Chapter 5

Distributional chaos for Z%actions

In the classical theory of discrete dynamical systems, a continuous action of Z on
a metric space is considered. To capture more complex and rich dynamics, the
natural generalization is to study the Z%actions on a metric space, for d > 1. This
allows for a wider range of possible behaviors in the system, making it more flexible
for modelling real-world phenomena. Various authors have studied the dynamics
for such systems (see [17, 44, 21, 19, 30]).

This chapter is devoted to the study of relationship between the notions of
distributional chaos and specification property for a continuous Z?action defined
on a compact metric space. In Section 5.1, we study the notion of distributional
chaos for a continuous Z?-action defined on a compact metric space. In Section
5.2, we relate the notions of distributional chaos and specification property defined
for multidimensional discrete-time dynamical systems. Essentially, we prove that a
Z4%-action on a compact metric space with weak specification property and with a
pair of distal points admits a dense distributionally scrambled set of type 1. This
extends the result proved by Oprocha and Stefankova in [13], for a Z-action defined
on a compact metric space.

Throughout this chapter, by a dynamical system we mean a pair (X, T'), where
X is a compact metric space with metric p and T is a continuous Z“-action on X,

deN,ie., T:7Z%x X — X satisfies the following three conditions:
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(i) T(n,-) is a homeomorphism on X, for any n € Z%,
(ii) 7(0,z) = z, for any z € X (0 = (0,0,...,0) is the identity element in Z?),
(iii) T(m,T(n,-)) = T(m +n,-), for any m,n € Z<.

For z € X, n € Z%, we denote T'(n,z) by T"(z) and the homeomorphism 7T'(n, -) is
denoted by T™.

5.1 Multidimensional distributional chaos

The notion of distributional chaos has a natural generalization to the case of mul-
tidimensional discrete-time dynamical systems. In [28], author has introduced the
notion of distributional chaos for continuous Z%actions and have studied it in the
context of subshifts of ©2°, where X%* denotes the space of maps z : Z% — ¥ with
the product topology and X is a finite set. In this section, we recall and study the
notion of distributional chaos for a continuous Z?-action on a compact metric space.

For n € N, points z, y € X, and ¢t € R, define

1
~ #A(n)

where A(n) = {—(n —1),—(n —2),...,0,...,(n —2),(n — 1)}¢ C Z% and #A
denotes the cardinality of the set A. Let

dM(t)

Ty

#{m e An) | p(T™(x), T™(y)) < t},

., (t) = liminf (I>§f;) (t), and

n—oo

®;,(t) = lim sup CI);Z) (t).

n— oo
These non-decreasing functions ®,, and @7 are called the lower and the upper

distribution functions for T, respectively.
Definition 5.1.1. [28] A pair of points z, y € X is called

(i) distributionally chaotic of type 1 (DC1) if ®,,(t) = 0, for some ¢t > 0, and
@7, (t) =1, for all £ > 0.
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(ii) distributionally chaotic of type 2 (DC2) if ®,,(t) < ®;, (t), for some t > 0,
and @3 (t) =1, for all £ > 0.

(iil) distributionally chaotic of type 3 (DC3) if @y, (t) < ®%,(t), for some t > 0.

A set containing at least two points is called a distributionally scrambled set
of type k (briefly DCEk scrambled set) for T' if any pair of its distinct points is
distributionally chaotic of type k, where k € {1,2,3}.

Definition 5.1.2. A Z%action T is said to be distributionally chaotic of type k,
where k € {1,2,3}, if there exists an uncountable distributionally scrambled set of

type k for T

In order to emphasize the Z?-action T on X, we denote the distribution function
by @;Z) (T,t), in place of @;Z) (t). Recall that, for dynamical systems (X,7;) and
(Y, Ty), the Z%-actions T} : Z* x X — X and Ty : Z* x Y — Y are said to be
topologically conjugate if there exists a homeomorphism h : X — Y such that
hoTr =Ty oh, for all n € Z%. The map h is called topological conjugacy between
Ty and T.

Proposition 5.1.3. Let (X, 1) and (Y,T,) be two dynamical systems, where X
and Y are compact metric spaces with metrics py and po, respectively. If Ty and Ts

are topologically conjugate then Ty is DCk implies Ty is DCk, k € {1,2}.

