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1 Introduction

1.1 Fractional Calculus

In a letter to L’Hôpital on 30th September 1695, Leibniz raised the possibility of generalizing the

operation of differentiation to non-integer orders, that is finding dn

dxn f(x), and L’Hôpital asked

what would be the result of half differentiating the function f(x) = x; that is d1/2

dx1/2 [x]. Leibniz

replied: “It leads to a paradox, from which one day useful consequences will be drawn”. The

paradoxical aspects arise because there are several different ways of generalizing the differentia-

tion operator into non-integer orders, leading to inequivalent results. We can say with accuracy

that this query was dated the 30th September, 1695 and that it gave birth to “Fractional Calcu-

lus”; therefore this subject of fractional calculus with half derivatives and half integrals is as old

as conventional Newtonian or Leibniz’s calculus. However, this subject of fractional-calculus

was dormant until the beginning of the century, and only now has it started finding applications

in science and engineering [34].

We already know about d
dxf(x) or

∫ x
0 f(y)dy i.e. the usual classical derivative and classi-

cal integration operation in order to get expressions for n fold differentiation and integration.

The concept of the generalisation is like that from natural numbers i.e. n = 1, 2, 3, ... we

generalise the number line to the negative side i.e. n = −1,−2,−3, ... and call them inte-

ger numbers. Then we have, in between these numbers: ±1
2 ,±

1
3 ,±

3
4 ,±

3
2 , ... or even irrational

ones like π,
√
2,−

√
3 etc. and we call them the real line. Similarly, we extend one whole

differentiation i.e. d
dx [f(x)] to have twice the differentiation i.e. d2

dx2 [f(x)] , then thrice i.e.

d3

dx3 [f(x)] and generalise to get the expression for n folds, that is dn

dxn [f(x)]. Similarly we

generalise one whole integration i.e.
∫ x
0 f(y)dy to n folds integration, that is

∫ x
0 f(y)(dy)n, or∫ x

0 dxn−1

∫ xn−1

0 dxn−2...
∫ x2

0 dx1
∫ x1

0 f(y)dy. The extension of our classical calculus to fractional

calculus is a generalisation of the theory of calculus. This extension in terms of mathematics is

an ‘analytic-continuation’ of the operation i.e. n− fold differentiation and integration from the

n integer to entire complex plane z. So we can have the derivatives (or integrals) in between
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like d1/2

dx1/2 f(x). That is, we have operation dα

dxα f(x), where α is arbitrary, a ‘real number’, a

‘complex number’, even a ‘function’ as a continuous distribution. A positive α will signify a

differentiation process and a negative α will give us integration. This is a generalised theory

of calculus, a subject as old as Leibniz’s or Newtonian calculus, and is called fractional calcu-

lus. Like further generalisation, we can have α as a complex number, a continuous distribution

function, and a system. Therefore, there is fun in learning the subject of fractional calculus [10].

The definition of the fractional derivative is in itself a developing concept. Numerous definitions

have been suggested for the fractional derivative, with almost each definition possessing some

form of deficiency. It is generally believed that the choice of the derivative used is dictated by

the situation that is being modelled. Since it was discovered that the fractional derivative can

be successfully applied to practical problems, it is the Caputo derivative that has been used the

most. The only shortcoming of the Caputo derivative is the singularity issue. Other fractional

derivatives that have this singularity problem viz. Riemann–Liouville, Caputo–Hadamard, and

Riesz. In a bid to address the singularity concern, the Caputo–Fabrizio derivative was pro-

posed, this derivative eliminated the singularity problem through the use of an exponential

kernel. Atangana and Baleanu replaced the exponential kernel by the Mittag-Leffler function

to create another non-singular kernel derivative called the Atangana–Baleanu derivative. More

detailed discussions encompassing both theory and applications of the non-singular derivatives

are found in literature [33, 47].

In the last few decades, Fractional Calculus has become an important tool in many areas of

engineering [4], solid-state physics [13], signal and image processing [30], generation and handing

of Atomic energy problem [10], chemistry [43], biology [44], ecology [49], stochastic-based finance

[6], economics [27], control theory [35], viscoelasticity, and fiber optics [45] by converting these

problems into mathematical models through fractional orders and several models using fractional

differential operators still need to be solved.
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1.2 Fractional Differential equations

A fractional differential equation (FDE) is an equation that involves derivatives of a function

of a non-integer order. The concept of fractional calculus, which deals with fractional order

derivatives and integrals, has been gaining attention due to its applications in various fields

such as physics [6], engineering [27], finance [35], and biology [45].

