Chapter 3

Distributional chaos in a sequence

on uniform spaces

Distributional chaos is a stronger form of chaos than Devaney and Li-Yorke chaos;
while Devaney and Li-Yorke focus on the qualitative behavior of orbits, distribu-
tional chaos looks deeper into the statistical distribution of distances between points
over time. Note that, there are examples justifying that Li-Yorke chaos and Devaney
chaos need not imply any version of distributional chaos [18, 10]. Also, Oprocha
gave an example of a map which is weakly mixing but not distributionally chaotic
[10]. In 2007, Wang et al. introduced a generalized version of distributional chaos
by considering the distribution function of distance between trajectories in terms
of a given sequence of time, popularly known as distributional chaos in a sequence
[65]. Tt is proved that both Devaney chaos and weakly mixing imply distributional
chaos in sequence for self-maps defined on metric spaces [37, 38]. Moreover, for
continuous self-maps defined on the intervals, it is proved that Li-Yorke chaos and
distributional chaos in a sequence are equivalent.

In this chapter, we introduce and study the topological notion of distributional
chaos in a sequence defined for uniformly continuous self-map on Hausdorff uniform
space. In Section 3.1, we describe an alternate definition for Li-Yorke scrambled

pair, and study the relation between notions of weakly mixing and Li-Yorke chaos
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for uniformly continuous self-map defined on a second countable Baire Hausdorff
uniform space without isolated points. In Section 3.2, we define and study the notion
of topological distributional chaos in a sequence for uniformly continuous self-maps
defined on Hausdorff uniform spaces. In Section 3.3, we prove the equivalence of
Li-Yorke chaos and topological distributional chaos in a sequence for uniformly
continuous self-maps defined on second countable Baire Hausdorff uniform space
without isolated points. As a consequence, we obtain that Devaney chaos implies
topological distributional chaos in a sequence for maps on uniform spaces. Results
presented in this chapter are published in the Turkish Journal of Mathematics [70].

Throughout this chapter, by a dynamical system, we mean a pair (X, f), where
(X,U) is a Hausdorff uniform space without isolated points and f : X — X is a

uniformly continuous map. We denote the product map f x f on X x X by F' and
by F'(x,y) we mean (f'(x), f'(y)).

3.1 Li-Yorke chaos on uniform spaces

In this section, we study the topological notion of Li-Yorke chaos for a uniformly
continuous self-map defined on a Hausdorff uniform space. In [0], the author in-
troduced the notion of Li-Yorke chaos for group actions on uniform spaces. If we
consider, the Z-action induced by a uniformly continuous self-map f defined on
Hausdorff uniform space (X,U), then the set of proximal pairs, the set of asymp-
totic pairs, and the set of distal pairs with respect to f are denoted by PR, AR,

and DR, respectively, and are defined as follows:
PR ={(z,y) € X x X |VE € U,3i € N such that F'(z,y) € E},
AR = {(z,y) € X x X |VE € U,3k € N such that F'(z,y) € E,Vi > k},
DR =X x X\PR
={(z,y) € X x X | 3E € U such that F'(z,y) ¢ E, Vi € N}.
A subset S of a uniform space X is said to be a Li-Yorke scrambled set for f if for

any pair of distinct elements z, y € S, (z,y) € PR\AR. A map f is said to be
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Li-Yorke chaotic if there exists an uncountable Li-Yorke scrambled set for f.
For an increasing sequence {p;} of positive integers we define proximal relation
PR(f,{pi}), and asymptotic relation AR(f,{p;}) with respect to sequence {p;},

respectively as follows:

PR(f,{p:}) ={(z,y) € X x X |VE € U,3i € N such that F?(z,y) € E},
AR(f Api}) ={(z,y) € X x X | VE € U,k € N such that [P (z,y) € E,Vi > k}.

