
2 Computational Methodology

To examine the catalytic performance of a catalyst for a particular reaction, it is
of foremost significance to get exact information about the energetics and strength
and nature of interaction of reactant and product molecules with the catalyst. By
analysing the electronic structure of the system, one can extract the above in-
formation and study the system for particular application. The advancements in
theoretical models and computational tools with some approximations, has aided
greatly in determining the electronic structure and finding the energetics of a
catalytic system to a desirable level of accuracy with reasonable computational
cost. In this chapter, we will briefly discuss the formulation of theory employed
in the computational model used for geometry optimization and computation of
electronic structure in order to understand the catalytic properties of the con-
sidered systems in this work. We commence with the basic expressions of the
Kohn-Sham method, which form the basis of density functional theory and are
utilised in our calculations utilising Quantum ESPRESSO code. Additionally, we
will briefly go over a few models and methods, such as the spin polarised d-band
model for understanding the activity of transition metals and the climbing-image
nudged elastic band (CI-NEB) approach for calculating the activation energy and
minimum energy path of a reaction.

2.1 Many-body Problem

Simple quantum systems like the hydrogen atom can now be effectively described
by the development of quantum theory using theoretical tools like the time-
independent Schrödinger equation (presented in Eq. 2.l where, Ĥ is the hamil-
tonian of the system, ψ(F⃗ ) is the single particle eigen function and E is the
corresponding eigen value)[1]. The hydrogen atom system is the most basic toy
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model; it is a two-body system with a single proton and electron. By using vari-
able separable techniques, it is possible to numerically compute the exact solution
of the Schrödinger equation and determine the ground state energy, which is -13.6
eV. However, when a system gets larger-like in the case of the helium-atom, the
Schrödinger equation becomes more difficult to solve because there are more vari-
ables involved in these many-body systems. This makes determining the precise
numerical solution a difficult task, but it can be solved by splitting the system
into a two-body system with a reduced mass.

− ℏ2

2mÂψ(r⃗) = Eψ(r⃗) (2.1)

In solids, which are thought of as many-electron systems with indistinguishable
mutual interactions in a smeared-out background positive nuclear charge, the com-
plexity, however, increases exponentially when we take into account the periodic
arrangement of atoms. The ’N particle eigen function describes such a system
ψ (r⃗1, r⃗2, r⃗3, . . . , r⃗N)[2]. Finding the precise solution to a complex many-body sys-
tem is nearly impossible, as demonstrated by the case of the hydrogen atom.
Furthermore, in these large systems, we also encounter complicated interactions
between electrons and ions as well as between electrons and electrons, which con-
tributes to the complexity of the system’s Hamiltonian, as shown in Eq. 2.2. Here,
T̂e, T̂n, V̂e,e, V̂e,n and V̂n,n are, the kinetic and potential energy operators (accuonting
for electron-electron, electron-ion and ion-ion interactions) respectively[3, 4].

Ĥ = T̂e + T̂n + V̂e,e + V̂e,n + V̂n,n (2.2)

Considering above equation, the time-dependent, many-body Shcrödinger equa-
tion reduces to Eq. 2.3 where, the indices i and k run over the electrons and ions,
me and mn are mass of electrons and ions, Zk and Zk′ are the nuclear charge on
ions, |r⃗n,k − r⃗n,k′| , |r⃗i − r⃗j| and |r⃗i − r⃗n,k| are the radial distances between ion-ion,
electron-electron and electron-ion respectively.
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ψ(r⃗) = Eψ(r⃗) (2.3)
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Since the answer to Eq. 2.3 depends on the atomic mass and charge of the elec-
trons and ions, solving it provides information about the system’s ground state
in terms of energy eigen values. This method is referred to as first-principles be-
cause it eliminates the need for parametric fitting, which is necessary when solving
an empirical problem. Nevertheless, the related intricacies continue to exist, ren-
dering the solution of Eq. 2.3 unattainable for a multi-body system. Born and
Oppenheimer attempted to solve this problem and bring the equation into solvable
form.