Fractional differential equations can be expressed in various forms, such as Caputo, Riemann-

Liouville, or Grunwald-Letnikov forms. A Caputo FDE of order α is given by:

Dα
t y(t) = f(t, y(t)) (1.1)

where y(t) is the unknown function, f(t, y(t)) is a given function, α is a real number and Caputo

derivative [9] is defined as the fractional integral of the derivative of order α of y(t) with respect

to t.

Dα
t y(t) =


1

Γ(n−α)

∫ t
0 (t− τ)n−α−1 ∂ny(τ)

∂τn dτ, n− 1 < α < n

∂ny(τ)
∂τn , α = n ∈ N.

(1.2)

The Riemann-Liouville and Grunwald-Letnikov forms are other well-known alternative defini-

tions of fractional derivatives.

Solving FDEs can be challenging due to its non-locality and non-integer order of the derivatives.

However, there are various analytical, semi-analytical, and numerical methods available for the

exact or approximate solutions of FDEs. FDEs have applications in various fields, such as

the modelling of viscoelastic materials [24], the analysis of anomalous diffusion processes [15],

the control of fractional-order systems [25], and the modelling of financial markets [26, 57].

Therefore, the study of fractional calculus and FDEs is an active research area with many open

problems and challenges.
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1.3 Analytical and Numerical methods

Fractional Differential equations form the backbone of various physical systems occurring in a

wide range of science and engineering disciplines viz. physics [38], chemistry [7], biology [16],

economics [21], structural mechanics [24], control theory [6], circuit analysis [33], biomechanics

[37], etc. Generally, these physical systems are modeled either using fractional ordinary or

partial differential equations (FODEs or FPDEs). In order to know the behavior of the system,

we need to investigate the solutions of the governing FDEs. The exact solution of differential

equations may be obtained using well-known classical methods. Generally, the physical systems

occurring in nature comprise of complex phenomena for which computation of exact results

may be quite challenging. In such cases, numerical or semi-analytical methods may be preferred

[8, 53].

1.4 Integral transform

To fully harness the capability of fractional differential equations in modelling problems that

arise in the real world, it is imperative that we have methods of solutions that are computa-

tionally inexpensive, easily accessible, and highly accurate. Integral transforms are some of the

techniques that have proven their worth, as they are regarded to be easy to implement and

demand reasonable labour in terms of computations. Integral transforms offer an alternative

to integration in the solution of differential equations. The integral transform maps the do-

main of the original problem into a different domain consisting of an algebraic equation that

is normally easy to manipulate. Taking the inverse of the new domain results in the solution

of the original problem. There are different types of integral transforms that are used in the

solution of differential equations, but it is the Laplace transform that is mostly applied. Most

of the integral transforms that have been suggested are extensions of the Laplace transform.

Some of the integral transforms that are closely related to the Laplace transform are the Elzaki

transform [12], Sawi transform [31], Kamal transform [28], Sumudu transform [55], Natural

transform [42], Shehu transform [32], General transform [22], etc.
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1.5 Semi-Analytical methods

It is more difficult to obtain solutions of nonlinear fractional ordinary or partial differential

equations. Therefore, it may not always be possible to obtain analytical solutions of those

nonlinear FODEs or FPDEs. In this case, we use semi-analytical methods giving series solu-

tions. In these kinds of methods, the solutions are sought in the form of series. Semi-analytical

methods are based on finding the other terms of the series from given initial conditions for

the problem being considered. At this point, we encounter the concept of convergence of the

series. So, it is necessary to perform convergence analysis of these methods. As this conver-

gence analysis can be carried out theoretically, one can gain information about the convergence

of the series solution by looking at the absolute error between the numerical solution and the

analytical solution. In some semi-analytic methods, a very good convergence can be achieved

with only a few terms of the series, but more terms can be needed in some problems. That is, if

the terms of the series increase, this provides better convergence to the analytical solution [54, 8].

To find an approximate or analytical solutions of nonlinear fractional differential equations var-

ious methods are available in literature like Adomian decomposition methods [2], Laplace de-

composition method [58], homotopy perturbation method [18], homotopy analysis method [19],

homotopy analysis transform method [29], Differential transform method [5], spectral colloca-

tion method [60], the tanh-coth method [56], exp-function method [20], Mittag-Leffler function

method [17] and many more.