The set X x X\PR(f,{p;}) is denoted by DR(f,{p;}) and is called the distal
relation with respect to sequence {p;}.
In the above defined terminologies, we can say that a pair (z,y) € X x X is a

Li-Yorke scrambled pair if there exist increasing sequences {m;}, {n;} such that

We recall that, a map f is said to be topologically transitive if for any nonempty
open subsets U and V' of X, there exists an n € N such that f*(U)NV # 0. If
the product map f x f is topologically transitive, then we say that the map f is
weakly mixing. Proof of the following lemma is similar to the result proved in [60]

for metric spaces. We present the proof here for sake of completion.

Lemma 3.1.1. Let X be a Hausdorff topological space and f be a continuous self-
map on X. If (Y, fly) is transitive subsystem of (X, f) and x € X is such that
O(x) is dense in Y, then for each open set U in'Y, the set {t | f*(x) € U} is not

bounded above.

Proof. Let U be an open set in Y and 7 > 0 be given, we shall show that there

exists a t > Ty such that f'(x) € U. For x € X and T > 0, we write
S(x,T)={f'(z) [0<t<T}

First, we assume that S(z,Ty) C Y. Then theset V =Y — S(z,T}) is nonempty
and open in Y. Moreover by transitivity of f|y, there exist v € V and ¢, > 0 such

that f(v) € U. If v € O(x), then there exists ty > Ty such that v = f(x). Let
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t =ty + t,, then t > Tp, and we have fi(z) = fl*(fo(x)) = f'*(v) € U. Also, if
v ¢ O(z) then f'(z) — v for some ¢; — oo, which implies that f(f'(z)) — f™(v).
Thus, in either case we have f'(x) € U for some ¢t > Tj.

Secondly, assume that Y C S(z,Ty). Let y € U, then y € O(x), that is y =
ft(z) for some t, > 0. Note that f'(y) € Y, for each t > T,. Since Y C S(z,Tp),
it follows that there exist a periodic positive semi-orbit P C S(z,T) such that
fi(y) € P for some t > 0. Denote { = min{t > 0 | f'(y) € P}, and define
B<y,§) - {ff(y) It > g}. Let Vi = Y — S(x,L+t,) and Vs =Y — B(y, L). If
t > 0, then V; and V5 are nonempty open sets of Y. For any ¢ € V3, ¢ = f"'(2)
where t; > % + t,, therefore ¢ = f'a(y), where t, = t;, — t, > % Then for any t > 0,
f(q) = f'*'a(y) € B(y, L), since t +t, > L. By definition of V5, f(q) ¢ Va, for all
t > 0. Thus, f*(V1)NVy =0, for all ¢ > 0, which contradicts the transitivity of f|y.
Hence £ = 0 and f°(y) = y € P. As P is periodic, clearly there is t > ¢, such that

fiz)=yeU. O

Theorem 3.1.2. Let (X,U) be a second countable Baire Hausdorff uniform space
without isolated points and let f be a uniformly continuous self-map defined on X.

If f is weakly mizing, then f is Li-Yorke chaotic.

Proof. Since X is a second countable space, X x X has a countable open base, say

{G,}>,. Consider the set D = (| U F~*(G,). Note that for each n € N, the

n=1teN

set |J F7Y(G,) is open in X x X. Now, f is weakly mixing implies that f x f
teN
is transitive and hence |J F7*(G,) is dense in X x X. Thus, D is a countable

teN
intersection of dense sets in X x X. Further by choice of D, orbit of any pair in D

is dense in X x X. Select any zg, yo € X, with x¢ # yo.

For any (x,y) € D with x # y, it follows from Lemma 3.1.1 that any open set
containing (x¢, o) contains infinite number of points of type F'(x,y). Therefore
there exists an increasing sequence {n;} such that F"™(z,y) — (xg,x0) as i — oo.