2.2 Eigen Function Based Approximations

2.2.1 Born-Oppenheimer Approach

To give you an idea, picture yourself driving a car down a four-lane highway. You
can go quicker and pass a number of large vehicles, such trucks and rollers, etc.
Therefore, the impact of slow-moving heavy vehicles can be ignored when exam-
ining the speed of cars in such a situation. In a similar vein, in a situation where
ions and electrons are both contained in a momentum space, the ions would be
less mobile than the electrons due to mass. Thus, the Born-Oppenheimer approx-
imation allows us to ignore the ionic contribution in the Hamiltonian given in Eq
2.2[5]. Because of this, it is supposed that the electrons travel in a background
of positive charge that is smeared out and comes from the ions that are compar-
atively static. Consequently, as Eq. 2.4 makes clear, the eigen functions can be
expressed as a mixture of the electronic and ionic eigen functions, where, χk (r⃗n)
and ϕi (r⃗i, r⃗n) are the ionic and electronic eigen functions respectively.

ψ(r⃗) = χk (r⃗n)ϕi (r⃗i, r⃗n) (2.4)
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Then the Eq. 2.3 can be written in variable separated form as shown in Eq. 2.5
and Eq. 2.6 below,

− ℏ2

2mn
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(r⃗n) (2.5)
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ϕi (r⃗i, r⃗n) = Eϕ (r⃗i, r⃗n)

(2.6)

Considering Born-Oppenheimer approximation, the first term of Eq. 2.5 van-
ishes, yielding a constant (β)[6]. Then, the revised Hamiltonian can be rewrit-
ten as in Eq. 2.7 where, r̂e = − ℏ2
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(
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)
. From this, the Shcrödinger equation

then reduces to the form presented in Eq. 2.8

Ĥ = T̂e + V̂e,e + V̂e,n + β (2.7)
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ϕ(r⃗) = Eϕ(r⃗)

(2.8)

Given that it ignores the electron-electron interactions, asymmetry, and correla-
tions that govern fermions like electrons, this approximation helps to partially solve
the many-body Schrödinger equation’s complexity. The Hartree and Hartree-Fock
approximations were used to address this issue.

2.2.2 Hartree Approach

To further simplify the many-body problem, the coulomb interactions between
electrons governed by classical electrostatics had to be addressed. This was ac-
complished by Hartree, who transformed the many-body problem into the inde-
pendent electron approximation, or one-electron issue[7–10]. As in Eq. 2.9, the
electron-electron interaction potential that contributes to the Hamiltonian shown
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in Eq. 2.7 can be expressed in terms of the charge density ρ(r), independent of
the self-interactions.

V̂e,e(r) =
∫ [ρ (r′) − ρi (r′)]

|r − r′|
dr′ (2.9)

Classical electrostatics states that the electrostatic potential Vl(r) is determined by
the Poisson’s relation, which is given in Eq. 2.10. It is derived from the distribution
of electronic charge density in space, ρ(r). The potential energy of the electrons in
such an electrostatic potential is called the Hartree potential VH(r), and it satisfies
Poisson’s relation and transforms in Hartree units as VH(r) = −Vl(r).

∇2Vl(r) = ρ(r)
ϵ0

(2.10)

The individual eigen states can then be summed as follows, with the summation
extending across all of the occupied eigen states, to produce the electronic charge
distribution that corresponds to the Hartree potential;

ρ(r) =
∑
m

|ψm(r)|2 (2.11)

This results in the conversion of the electron-electron interaction potential to the
single electron potential, or Hartree potential, as given in Eq. 2.13 (by applying
Eq. 2.11 in Eq. 2.9).

V̂e,e(r) = Vl(r) =
∑
m ̸=1

∫ |ψm(r)|2

|r − r′|
dr′ (2.12)

Additionally, Hartree proposed that the many-body eigen function be expressed
as the product of the eigen functions of each individual electron that makes up
the system, as seen in the following Eq. 2.13.

ψ (r⃗1, r⃗2, . . . , r⃗N) =
N∏

m=1
ψ (r⃗m) (2.13)

Next, we obtain the modified Schrödinger equation (Eq. 2.14) also referred to as
the Hartree equation, by introducing the Hartree potential given in Eq. 2.12 in
Eq. 2.8.

− ℏ2

2me

∑
i

∂2

∂r⃗2
i

+
∑
m ̸=1

∫ |ψm(r)|2

|r − r′|
dr′ + V̂e,n + V̂ext

ψ(r⃗) = Eψ(r⃗) (2.14)
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However, the electronic correlations were not incorporated by Hartree and this
missing piece led to the Hartree-Fock approximations[11, 12].