Proof. Since Ty and T, are topologically conjugate, there exists a homeomorphism
h: X — Y such that hoT}" = T oh, for all n € Z?. By uniform continuity of h, for

any ¢ > 0 there exists 6 > 0 such that p;(x1,x9) < J§ implies po(h(x1), h(z2)) < €.
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For any 1,29 € X, let y; = h(z1) and y2 = h(xs). Then,

q)(n) (T17 5) -

T1T2

1 m m
Fa(n i € Ao (T () T (2)) < 0}
< #%W#{m € A(n)|pa(A(TT" (1)), M(TT" (22))) < ¢}
1 m m
= #A—(n)#{m € An)|pa(T5" (h(21)), T5" (h(25))) < ¢}

_ #%W#{m € A(n)|pa(T3" (1), T3 (1)) < €}

= o™ (Ty.¢)

Y1y2

Similarly by uniform continuity of A~!, for any € > 0 there exists § > 0 such that
Qi (T2,6) < iy (Ti, ).

Since T7 is DC1, X has an uncountable subset D, which is distributionally
scrambled set of type 1 for 77. Then h(D) is an uncountable subset of Y. Moreover,
if 1,92 € h(D), then y; = h(x;) and y2 = h(zs), for some x1,29 € D. Since D
is distributionally scrambled set of type 1, ®* (71,t) = 1, for all ¢ > 0 and

T1T2

®y10,(T1,€) = 0, for some € > 0. This implies that ®;  (T5,t) = 1, for all ¢ > 0,
and ®,,,,(15,0) = 0, for some 0 > 0. Thus, (D) is uncountable distributionally
scrambled set of type 1 for T5. Hence T3 is DC'1. On similar lines, we can prove

that 17 is DC?2 implies that 15 is DC?2. O

Remark 5.1.4. In reference to the example given in [3], we can say that DC3 is not

preserved under topological conjugacy.

5.2 Relation between the notions of specification

and distributional chaos for Z%-actions

In [28], Hunter studied the relation between weak specification property and distri-
butional chaos in case of multidimensional subshifts. In this section, we establish
the relation between weak specification property and distributional chaos for a Z9-

action defined on a compact metric space.
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Recall that, a point # € X is said to be a periodic point if the set {T"(z) : n €
74} is finite. We call a pair of points x, y in X prozimal if for any ¢ > 0 there exists
n € Z4 such that p(T"(x), T"(y)) < e. A pair of points z, y in X is said to be distal
if it is not proximal. Note that, the distance between two subsets A and B of Z is

given by (A, B) = min_|la —b||, where [Ja —b]| = max |a; —b.

Definition 5.2.1 [28]. A Z%action T is said to have the strong specification prop-
erty (briefly SSP) if for every ¢ > 0 there exists a positive integer N, such that for
every finite collection of sets Qi, Qa,...,Qx in Z¢ satisfying 0(Q;, Q;) > N, for
i#£7,4,5 €{1,2,...,k}, any finite collection of points 1, xa, ...,z in X, and any
subgroup A C Z% with o(Q; + ¢,Q;) > N, for i,j € {1,2,...,k} and ¢ € A\ {0},
there exists y € X such that p(T"(y), T"(z;)) < ¢, forall t € Q;, 7 € {1,2,...,k}

and T9(y) =y, for every q € A.

If the periodicity condition given in terms of subgroup A C Z¢ in above definition
is omitted, 7" is said to have specification property (briefly SP). For the special case
k = 2, the notion of specification property is termed as weak specification property,

which can be reformulated in the following manner:

Definition 5.2.2. A Zdaction T is said to have the weak specification property
(briefly WSP) if for every ¢ > 0 and every positive integer k there exists a positive
integer N = N(c, k) such that for every finite collection of sets @1, Qa, ..., Qk in
7% satisfying 0(Q;,Q;) > N, for i # j, 4,5 € {1,2,...,k}, any pair of points u,v in
X, there exists y € X such that p(T"(y), T"(u)) < ¢, forallt € Q;, j =2i+1 <k,
and p(T"(y), T"(v)) < ¢, forallt € Q;, j =2i <k.