Then for any E € U, F"i(z,y) € E, for all but finitely many ’s. Thus, (z,y) €
AR(f,{ni}).
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Using similar argument, there exists an increasing sequence {m;} such that
Fmi(x,y) — (x0,y0) as i — oo. Since g # o, there exists an entourage £ € U such
that (xg,y0) € E. Also, since F™i(x,y) — (xo, o), there exists a positive integer
k € N such that F™i(x,y) ¢ E, for all i > k. Consider the sequence m; = m;,
i € N. Then F™ (z,y) ¢ F, for each i € N. Thus, (z,y) € DR(f, {m;}). Therefore,
(z,y) € DR(f,{m;}) N AR(f,{n;}). Hence, (x,y) is a Li-Yorke scrambled pair.
Since (z,y) € D with z # y is arbitrary, it follows that f is Li-Yorke chaotic. =~ O

The following example justifies that Theorem 3.1.2 need not be true if the un-

derlying space is not Hausdorff.

Example 3.1.3. Let f : ST — S! be defined by f(e%) = €2 where S is equipped
with the co-finite topology. Then S' with co-finite topology is not Hausdorff.
Clearly, f is mixing and hence weakly mixing. Note that, for any two distinct
points x, y € S*, the pair (z,y) € AR and hence the pair is not Li-Yorke scram-
bled, which proves that f is not Li-Yorke chaotic.

The following example justifies that the notion of weakly mixing is stronger than

Li-Yorke chaos.

Example 3.1.4. Let f be a continuous self-map on the interval [0, 2] given by:
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Then f is not transitive, and hence not weakly mixing. It is well-known that a

2

periodic point of period 3 implies Li-Yorke chaos [30]. Note that, the point z = §

is a periodic point of f with period 3 and hence f is Li-Yorke chaotic.

Note that, there are dynamical systems which are neither Li-Yorke chaotic nor

weakly mixing.
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Example 3.1.5. Let f be a continuous self-map on the interval [0, 2] given by:

142z, 0<z<3;
fl@)=1 3-22, 1<a<1
1, 1<x<2

Then f is not transitive, and hence not a weakly mixing. Moreover, f is not

Li-Yorke chaotic, as every pair of distinct points is asymptotic.

3.2 Topological distributional chaos in a sequence

In this section, we define and study the notion of topological distributional chaos in
a sequence for uniformly continuous self-maps defined on Hausdorff uniform spaces.
For an increasing sequence {p;} of positive integers, an entourage U € U, and
points z, y € X, define the lower and upper distribution functions F,, (U, {p;}) and
F, (U, {pi}), respectively as follows:
1
Foy(U, {pi}) = liminf ~#{0 < i < n | F"(z,y) € U},
n—oo N
R : 1 , .
Er (U Api}) = hgl_}solip E#{O <i<n|FPi(z,y) e U},

where # A denotes the cardinality of the set A.

Definition 3.2.1. A subset D of X is said to be topologically distributionally chaotic
set (or scrambled set) in an increasing sequence {p;}, if for any z,y € D with = # v,

we have
(i) Fuy(U, {p:i}) =0, for some U € U, and
(ii) Fy, (U, {p:i}) =1, for all U € U.

Such a pair (z,y) is called a topologically distributionally chaotic pair or a
scrambled pair for f in a sequence {p;}. We denote by DCR(f,{pi}), the collection
of all pairs (z,y) € X x X such that (z,y) is a topologically distributionally chaotic
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pair for f in a sequence {p;}, and call it the topologically distributionally chaotic

relation with respect to a sequence {p;}.

Definition 3.2.2. A map f is said to be topologically distributionally chaotic in
sequence {p;} if f has an uncountable topologically distributionally scrambled set

in an increasing sequence {p;}.
Remark 3.2.5.

(i) If we consider the uniform space (X,U), where (X,d) is a metric space and
U is the uniformity generated by the family {d'[0,¢) | ¢ > 0}, then every en-
tourage F contains £, = d~*[0, ¢), for some ¢ > 0, and any F, is an entourage.
In this case, topological distributional chaos in a sequence coincides with the

metric notion of distributional chaos in a sequence.

(i) If {p:} is the sequence of positive integers, then f is topologically distribu-
tionally chaotic of type 1.