2.2.3 Hartree-Fock Approach

The two main issues with the Hartree approach were that (i) the electron-electron
interactions were averaged and (ii) the electron eigen functions were not anti-
symmetric with regard to electron exchange. The former issue is handled by the
Hartree-Fock approach (which was pointed out by Slater and Fock independently)
[13, 14]. They started with an anti-symmetric eigen function as a function of loca-
tion and spin (shown in Eq. 2.15 below), which complies with the Pauli exclusion
principle, which states that eigen functions must be anti-symmetric under particle
exchange. Because of this, no two electrons can have the same set of quantum
numbers, meaning that two electrons with the same spin cannot occupy the same
eigen state at the same time.

ψHF [(r⃗1, σ1) , (r⃗2, σ2) , . . . , (r⃗N , σN)] = −ψHF [(r⃗1, σ1) , (r⃗2, σ2) , . . . , (r⃗N , σN)]
(2.15)

Additionally, in place of the product of eigen functions given in Eq. 2.13, we
employ a Slater determinant eigen function, which fulfils anti-symmetry and is
stated in Eq. 2.16 where ψr (r⃗s, σs) are one electron eigen functions.

s = 1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1 (r⃗1, σ1) ψ1 (r⃗2, σ2) . . . ψ1 (r⃗N , σN)
ψ2 (r⃗1, σ1) ψ2 (r⃗2, σ2) . . . ψ2 (r⃗N , σN)

... ... . . .
...

ψN (r⃗1, σ1) ψN (r⃗2, σ2) . . . ψN (r⃗N , σN)

∣∣∣∣∣∣∣∣∣∣∣∣∣
(2.16)

Next, as in Eq. 2.14, we minimise the expected value of the Hamiltonian by apply-
ing the Lagrangian multiplier approach, which leads us to the set of Hartree-Fock
equations shown in Eq. 2.17, where sm and sl are spin labels. While the elec-
tron exchange is taken into consideration, this method is computationally costly
because it necessitates the minimising of the ”N particle Slater determinant” in
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order to get the total energy of the system E in Eq. 2.17.
− ℏ2

2me

∑
i

∂2

∂r⃗2
i

+ V̂e,n + V̂exi +
∑
m ̸=1

∫ |ψm(r)|2

|r − r′|
dr′

−
∑
m

δsm,s1

∫ ψ∗
m (r′)ψ1 (r′)

|r − r′|
dr′
)
ψ(r⃗) = Eψ(r⃗) (2.17)

Because there would be 3N degrees of freedom for a system with N electrons,
increasing the number of variables in the issue, the many-body Schrödinger equa-
tion is complex. This problem is solved by density functional theory, which ap-
proximates the many-body problem to a single computationally feasible electronic
density.

2.3 Density Based Approximations

2.3.1 Thomas-Fermi Approach

Thomas and Fermi suggested that instead of taking into account the single par-
ticle eigen functions suggested by Hartree and Hartree-Fock methods[15, 16], the
overall energy of a system can be expressed as a functional of the electron density.
Consequently, the electron density (n( r⃗)) can be used to express the kinetic en-
ergy of a set of ’N’ interacting electrons, as shown in Eq. 2. 18. As in Eq. 2. 19,
where the kinetic energy, electrostatic energy, and external potential are expressed
as a functional of electron density, the total energy (E) can then be defined as a
functional of electron density.

TrF = Ck

∫
n(r⃗)5/3d3r (2.18)

E = Ck

∫
n(r⃗)5/3d3r +

∫
V̂ext(r⃗)n(r⃗) + 1

2

∫∫ e2

4πϵ0

n (r⃗′)n(r⃗)
|r − r′|

d3rd3r′ (2.19)

The aforementioned equation can then be minimised by continuing with the La-
grangian multiplier approach[17]. One disadvantage of this strategy is that it
leaves out the electron exchange. Dirac addressed issue by introducing the cor-
relation functional and exchange interaction, but he was unable to determine the
shell structure or the behaviour of atoms in complicated systems[18, 19].
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2.3.2 Hohenberg-Kohn Approach

The foundation of density functional theory was established by two theorems de-
veloped by Hohenberg and Kohn[20]. Below is a statement of the two theorems.
Theorem I:
”The external potential V̂ext(r⃗), and hence the total energy, is a unique functional
of the electron density n(r⃗).”
The above-mentioned theorem’s energy functional can be written in terms of the
external potential as shown in Eq. 2.20, where, F[n(r⃗)] is an unknown universal
functional of the electron density n(r⃗).