For any € > 0, if p(T'(x), T'(y)) < ¢, for all t € Q; C Z%, we say that x e-traces y
in ;. Note that, the definition of WSP can be easily reformulated using any finite
sequence of points x1, xa, ...,z instead of just a pair of two points u, v.

The following theorems extend the results proved by Oprocha and Stefankové
in [13], for continuous self-maps defined on compact metric spaces to the case of

continuous Z%actions on compact metric spaces.
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Theorem 5.2.3. Let (X, p) be a compact metric space without isolated points and
let T be a continuous Z%-action on X, d € N, d > 1, having a distal pair. If T has
weak specification property, then T is distributionally chaotic of type 1.

Proof. Let u, v € X be a distal pair and let G C X be an open ball with center at

g and of radius € > 0. Set ¢; = 7, 7 > 1. Let M; = M(e;,2"), as in the definition
of WSP, for all i > 1. Also, let a; < a3 < a3 < --- be an increasing sequence of

o, . . . i — M
positive integers such that a;, 1 —a; > M;, 1, for any i > 1, and lim %
1—00 K

Further, we consider a subsequence {m(i)}:°, of the sequence of positive integers,

= OQ.

with m(1) > 1, such that m(i + 1) > m(i) + .
Step 1: Consider

Qy={teZ'[0<t]] < ar},

Q1 = {t € Z% | am) < [t < amrys1 — Mo},

Qs = {t € 27 | ampy) < [[t]| < )1 — Mo},

Qs ={t € Z? | amays1 < |t < ameyra — Ma}.
Since T has WSP, for ¢ > 0 and the sequences of points ¢, u,v,u and g, u,v,v,
we get points x,, T, € G, respectively, so that the points z,,, x,: es-trace g in QJ,
eo-trace u in Q1, ex-trace v in Q). Moreover, x, ex-trace u in Q3 and z,, ex-trace v
in Q3.

Further, since 7%, k € Z¢, are all uniformly continuous, there are disjoint com-
pact balls B, and B, in G centered at z,, and z,, respectively, such that each = € B,
es-traces 2, in QW = {t € Z0 < [|t|| < @242 — Ma}, where o € {u,v}. Without
loss of generality we can assume that the diameter of either B, or B, is €;(1), where
i) =3,

Step 2: Again by WSP, for €1y > 0 and for

Qf = {t € Z% | aps) < [|t]] < ameynn — My},
Q3 = {t € 2 | ampy < [t < amayr1 — My},
Q3 = {t € Z"| amy1 < It € am@y2 — My},

Qi ={t € Z | a2 < Itll < @meay+s — M)}
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there are points Zyy, Ty € By and Ty, T, € By, which ¢;-trace u in Q? and

¢j(-trace v in Q3. Additionally,

Lou, Tup €j(1)-tTACE U, and Tyy, Tye €;(1)-trace v in Q%,
T, Tou €j(1)-trace u, and T, T, €;1)-trace v in QZ.

Again by uniform continuity of T*’s, k € Z<, there are disjoint compact balls
Buu, By in interior of B, centered at z,, and z,,, respectively, and B,,, B,, in
interior of B, centered at x,, and z,,, respectively, such that each x € B, ¢j1)41-
traces z, in Q¥ = {t € Z* | 0 < ||t|| < amy+3 — M;@1)}. Without loss of generality
we can assume that the diameter of either B, is €;(2), where j(2) > j(1) + 1.

Continuing like this, for each k € N and any a € {u,v}*, there is a compact
ball B, centered at z,, and positive integers j(1) < j(2) < --- < j(k) such that if

x,y are distinct points in B, then z €;)_1-traces y in
QW ={t € Z*| 0 < ||t]] < amer)+rs1 — Mjw-1)}-

Also, if a, 3 € {u,v}* and « # 3 then B, N Bs = ) and By, U By, C B,

Moreover, for any = € B, where a = ajag « - - ay:

(i) = e-traces u in QY and €;-traces v in Q%, 1 < i < k.
(ii) = ¢-traces ap in @4, for 1 < i < k, and ¢;-traces ap in Q) for 2 < ¢ < k. In
general, for any j, 1 < j <k, z, ¢-traces o in Q;+2= for j <i<k.