In the following proposition, we show that the notion of topological distribu-
tional chaos in a sequence is a dynamical property. Recall that, for uniformly con-
tinuous self-maps f and g on uniform spaces (X,U) and (Y, V), respectively, are said
to be topologically conjugate if there exists a uniform homeomorphism A : X — Y

such that ho f =goh.

Proposition 3.2.4. Let (X,U) and (Y,V) be Hausdorff uniform spaces. Suppose
that f : X — X and g: Y — Y are topologically conjugate. Then f is topologically
distributionally chaotic in a sequence {p;} implies g is topologically distributionally

chaotic in a sequence {p;}.

Proof. Since f: X — X and g : Y — Y are topologically conjugate, there exists a
uniform homeomorphism h : X — Y such that goh = ho f. For points z1, 2, € X,
let y1 = h(x1),y2 = h(z2). Now for any entourage U € U, h : X — Y is a uniform
homeomorphism implies V' = H(U) € V, where H = h x h. Then for G = g x g,
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we have
GV () = #{0 <1 < | ¥ (1) € V)
- %#{0 <i<nl|(g"h(x1),¢"h(xs)) €V}
_ %#{0 <i<n | (hfP(), hf"(z)) € V}
- %#{0 <i<n | H(fP(x), f(x)) € H(U)}
_ %#{o <i<n|FPi(z, ) e U}

— FU, (U {p}). (3.1)

From (3.1), it follows that f is topologically distributionally chaotic in a sequence

{p:} implies that g is topologically distributionally chaotic in a sequence {p;}. O

Lemma 3.2.5. Let (X,U) be a Hausdorff uniform space and let f be an uniformly
continuous self-map on X. If {m;} and {n;} are increasing sequences of positive

integers, then there exists an increasing sequence {p;} of positive integers such that

DR(f,{mi}) N AR(f,{n:}) € DCR(f,{pi})-

Proof. Let by = 2, and b; = 2nFb2+-+bi-1 for § > 1. Then {b;} is an increasing
sequence of positive integers. Let
2% 2%+1
m;, if 1 < by or ij<i§2bj,k€N,
pi = j:l j:].

n,, otherwise,

27

where {m}} and {n;} are subsequences of {m;} and {n;}, respectively, with mj >
n’s, ny > m/, for any [ > j. Then {p;} is an increasing sequence of positive integers.

Let (z,y) € DR(f,{m;}) N AR(f,{n:}). Then (z,y) € DR(f,{m;}) implies
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there exists an entourage U € U such that F™i(z,y) ¢ U, for all i € N. Thus,

1
FoU Ap}) = liminf 240 < i < n | 7 (2,1) € U)
n—o0
2i+1
P

< }filojl#{o <k<ji| F"(z,y) €U} (where j; = th)
< Dbt b

1—00 .]’L

1m —
i—oo by + by + -+ - + by; + Qb1+ba+++by;

Further, (z,y) € AR(f,{n;}) implies that for any U € U there exists a positive
integer N > 0 such that F"(x,y) € U, for all i > N. Thus,

F2,(U, {pd) = limsup “4{0 < i < n | F(r,y) € U}

n—oo

> lim #{0<y<l|F”f(wy)€U} (where &; =) by)

1—00 Z

ba;
> lim —=
9b1+bat+bai1
= lim -1
i—so0 by 4+ by + -+ + by + Qb1 +ba+++bai 1

Hence, (x,y) € DCR(f,{p:}). O

3.3 Equivalence between Li-Yorke chaos and topo-
logical distributional chaos in a sequence

In this section, we study the relationship between the topological notions of Li-Yorke
chaos and distributional chaos in a sequence for uniformly continuous self-maps
defined on Hausdorff uniform space without isolated points.

In recent years, many authors have used the families of subsets of positive in-
tegers to study properties of dynamical systems. We recall that, a Furstenberg
family F is a family, consisting of some subsets of the set of positive integers, which

is hereditary upwards, that is, if Fy C Fy and F} € F then Fy, € F. A class of
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Furstenberg families can also be defined by considering the upper density with re-
spect to a sequence. For strictly increasing sequence ) = {n;} of positive integers
and P C N, the upper density of P with respect to @) is given by

AP | Q) = timsup PO P}
k—o0

where #A denotes the cardinality of the set A.