E[n(r⃗)] =
∫
V̂ex((r⃗)n(r⃗)dr + F [n(r⃗)] (2.20)

E[n(r⃗)] = ⟨ψ|Ĥ|ψ⟩ (2.21)

Assuming the existence of a non-degenerate ground state, the system’s ground
state can be determined by designing a Hamiltonian (Eq. 2.22) that corresponds
to the total energy functional (Eq. 2.20). This is done by ensuring that the eigen
function minimises the expectation value (Eq. 2.21).

Ĥ = F̂ + V̂ext (2.22)

F̂ = T̂e + V̂e,e (2.23)

where the electron-electron interaction potential and kinetic energy, as shown in
Eq. 2.23, comprise the electronic Hamiltonian F̂ . This is the same for all N’ elec-
tron systems where the external potential V̂exi (r⃗) and ”N” electrons fully charac-
terise the Hamiltonian.
Take into consideration 1V̂ext (r⃗) and 2V̂ex 1(r⃗), two distinct external potentials that
would produce the same electron density n(r⃗). After then, the related Hamilto-
nians 1Ĥ and 2Ĥ would result in distinct ground states, 1ψ and 2ψ, respectively,
with an associated electron density of n(r⃗). Following that, we obtain; using the
variational principle and Eq. 2.23

1E0

〈〈
2ψ
∣∣∣1 Ĥ | 2ψ

〉
=
〈

2ψ
∣∣∣2 Ĥ | 2ψ

〉
+
〈

2Ψ
∣∣∣1Ĥ − 2Ĥ

∣∣∣2 ψ〉
= 2E0 +

∫
n(r⃗)

[
1V̂ext(r⃗) − 2V̂ext(r⃗)

]
dr (2.24)
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2E0 <
1E0 +

∫
n(r⃗)

[
1V̂ext(r⃗) − 2V̂ext(r⃗)

]
dr (2.25)

1E0 + 2E0 <
2E0 + 1E0 (2.26)

Where, 1E0 and 2E0 are the ground state energies corresponding to the Hamilto-
nians 1Ĥ and 2Ĥ respectively. By adding Eq. 2.24 and Eq. 2.25 we get Eq. 2.26
which is in contradiction to our assumptions and proves that, there can be only
one external potential V̂ext which uniquely determines the ground state density
n(r⃗) and vice-versa.
Theorem II:
”The groundstate energy can be obtained variationally: the density that minimises
the total energy is the exact groundstate density.”
The Hamiltonian Ĥ governs the eigenfunctions of a system of ’N ’ particles, which
is determined by the external potential V̂ext and the number of particles. More-
over, theorem I makes it clear that the external potential is determined by the
electron density n(r⃗). This suggests that, the expectation value of F̂ is likewise a
functional of the electron density n(r⃗), as the eigen function is a functional of the
electron density n(r⃗), as shown by Eq. 2.27.

F [n(r⃗)] = ⟨ψ|F̂ |ψ⟩ (2.27)

Let us consider an energy functional Ex[n(r⃗)] wherein the external potential V̂ext

is independent of an unknown electron density n′(r⃗) as presented in Eq. 2.28.

Ex[n(r⃗)] =
∫
V̂ext(r⃗)n′(r⃗)dr + F [n′(r⃗)] (2.28)

Then, in accordance to the variational principle,

〈
ψ′|F̂ |ψ′

〉
+
〈
ψ′
∣∣∣V̂ext(r⃗)

∣∣∣ψ′
〉〉

⟨ψ|F̂ |ψ⟩ +
〈
ψ
∣∣∣V̂ext(r⃗)

∣∣∣ψ〉 (2.29)

Where, ψ is the eigen function corresponding to the correct ground state electron
density n(r⃗). We get;

∫
n′(r⃗)V̂ext(r⃗)dr + F [n′(r⃗)] >

∫
n(r⃗)V̂ext(r⃗)dr + F [n(r⃗)] (2.30)
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Then, according to the variational principle we reach at;

Ex [n′(r⃗)] > Ex[n(r⃗)] (2.31)

The ground state energy and matching electron density, n(r⃗), are therefore implied
to be lower than any other electron densities, n′(r⃗). This variational concept is
called the Hohenberg-Kohn theorem. It states that if and only if the input electron
density equals the genuine ground state electron density n(r⃗), then the universal
functional F̂ [n(r⃗)] produces the lowest energy state.