In the second chapter, we used a semi-analytic method namely Residual power series method

[1, 11] to solve Time-fractional Korteweg-de Vries (KdV) and Kawahara equations. This method

is based on constructing power series expansion solution for different nonlinear equations with-

out linearization, perturbation, or discretization. With the help of residual error concepts, this

method computes the coefficient of the power series by a chain of algebraic equations of one or

more variables and finally we get a series solution, in practice a truncated series solution. The

main advantage of this method over the other method is it can be applied directly to the given
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problem by choosing an appropriate initial guess approximation.

In the past few years, Various hybrid techniques have been developed by combining the integral

transform methods with other analytical methods for fast convergent series solution of FDEs.

By motivating this statergy we proposed a novel semi-analytic method entitled as Homotopy

Perturbation Sawi Transform Method (HPSTM) by merging Sawi tranform with homotopy

perturbation method in Third chapter. And we presented an another technique by uniting

Jafari’s powerful General transform with homotopy perturbation method namely Homotopy

Perturbation General Transform Method (HPGTM) in fourth chapter.

1.6 Mathematical Modeling

Many research scholars have reported that modelling with fractional calculus concept is very

suitable and reliable to give an accurate description of memory and some physical properties

of various materials and processes, which are completely missing in classical or integer-order

equations, and a fractional mathematical model can give more reliable information about real life

phenomena [51]. In addition, many physical systems encountered in various disciplines have been

described by fractional differential equations, which include the hydrology and ground water

flow [14], diffusion-like waves [39], pattern formation in chemical and biological processes [41],

non-linear movement of earthquakes [61], viscoelastic materials [40] and muscular blood vessel

model [62], among several other applications. Also, fractional-order problems are naturally

connected to models with memory, which arise in some biological scenarios.

1.7 Epidemic Models

Epidemiology is the investigation of how illnesses disseminate in a live entity in relation to its

surroundings. The epidemiology of an illness can be studied using numerical simulations. Sev-

eral studies have attempted to predict and simulate the transmission of contagious ailments in

the past, including measles, hepatities b virus [50], rubella [36], HIV [23], dengue fever [48], tu-

berculosis [59], and more recently, Covid19 [58], ebola [52], and the Zika virus [3]. Mathematical
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simulation is being employed to investigate not only the transmission of contagious ailments,

but also increasingly non-communicable diseases, as research advances. Medications and other

environmental ailments can often be modeled. This is possible owing to the characteristics of

how it spreads, namely via intimate communication as the media spreads.

In the sixth chapter, we discussed a fractional-order COVID-19 model using homotopy per-

turbation Laplace transform method by involving Atangana-Baleanu fractional derivative in

Caputo sense. In parallel we examined a Diabetes model by considering the fractional ordered

differential equations with ABC derivative utilizing Adomian decomposition Laplace transform

method in the last chapter. In the both model this whole framework is worked out using Banach

fixed point theorem, the existence and stability analysis of the system.
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2 Literature Survey

Table 1.1: Following are the recent developments in various applications by many authors due
to the involvement of fractional calculus.

Authors Year Method Applications Ref.
No.

Ali et al 2022 Direct differentiation approach and
Predictor-corrector method

Fractional Zika virus model [3]

Arqub et al 2022 Residual power series algorithm Time-fractional derivative arising in shallow water waves [4]

Ayaz 2004 Differential transform method System of partial differential equations [5]

Bhanotar and Kaabar 2021 Conformable triple Laplace transform
decomposition method

Nonlinear partial differential equation in the sense of
conformable derivative

[7]

Gul et al 2022 Sequential hybrid system method Typhoid treatment model [15]

Hamza et al 2021 Sumudu transform method Space-time fractional telegraph equation [16]

Haubold et al 2011 Mittag-Leffler function method Kinetic equations and diffusion equations [17]

He and Wu 2006 Exp-function method Non-linear wave equations [20]

Ismail et al 2020 Residual power series method Approximate studies of fractional physical phenomina [21]

Jafari 2021 General integral transform method To solve interal equations [22]

Jafari and Kheiri 2022 Adapted Forward-Backward Sweep method HIV/AIDS virus model [23]

Khan et al 2023 Lagrange’s interpolation polynomial method Fractional hepatitis C model [24]

Liu 2022 Homotopy perturbation method Biot elastic model of porous medial [30]

Odibat and Momani 2009 Variation iteration method Fluid mechanics [37]

Saad and Said 2023 Novel fault diagnosis approach Nuclear reactor medium voltage power cables [41]

Sakulrang et al 2017 Adams-Moulton predictor-corrector method Glucose monitoring data model [44]

Salahshour et al 2015 Fuzzy Laplace transform method Basset problem [45]

Shah et al 2020 Laplace Adomian decomposition method Dengue fever disease model [48]