For every a € [0, 1], define

Mg(a) ={P CN| PNQ is infinite and d(P | Q) > a}.
Note that Mg(a) is a Furstenberg family. For z € X and A C X, define
N(z,A)={neN| f"(x) € A} and
Mog(a,A) ={x € X | N(z,A) € Mg(a)}.

We can now rephrase the definition of a topologically distributionally scrambled
pair in a sequence as follows: Let (X,U) be a Hausdorff uniform space, f a uniformly
continuous self-map on X and Q) = {p;} an increasing sequence of positive integers.

Then (z, y) € X x X is a topologically distributionally scrambled pair in sequence
Q if

(i) for some U € U, (z, y) € Mg(1,X x X\ U), and

(ii) for any U € U, (z, y) € Mg(1,U),

where U denotes the closure of U in X x X.

The following lemma can be proved along the lines of [31, Lemma 3.2].

Lemma 3.3.1. Let X be a topological space, f a continuous self-map on X, @
strictly increasing sequences of positive integers and a € [0,1]. Then for any

nonempty open subset W of X, Mq(a, W) is a G5 set.

The following result follows from Lemma 3.3.1.
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Lemma 3.3.2. Let (X,U) be a second countable Baire Hausdorff uniform space,
f a uniformly continuous self-map on X and @ an increasing sequence of positive
integers. Then the set of all topologically distributionally scrambled pairs in the

sequence QQ is a Gy subset of X x X.

Lemma 3.3.3 [24]. Let {S;} be a sequence of increasing sequences of positive
integers. Then there exists an increasing sequence ) of positive integers such that

d(S;iNQ| Q) =1, foralli>1.

Lemma 3.3.4. Let (X,U) be a Hausdorff uniform space and let f be a uniformly
continuous self-map on X. If S is a countable Li-Yorke scrambled set, then there
exist an increasing sequence Q) of positive integers such that S is topologically dis-

tributionally scrambled set in the sequence Q).

Proof. For any pair of distinct points z,y € S, by definition there exist sequences
{m;} and {n;} of positive integers such that (z,y) € DR(f,{m;}) N AR(f,{n:}).
Using Lemma 3.2.5, there exists an increasing sequence {pz@’y)} of positive integers
such that (z,y) € DCR(f, {p{"*}). Hence by Lemma 3.3.3, there exists a sequence

@ such that S is topologically distributionally scrambled set in the sequence (). O

Using the arguments used by Huang and Ye to prove Lemma 3.1 in [27], we can

obtain the following version of the lemma.

Lemma 3.3.5. Let (X,U) be a second countable Baire Hausdorff uniform space
without isolated points. If R is a symmetric relation with the property that there
is a dense Gs subset A of X such that for each x € A, R(z) contains a dense Gy
subset, then there is an uncountable dense subset B of X such that Bx B\ A C R,
where R(z) ={y | (z,y) € R}.

Proof. Let B be the collection of all nonempty subsets of A such that for each
Be B, BxB\A CR. And let {U,}2, be a countable open base for topology
on X. Now for any z; € U3y N A, as AN R(z;) contains a dense G5 subset, there
exists a point 5 € Uy N AN R(x1), x1 # 3. Then {z1,2,} € B, and hence
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B # 0. Similarly, as AN R(z1) N R(x2) contains a dense G5 subset, there exists a
point z3 € Us N AN R(x1) N R(x3), ©1 # x9 # x3, implying that {1, zq, 23} € B.
Continuing this way, we can construct a dense subset C' = {z,, | n € N} such that
C € B and z, € U,, for each n € N. By Zorn’s Lemma there exists a maximal
element B (under the usual set inclusion) of B such that C' C B. Note that, B = X.

