sets [20]. In this section, we study the in-
variance of topologically distributionally scrambled set for maps on uniform spaces.
The results proved here extends the work done by Dolezelové, and strengthens the

result proved in Section 2.1.

Theorem 2.2.1. Let (X,U) be a uniformly locally compact Hausdorff uniform space
without isolated points. If f : X — X is a uniformly continuous surjective map
having topological weak specification property, a fized point, and countably many
periodic points with mutually different periods, then there is a point x € X whose

forward orbit is a topologically distributionally scrambled set of type 1.

Proof. Since closed entourages forms a base for the uniform structure, so without
loss of generality we can work with the closed entourages in U.
Let p € X be a fixed point of f and let {g;}32, be the set of periodic points of

f with mutually different periods. Consider the sequence

p,q1,D,491,92,P, 491,492,493, P, 491,92, 43, 44, D5 - - -,

which we denote by {u; };”;1 Since X is uniformly locally compact, there exists an
entourage U € U such that UJt] is compact for each t € X. Let Vj = U and let V},’s
be closed entourages in U such that V2 C V,,_y, for any n € N. Let M,, = M(V,),
for n > 1, as in the definition of TWSP. Let 0 = a1 < by < as < by < az < bz < -+,
be an increasing sequence of integers such that a, 1 — b, > M, for any n > 1 and

lim & = oo,
n—oo0 4n
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Step 1: Let g € X be an arbitrary point. Since (X, f) has TWSP, for V; € U,

points g, w1 in X, and integers ai, b1, as, by there exists a point z; € X such that

Fi(xlag) € ‘/17 for aq S { S b17

Fi(x1,u;) € V4, for ay <i < by.

Let Wy = (2, F{(Vi) € U. Then Wy C V; implies that Wi[ay] € Vi[ay] C
Ulx1]. Since Ulxy] is compact, it follows that Wi[zq] is compact. Further, for
any x € Wilzy], we have (z,z;) € W;, which implies that F'(x,z,) € Vj, for
all ay < @ < by. Also, Fi(xy,u1) € Vi, for ay < i < by, which implies that

Fi(z,uy) € V?, for ag < i < by. Thus, for any x € Wy[z4],
Fi(z,uy) € V2, for ay <i < by.

Without loss of generality we can assume that Wy C V, (if W is not contained in
Va, we can always work with W| =Wy NV, e U).
Step 2: For V, € U, points x1, us in X, and integers ai, bo, as, b3 by TWSP

there exists a point x5 € X such that

F'(22,21) € Va, for a; <i < by,

Fi(xQ,UQ) € ‘/2, for as S 1 S b3.

Let W5 = N2 o F7{(Va) € U, and WY be a closed entourage in U such that
Wilza] € Wilq]. Let Wy = Wy N Wy, Then Whlas] C Wilzy]. Since Wilz4] is

compact, it follows that Ws[zs] is compact. Note that for any x € Wy[x,],
F'(x,up) € Vi, for ag <i < bs.

Again without loss of generality we can assume that Wy C V3.
Continuing like this, for each n € N, there is a compact set W,[x,] such that

W, lz,] € Wy_1[x,_1] and for each x € W, [x,],

Fi(x,u,) € V2, for api <1 < bypy.
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This gives rise to a nested sequence W, [z,] of compact sets and hence there is at

least one point x € () —, W,,[z,] such that for every n € N,
Fi(x,u,) € V2, for api <1 < bypy.

We now prove that the forward orbit of x is topologically distributionally scram-
bled set of type 1. Let y = f!(z) and 2 = f™(z), for some non-negative integers
l,m with [ > m. For every n > 1, consider s, = Z?Zl J. Then us, = p, for every
n > 1. From our choice of s,, it follows that F(z,p) = (f'(x),p) € V2, for all
as,+1 < 1 < by, 1. Thisimplies that (fi(y),p) € Vfﬂ, foras, y1—1 <1i<bs +1—1,and
(fi(2),p) € V2, for ag, 11 —m < i <bg, 11 —m. Asl>m, we have F'(y,z) € V!,

for a5, 1 —m <i < b, 1 — . Thus,
#{0 S /L S b5n+1|Fi(y7Z) € ‘/Si} Z b5n+1 - a5n+1 - (l - m)

Now for any entourage £ € U, since V> C V,,_1, there will be a positive integer N
such that V! C E, for all n > N. Thus, F},(E) =1, for all E € U.