2.3.3 Kohn-Sham Approach

Density Functional Theory was developed as a useful tool to determine a sys-
tem’s ground state by the Kohn-Sham method[21]. This method uses Eq. 2.32 to
parametrize the electron density n(r⃗) into a single electron orbital ζ1(r⃗), where the
summation is over all occupied states, and Eq. 2.33 to describe the total energy
functional.

n(r⃗) =
∑

i

ζ∗
1 (r⃗)ζ1(r⃗) (2.32)

E[n(r⃗)] = T [n(r⃗)] + EH [n(r⃗)] + Exc[n(r⃗)] + Eext[n(r⃗)] (2.33)

Where, EH is the electron-electron interaction under Hartree approximation, Eext

is the external potential and the kinetic energy of the non-interacting electrons in
ζ1(r⃗) are given as;

EH [n(r⃗)] =
∫∫ n(r⃗)n (r⃗′)

|r⃗ − r⃗′|
drdr′ (2.34)

Eext[n(r⃗)] =
∫
V̂exin(r⃗)dr (2.35)

T [n(r⃗)] =
∑

i

∫
ζ∗

i (r⃗)
(

−1
2∇2

)
ζi(r⃗)d3r (2.36)

The remaining quantity in Eq. 2.33 is known as the exchange-correlation en-
ergy Exc[n(r⃗)]. As the single electron orbitals ζi(r⃗) are variational quantities, the
variation of the total energy functional with respect to these orbitals ζ∗

i (r⃗) would
result into an effective single electron equation known as the Kohn-Sham equation,
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presented in Eq. 2.37 below.
(

−1
2∇2 +

∫ n (r⃗′)
|r⃗ − r⃗′|

dr′ + V̂ext[n(r⃗)] + δExc[n(r⃗)]
δn(r⃗)

)
ζi(r⃗) = ϵiζi(r⃗) (2.37)

The Kohn-Sham equation for electrons in a potential are given by Eq. 2.38 here,
the exchange-correlation potential can be obtained by the variation of exchange-
correlation energy as presented in Eq. 2.39.

Veff (r⃗) = Vext(r⃗) +
∫ n (r⃗′)

|r⃗ − r⃗′|
d3r′ + Vxc[n(r⃗)] (2.38)

Vxc[n(r⃗)] = δExc[n(r⃗)]
δn(r⃗) (2.39)

Thus, the modified form of the Kohn-Sham equation is as follows;

(
−1

2∇2 + Veff (r⃗)
)
ζi(r⃗) = ϵiζ1(r⃗) (2.40)

Here, εi are the Lagrange parameters introduced to retain the orthogonality of the
single-particle Kohn-Sham orbitals as follows;

∫
ζ∗

i (r⃗)ζj(r⃗)d3r = δlJ (2.41)

2.4 Exchange and Correlation Functionals

The Kohi-Sham approach’s exchange and correlation functionals specify the pre-
cision of computations and results. Numerous functionals have been constructed
since the theory’s inception with the aim of predicting chemically exact outcomes.
In general, they can be categorised and comprehended using the Jacob’s lad-
der, wherein the computational expense rises as one climbs the ladder towards
a depiction of the system being studied that is chemically precise. Certain con-
straints must be met by the exchange and correlation functionals, namely: (i) they
must exhibit slowly varying densities and reduce to a homogenous two-dimensional
electron gas limit; (ii) they must be asymptotic for atoms and molecules; (i.e.,
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Vxc[n(r⃗)] → −1
r⃗

for r⃗ → ∞) and (iii) they must not be self-interacting. These
functionals fall into one of three categories: non-local, semi-local, or local.

2.4.1 Local Density Approximation

Equations 2.42 and 2.43 offer the local density approximation and local spin-
density approximation, respectively[20]. These are referred to as local functionals
because the exchange energy functional is dependent on the electron density and
spin at a particular point r⃗ in the atom’s electron cloud.