Shalbafian and Ganjefar 2023 Homotopy perturbation method Variable speed wind turbine control [49]

Simelane and Dlamini 2021 Adams-Bashforth-Moulton technique Hepatities b virus model [50]

Wazwaz 2007 Tanh-coth method Solitons and Kink solutions [56]

Yasmin et al 2023 Adomian decomposition transform method and
Homotopy perturbation transform method

Modeling of nonlinear structures in fluid mediums [57]

Yunus et al 2023 Laplace Adomian decomposition method Fractional-order coronavirus disease model [58]

Zafar et al 2022 q-Homotopy analysis method Fractional-order tuberculosis model [59]

Zayernouri and Karniadakis 2014 Spectral collocation method Advection-diffusion problem [60]

Zhang et al 2022 Homotopy perturbation method Fuzzy fractional Black-Scholes European option
pricing equations

[61]
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3 Brief about Research methodology and Key findings

The journey of our research is starts with learning of Fractional Calculus. we focused to un-

derstand the new techniques to solve fractional differential equations in the form of physical

problems. In the study of FDEs, we understand the way to develop the new semi-analytic ap-

proach. We successfully proposed three different hybrid techniques to deal with FDEs. In the

same flow we extended our work to know fractional mathematical models, which can give more

reliable information about real life phenomena in many fields. In this regards, we examined

fractional-order Covid-19 model and Diabetes model in detail.

4 Formation of the thesis

We plan to write our thesis in seven chapters. First chapter represents the introduction and

preliminaries of our proposed work. Second chapter consists the application of recently de-

veloped semi-analytic method (Residual power series method). For that we choose nonlinear

time-fractional Korteweg-de Vries equation as an application of shallow water wave and Kawa-

hara equations to study Magneto-Acoustic wave in Plasma theory. In next chapter, we introduce

a novel technique as a combination of the Homotopy perturbation method and Sawi transform,

entitled as Homotopy perturbation Sawi transform method (HPSTM). Fourth chapter is the

showcase of a new hybrid technique, the Homotopy perturbation General transform method

(HPGTM) for obtaining a semi-analytic solution for a wide class of FDEs. Several numeri-

cal examples including well-known equations viz. radioactive decay model, Riccati equation,

backward Kolmogorov equation, Klein–Gordon equation, and Rosenau–Hyman equation are

considered. Fifth unit presents the solution of fractional-order Swada-Kotera-Ito equation by

using Caputo and Atangana-Baleanu fractional derivative. We utilized the Adomian decompo-

sition Shehu transform method to achieve the results. Chapter sixth and seventh are the study

of fractional-order Covid-19 model by HPLTM and Diabetes model by ADLTM, respectively.

The existence, uniqueness, and stability analysis is established with the help of the Banach’s

fixed point theorem. Many comparative numerical and graphical studies discussed to prove the
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significance of suggested methods.

Chapter 1.

Introduction and Preliminaries

We divided this chapter in three parts. First part of this chapter deals with the origin of

Fractional Calculus and contribution of many well-known mathematicians in this field. In the

second part, we covered recent developments in many areas of science and engineering, viz.

solid-state physics, signal and image processing, chemistry, biology, ecology, stochastic-based

finance, economics, control theory, viscoelasticity, and fiber-optics by converting these problems

into mathematical models having fractional-order derivatives and integrals. At last, some well-

known definitions, lemmas, and theorems are stated, which we have used in our work.

Chapter 2.

Fractional Korteweg-de Vries and Kawahara equations

In this chapter, we discussed Korteweg-de Vries (KdV) and Kawahara equations in the form

of a fractional partial differential equations (FPDEs) and used the Fractional Residual Power

Series Method (FRPSM) to obtain their semi-analytic solutions. Nonlinear Korteweg-de Vries

(KdV) equation is an application of shallow water wave and Kawahara equations are arising in

the Magneto-Acoustic waves of Plasma theory. The significance of studying these celebrated

equations in the fractional form lies in the fact that using the fractional approach we get more

realistic results in real-time situations, as compared to conventional derivatives of integer order.

Chapter 3.

Homotopy perturbation Sawi transform method

In continuation of the study, the present work introduces a novel powerful method as a combi-

nation of the Homotopy perturbation method (HPM) [18] and the Sawi transform [31], which
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we call as, “the Homotopy Perturbation Sawi Transform Method (HPSTM)”. Time-fractional

logistic equation and Fornberg-Whitham equation have been solved to prove the significance

of newly introduced method. The proposed method is capable of dealing with general FDEs

in an efficient manner, and can be applied not only on various nonlinear wave equations, but

applied with equal efficiency to solve oscillatory equations with discontinuities and boundary

value problems.