Next we show that F),.(E) = 0, for some E € U. Choose a periodic point ¢, with
period k > [ —m. Then fi(q,) # f/(q,), for i # j, 4,7 € {0,1,2,...,k — 1}. Since
X is Hausdorff, we can find an entourage E, € U such that (f(¢.), f(¢.)) & Er,
for all ¢ # j, 4,7 € {0,1,2,...,k —1}. Let E € U be such that Eo Fo E C E,.
Since V2 C V,,_;, there will be a positive integer N such that V? C E, for all
n > N. Note that, v, = ¢q,, where ¢, = r + Z?le, for every n > r. Thus,
Fi(z,q,) € V2, for as,41 < i < by,41. This implies that F'(y, f'(¢,)) € Vi and
Fi(z, f™(gr)) € V2, for ay,.1 —m < i < by,4q — 1. Observe that F'(y,z) ¢ V2,
for aj,4y1 —m < i < b1 — 1 and t, > N. For if, F'(y,z) € V2, for some
ae1 —m < i < b1 — 1, then Fi(y, f'(g,)) € V2 and Fi(z, f™(q,)) € V2 imply
that Fi(f'(q.), f™(q,)) € Eo Eo E C E,, a contradiction. Therefore,

#{0 <i <by, 1|F'(y,2) € E} <ay, 11+ (I —m), fort, > N.
Hence, F,,(E) = 0. O
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Next, we state a lemma proved in [20].

Lemma 2.2.2 [20]. There is a Cantor set B C {0,1}" such that for any distinct
a={a(i)}2, and B ={p()}2, in B, the set {j € Nja(j) # B(j)} is infinite.

Recall that, a set A C X is said to be invariant if f(A) C A. A set which is a

countable union of Cantor sets is said to be a Mycielski set.

Theorem 2.2.3. Let (X,U) be a uniformly locally compact Hausdorff uniform space
without isolated points. If f : X — X is a uniformly continuous surjective map
having topological weak specification property, a fized point, and countably many
periodic points with mutually different periods, then X has a Muycielski invariant
topologically distributionally scrambled set of type 1.

Moreover, each point g € X has a neighborhood which contains a Cantor topo-

logically distributionally scrambled set of type 1.

Proof. Let a = {a(i)}2, € B, where B is the set as in Lemma 2.2.2. Let p € X be
a fixed point of f and let {¢;}22, be the set of periodic points of f with mutually

different periods. Define the sequence {w](-a)};";l in the following manner:

() p. ifa(j)
w : =

0;
J : .
@, ifa(j)=1

Consider the sequence

(a)

b, QI>w1a )

(@) () ey
y Py 41,42, Wy ", Py q1,42,43, W3 ", P, q1,42, 43,44, Wy "5 Py .- -,

which we denote by {u§a) }52,. Following the recursive steps as discussed in Theorem

2.2.1, we get a point z(®) such that for every n > 1, Fi(z(®, uﬁf‘)) € V2 for apy <
t < bpyr-

Let C = {z(¥|a € B} and C = |, f/(C). Note that, C' is an invariant set.
We now prove that C' is a topological distributionally scrambled set of type 1. For
y,zeC lety = fi(z®) and z = f™(z®), for some non-negative integers [, m and

a,p € B.
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Case 1: If a = 3, | # m, then from the proof of Theorem 2.2.1, it follows that
(y,z) is a TDC1 pair.

Case 2: Suppose o # 3 and | > m. Then choose a sequence {s,}>°; such that
us, = p, for every n > 1. Note that, (f'(y),p) € V2 and (f(z),p) € V2, for
a1 —m <@ < by, 41— 1. Thus, we get F'(y,z) € V! for ag, 41 —m < < by, 4 —1
and for every n > 1. Hence, Fy. =1

Since o, 3 € B and o # 3, there is a subsequence {wj, }32, of {w;}52, such that
()

w§:) #+ w? | for every k > 1 (That is, w§:) = p and w'? = q or w; ' = q and

Jk Jk
wgf ) = p). We choose a sequence {t,,}°° ; such that u,, = wj,, for every n > 1. Then
Fi(y,fl(w](-z))) e V2 and Fi(z,fm(w](-f))) e V2, for ay, 41 —m < i < byp1 — 1. Let
q1 be a periodic point of period k. Since X is Hausdorff, we can find an entourage
E; € U such that (p, fi(q1)) ¢ Ei, for all i € {0,1,2,...,k — 1}, and let £ € U
be such that F o E o E C F;. Using arguments similar to that given in proof of
Theorem 2.2.1, we get that F,,(E) = 0.