We claim that B is uncountable. On contrary, assume that B is countable,

say B = {y, | n € N}. As AN (ﬂ R($n)> contains a dense G subset, we get
n=1

n=

1
B'=BU{y} C Aand B’ x B\ A C R. This contradicts the maximality of B in
B. Thus, B is uncountable. O

ye AN (ﬂ R(xn)> such that for each n € N, y # z,, and (y,z,) € R. Then

Lemma 3.3.6 [68]. Let (X,U) be a second countable Baire Hausdorff uniform
space without isolated points. If R is a symmetric relation on X which contains a
dense G5 subset X x X, then there exists a dense Gs subset A of X such that for
any x € A, there exists a dense G5 subset A, of X with {(z,y) |y € A} C R.

From Lemma 3.3.5 and Lemma 3.3.6, we have the following.

Lemma 3.3.7. Let (X,U) be a second countable Baire Hausdorff uniform space
without isolated points. If R is a symmetric relation on X which contains a dense
Gs subset of X x X. Then there is an uncountable dense subset B of X such that
BxB\ACR

Theorem 3.3.8. Let (X,U) be a second countable Baire Hausdorff uniform space
without isolated points and let f be a uniformly continuous self-map defined on
X. Then f is chaotic in the sense of Li-Yorke if and only if f is topologically

distributionally chaotic in a sequence.

Proof. If f is chaotic in the sense of Li-Yorke, then by definition f has an uncount-
able scrambled set D C X. Since X is second countable, then so is D, hence we
can choose a countable dense subset S of D. By Lemma 3.3.4, there exist an in-

creasing sequence () of positive integers such that S is topologically distributionally
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scrambled set in the sequence ). Let E be the collection of all topologically dis-
tributionally scrambled pairs in the sequence @, then by Lemma 3.3.2, E is a Gy
subset of X x X. Since S x S\ A C F and S is dense in D. By Lemma 3.3.7, there
exists an uncountable dense set K C D such that K x K\ A C E. Thus (X, f) is
topologically distributionally chaotic in a sequence.

Conversely, if f is topologically distributionally chaotic in a sequence @ = {p;},
then f has an uncountable distributionally scrambled set D in sequence {p;}. Then
for any 2,y € D with x # y, we have F (U, {pi}) = 1, for all U € U, and
F.,(U, {p:}) = 0, for some U € Y. This implies that for each U € U, there exists
some j € N such that FPi(x,y) € U. Thus (z,y) € PR. Note that (z,y) ¢ AR. For
if (z,y) € AR, then for any U € U, there exist a positive integer N > 0 such that
FPi(z,y) € U, for all p; > N. This implies that F,,(U, {p;}) = Fy, (U, {p:}) = 1,
for each U € U, which contradicts that f is topologically distributionally chaotic
in a sequence {p;}. Therefore, (z,y) € PR\AR, for all (z,y) € D. Thus, f has an

uncountable Li-Yorke scrambled set. Hence, f is Li-Yorke chaotic. O

From Theorem 3.1.2, we have that if f is weakly mixing then f is Li-Yorke

chaotic. Thus from Theorem 3.3.8, we have the following.

Corollary 3.3.9. Let (X,U) be a second countable Baire Hausdorff uniform space
without isolated points and f a uniformly continuous self-map defined on X. If f

1s weakly mizing then f is topologically distributionally chaotic in a sequence.

From [, Theorem 1.2], we have that if f is Devaney chaotic then f is Li-Yorke

chaotic. Therefore from Theorem 3.3.8, we have the following.

Corollary 3.3.10. Let (X,U) be a second countable Baire Hausdorff uniform space
without isolated points and f a uniform self-homeomorphism on X. If f is Devaney

chaotic then f is topologically distributionally chaotic in a sequence.

As a consequence of the results obtained, for a uniform self-homeomorphism f

defined on a second countable Baire Hausdorff uniform space X without isolated
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points, we have the following implications:

Weakly mixing =- Li-Yorke chaos

0

Devaney chaos = Topological distributional chaos in a sequence
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