Chapter 4.

Homotopy perturbation General transform method

We proposed a new hybrid technique, the Homotopy Perturbation General Transform Method

(HPGTM) for obtaining a semi-analytic solution for a wide class of time-fractional differential

equations in the Caputo sense. The efficiency of HPGTM is analyzed using a comparative study

with Adomian Decomposition Method (ADM) [2], Residual Power Series Method (RPSM) [1],

and exact solution. Numerical examples including well-known equations viz. radioactive decay

model, Riccati equation, backward Kolmogorov equation, Klein–Gordon equation, and Rose-

nau–Hyman equation are considered in arbitrary fractional-order. The outcomes of numerical

simulations clearly reveal the effectiveness of the present method.

Chapter 5.

Fractional Sawada-Kotera-Ito equation through Caputo and

Atangana-Baleanu derivatives

In the present chapter, the fractional-order Sawada–Kotera–Ito problem is solved by consid-

ering Caputo and Atangana–Baleanu (ABC) derivatives. Time-fractional Sawada-Kotera-Ito

equation is a study of sub-diffusion dynamics of nano-precipitate growth and destruction. The

methodology consists of the blending of the Shehu transform and the Adomian decomposition

method. The obtained solution is more accurate when using the ABC type derivative as com-
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pared to the Caputo sense, while using the proposed ADShTMmethod (Adomian decomposition

Shehu transform method). The results so obtained by the ADShTM using Caputo and ABC

operators are compared with q-HAM [59], RPSM [1], and ADTM [57] methods establishing the

superiority of the proposed method. The numerical results demonstrate that the application of

the ABC derivative is not only relatively more effective and reliable but also straightforward to

achieve high precision solution.

Chapter 6.

Fractional-order COVID-19 model

Present work showcases the study of SEIR model of COVID-19 using Atangana–Baleanu frac-

tional derivative. An attempt is made to obtain the semi-analytical solution using Homotopy

Perturbation Laplace Transform Method. The existence, uniqueness, and stability analysis is

established with the help of the Banach’s fixed point theorem. Many comparative graphical

studies discussed to proving the significance of fractional-order derivative in the model. The

current study demonstrates the effectiveness of the mathematical model formed by consider-

ing the fractional derivatives, which eventually fits the actual data using the method of least

squares. The model performs effectively when tested on COVID-19 real data.

Chapter 7.

Investigation of Fractional Diabetes model

The ultimate aim of this study is to develop and analyze a comprehensive regulatory framework

for managing glucose and insulin in blood in the presence of Diabetes mellitus. This integer

ordered mathematical model of Diabetes [46] is demonstrated and examined in fractional order

by involving ABC fractional derivative. This whole framework is worked out using a semi-

analytical technique, namely the Adomian Decomposition Laplace Transform Method. To prove

the efficiency of this ADLTM technique, the results are compared with other classical methods

viz Homotopy Perturbation Transform Method (HPTM) [57] and Modified Homotopy Analysis
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Transform Method (MHATM) [61]. Using the Banach fixed point theorem, the existence and

stability analysis of the solution has been proved. Certain figures and tables are illustrated

for this fractional diabetes model. We used the Maple software to generate all the numerics

and graphical plots. This detailed investigation also explores how well the level of glucose and

insulin affects the dynamics of disease infection.

5 Conclusion

In the present work, we investigate certain semi-analytic techniques like Fractinal Residual

Power Series Method (FRPSM), Homotopy Perturbation Sawi Transform Method (HPSTM),

Adomian Decomposition Shehu Transform Method (ADShTM), and Homotopy Perturbation

General Transform Method (HPGTM). Demonstration to solve linear and nonlinear ordinary

and partial fractional differential equations have successfully been achieved by employing some of

the very sophisticated methods showing their applicability, reliability and effectiveness, and thus

uncovering the aesthetic beautiful nature of mathematics. In order to achieve the approximate

solution in series form, we need to examine the convergence and error approximation related

to technique which is under consideration; and we did this exercise in all the techniques, we

explored. Semi-analytical methods can be viewed as a good refinement of the existing analytical

methods and are become more popular due to its ease of computation and obtaining the solution

in series form, with the successful observation of having obtained enough close approximate

solution as compared to exact/analytic solution.

6 Recommendations as Future Scope

We believe that our work will pave the way for many real world problems in the nature of linear

and non-linear ordinary as well as partial differential equations. In this context, we recommend

that these described methods can be used extensively in many science and technology areas to

solve complicated non-linear types of differential equations.
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