Consider the bijective map h : B — C, given by h(a) = 2(®, for all o € B. To
show that A is a homeomorphism, it is sufficient to show that h is continuous. Let
{am}_; be a convergent sequence in B such that «,, — «. Then for any k > 1,
there is an mg such that the first £ members of sequences «,,, and « are equal, for all
(

2, and {uja) }52, are also equal,

m > mg. Therefore, the first & members of {uga’")}

and hence the corresponding z(®) and z(*) belong to the same Wj[z;]. Thus, as
m — 00, 0y, — o« implies that z(®m) — z(®) Hence, h is a homeomorphism and
C'is a Cantor set. Since C' is a topologically distributionally scrambled set of type
1, the mapping fi|c : C — fi(C) is also a bijective mapping. Continuity of fi|¢
implies that f?|c is a homeomorphism, for every i > 1. Thus, f/(C) is a Cantor
set, for each i > 1. Hence, C' is a Mycielski invariant topologically distributionally
scrambled set of type 1.

Moreover, for every a € B, the corresponding z(® € Ulg], and hence C' C U[g].
Since g € X is arbitrary, it follows that each point in X has a neighborhood which
contains a Cantor topologically distributionally scrambled set of type 1. O
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Theorem 2.2.4. Let (X,U) be a uniformly locally compact second countable Haus-
dorff uniform space without isolated points. If f : X — X is a uniformly continu-
ous surjective map having topological weak specification property, a fized point and
countably many periodic points with mutually different periods, then X has a dense

Mycielski invariant topologically distributionally scrambled set of type 1.

Proof. Let {F;}°, denote the countable closed base for the uniform topology on X
induced by (X, ), where F; = Uj[g;] for some U; € U, g; € X. Since X is uniformly
locally compact, there exists an entourage U € U such that U[t] is compact for each
t € X. Let Vy = U and let V, be a closed entourage in U such that V> C V,_,, for
all n € N. For each g; € X, using the arguments given in proof of Theorem 2.2.3,

for the sequence

(N = {poar, w0, dip iy @2, ws” Py a1, 6o, 5,
wi, @ p, a1, o g, 0 w0SY i, -

«a € B, there exists a Cantor set C; = {z(®?|a € B} C F}, which is topologically dis-
tributionally scrambled set of type 1. Let M = |, M;, where M; = [J22, f7(C)).
Then, M is a dense Mycielski invariant set in X.

We now prove that M is a topologically distributionally scrambled set of type
1. Clearly, M; is a topologically distributionally scrambled set of type 1, for each
i > 1. Consider y, z € M such that y € M; and z € Mj, i # j. Then y = f!(z(@?)
and z = f™(2#), for some non-negative integers [,m and a, 3 € B. We assume
[ > m. Choose a sequence {s,}>°; such that ug‘:f’i) = uﬁfj’j) = p, for every n > 1.

Then,
(fk(y)>p) € V;i and (fk(z)7p) € V:gia fOI' s, +1 — MM S k S bsn—H — L

Thus, we get F*(y,z) € V!, for a5, 41 —m < k < by,41 — | and for every n > 1.
Hence, F, = 1.
Next, choose a sequence {t,}°°, such that ugf’i) = ¢; and uif ) = q;, for every

n > 1. Then,
Fry, () € ‘/ti and Fk(zafm(%)) € Vti» for aj,41 —m <k < by, — L.
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If g; is a periodic point of period A and g; is a periodic point of period p, consider
the entourage E € U such that (f* (¢), f*(q;)) ¢ E, forall k; € {0,1,2,...,A—1},
ky € {0,1,2,...,u—1}. Let Ey € U be such that Eyo Fyo Fy C E. Further, since
V2 C V,_1, there will be a positive integer N such that V? C E, for alln > N. For
t, > N, if F*(y,z) € V2, for some a;, 1 —m < k < by, 11—, then F*(y, f(¢;)) € V2
and F*(z, f™(q;)) € V2 imply that F*(f'(q), f™(q;)) € Eyo Eyo Ey C E, a

contradiction. Thus,
#{0 <k <b, 1|F*(y,2) € E} <ay, 11+ (I —m), fort, > N.

Therefore, F,.(E) = 0. Hence, M is a topologically distributionally scrambled set
of type 1. O

In [54], the authors proved that for self-homeomorphisms on uniform spaces
with topological specification property, the map has a dense set of periodic points.
The construction suggests that such a map can have infinitely many periodic points

with mutually different periods. As a consequence, we have the following result:

Corollary 2.2.5. Let (X,U) be a uniformly locally compact second countable Haus-
dorff uniform space without isolated points. If f : X — X is a homeomorphism hav-
ing topological specification property and a fized point, then X has a dense Mycielski

invariant topologically distributionally scrambled set of type 1.
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