Take S = (,2; Usequwyn Ba- Since diam(B,) — 0 as n — oo, S C G is
a Cantor set. Further, since each sequence in {u,v}" corresponds to a distinct
element in S, and since the set of all binary sequences is uncountable, it follows
that S is uncountable. Observe that, any s € S can be uniquely determined as
Sa = or; Bayas-an, Where o = aqag -y, - -+ € {u, v},

We now show that S is distributionally scrambled set of type 1. Let x and y be
distinct points in S. Then for any § > 0, there will be a positive integer m such
that ¢; < 6, for all ¢ > m. Using condition (i), we get that both x, y, ¢;-traces u
in @, and e;-traces v in @Y, for all ¢+ > 1. Thus, p(T?(z),T?(y)) < $ < 0. for all
p € Q1 UQs, and for all ¢ > m. Hence, ®} (0) = 1, for any d > 0.
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Further z,y € S implies v = z,,y = yz for some o = - -y, --- and
B = BBy B+ in {u,v}N. Since x and y are distinct, there exist a positive
integer j such that a; # 3;. Without loss of generality we assume that a; = u
and 3; = v. Using condition (ii), we have that z ¢;-traces u in Q’,, and y ¢;-traces
v in Q§+2, for j < 4. Since u,v is a distal pair, there exist a dg > 0 such that
p(T"(u), T™(v)) > &g, for all n € Z¢. Choose a positive integer m such that ¢; < 22,
for all i > m. Then p(T*(z), T*(y)) > %, for any p € Q,,, and for all j < i and
i > m. For if p(T?(z),T?(y)) < %, for any p € Q1 for j < i and i > m, then
using p(T%(x), TP (u)) < ¢; and p(T?(y), T?(v)) < ¢; we get p(T?(u), TP(v)) < do, a
contradiction. Hence ®,,(dy) = 0.

Thus, S is an uncountable distributional scrambled set of type 1 for 7. Hence

T is distributionally chaotic of type 1. O

Theorem 5.2.4. Let (X, p) be a compact metric space without isolated points and
let T be a continuous Z%-action on X, d € N, d > 1, having a distal pair. If T

has weak specification property, then X has a dense distributionally scrambled set

of type 1.

Proof. Since (X, p) is a compact metric space, it is second countable. Let {G;}2,
denote a countable base for topology of X consisting of open balls.

For G; = B(g1,¢"), using the arguments given in Theorem 5.2.3, we get a
Cantor DC1 scrambled set S} and a sequence pu; = {m(1,7)}$°, such that for any

T € St

x eE”—traceS u in le’i) ={t € Z| am@2i-1) < It|| < ama2i-1y41 — Mja,-1)} and

(1)

Ty €; '-traces v n Q;lvi) = {t c Zd ’ Gm(1,2i) < ||tH < Am(1,2i)+1 — Mj(l,i—l)};

for all 4 > 1, where j(1,0) = 2.
Again following the steps discussed in Theorem 5.2.3, for Gy = B(gs.¢?), and
for the sequence a,,11) < a3 < amas < --- of positive integers, we obtain

a subsequence uy of {m(1,1),m(1,3),m(1,5),...} denoted by {m(2,7)}°, and a
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Cantor DC1 scrambled set S5 such that for any zo € S:

T e§2)—traces u in Qf’i) ={te 7 | am2,2i-1) < ||t < ame2i-1)+1 — Mj2,-1)} and
T2 652)—traces v in Q;Q’i) ={tez?| am@2i) < It < @mz20+1 — Mji-1)},
for all + > 1. Continuing this way, we can find a sequence Si,Ss, ... of Cantor sets
such that S =J,., S, is dense in X.

We now prove that S is a DC1 scrambled set. Clearly S, is a DC1 scrambled

set, for each n € N. Consider y, z € S such that y € S, and z € S, p # ¢q. Assume
that p < ¢. Then it follows that y ¢;-traces z in

§‘“) ={te z* | @m(g,2i-1) < I < amg2i-1+1 — Mjgi-1)}

(

i

(@)

%

for any i > 1, where ¢; = max{c”, ¢\

}. Moreover, y ¢ ?)_traces u and z ¢/”-traces
v in

) = {t € Z* tmigon < 8]l < @iy — My},
for any ¢ > 1. Thus, we get that y and z are distributionally chaotic of type 1.

Hence S is a DC1 scrambled set. O
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