ELDA
xc [n(r⃗)] =

∫
ϵxc[n(r⃗)]n(r⃗)d3r (2.42)

ELSDA
xc [n↑(r⃗), n↓(r⃗)] =

∫
ϵxc [n↑(r⃗), n↓(r⃗)]n(r⃗)d3r (2.43)

2.4.2 Generalized Gradient Approximation

Eqs. 2.44 and 2.45 provide the generalised gradient approximation and the gen-
eralised spin-gradient approximation, respectively[22, 23]. Since the energy func-
tional at a given point r⃗ and its neighbourhood depends on the electron density
and its gradients, these functionals are referred to as semi-local functionals. PBE
is one of the most popular and well-known semi-local functions.

EGGA
xc [n(r⃗)] =

∫
ϵxc[n(r⃗),∇n(r⃗)]n(r⃗)d3r (2.44)

EGSGA
xc [n↑(r⃗), n1(r⃗)] =

∫
ϵxc [n↑(r⃗), n1(r⃗),∇n↑(r⃗),∇n1(r⃗)]n(r⃗)d3r (2.45)

After accounting for the kinetic energy densities (as shown in Eq. 2.36) we obtain
an additional semi-local functional, the meta-generalized gradient approximation
(usually shown as in Eq. 2.46)[24, 25]. In these functionals, we take into account
the density Laplacians in addition to the gradients. These functionals are helpful
in determining if a system contains a metallic or covalent link, despite the fact
that they show divergent behaviour when applied to diatomic systems. TPSS and
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SCAN are two functionals that are used often.

Emeta−GGA
xc [n↑(r⃗), n↓(r⃗)] =

∫
ϵxc

[
n↑(r⃗), n↓(r⃗),∇n↑(r⃗),∇n↓(r⃗),∇2n↑(r⃗),∇2

↓(r⃗)
]
n(r⃗)d3r

(2.46)

2.4.3 Hybrid Approximation

Despite being more computationally expensive than other approximations, hybrid
functionals are a class of non-local functionals that are chosen because they yield
chemically accurate results[26]. The energy functional in these functionals is de-
pendent upon the density of orbitals throughout the atom’s electron cloud. These
functionals have two advantages: (i) we can eliminate the self-interaction term;
and (ii) we can obtain the correct asymptotic form i.e., −1

r⃗
for large r⃗. Establishing

an exchange correlation energy functional as in Equation 2.47 is the straightfor-
ward approach. However, there is a mathematical issue with error cancellation in
LDA and GGA, meaning that errors in LDA correlation are much greater than
errors in exchange, and the faults in LDA exchange are cancelled out. Therefore,
the solution is to modify Eq. 2.47 into Eq. 2.48, which takes the form of Eq.
2.49 for the PBE0 functional (one of the earliest hybrid functionals), by adding a
mixing parameter (α; 0 < α < 1).

Ehybrid
xc [n(r⃗)] = Eexact

x [n(r⃗)] + ELDA/GGA
c [n(r⃗)] (2.47)

Ehybrid
xc [n(r⃗)] = αEexact

x [n(r⃗)] + (1 − α)EGGA
x [n(r⃗)] + EGGA

c [n(r⃗)] (2.48)

Ehybrid
xc [n(r⃗)] = 1

4E
exact
x [n(r⃗)] + 3

4E
GGA
x [n(r⃗)] + EGGA

c [n(r⃗)] (2.49)

2.5 Electronic Approximations

2.5.1 Plane-wave and Pseudopotentials

The basis set, such as a plane wave basis set based on the Blöch theorem (as in
Eq. 2.50 below), can be expanded from the Kohn-Sham orbitals used to represent
the single particle density. This is appropriate to characterise the electrons in a
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periodic potential observed in materials[27]. Furthermore, since the potential is in
real space and the kinetic energy operator is diagonal in a plane wave basis set,
we can lower the computing cost by converting between the representations using
rapid Fourier transforms[28].

ψn
k⃗
(r⃗) =

∑
k⃗

cn,⃗k

k⃗
el(k⃗+k⃗)r⃗ (2.50)

Figure 2.1: A schematic representation of pseudopotential. Adopted from
Phys. Rev. B., 50, 17953-17979, (1994).

Nevertheless, a plane wave basis set’s main drawback is its inefficiency because it
would take a huge number of basis sets to describe atomic eigen functions near
nucleus. Since the majority of the valence electrons alone are responsible for gov-
erning the materials’ physical and chemical properties, this challenge is addressed
by the use of pseudo-potentials that simulate the potential of the ionic core and
the core electrons. This is contingent upon meeting specific requirements, includ-
ing: (i) valence eigen functions staying constant outside the core region rc; (ii) the
pseudo eigen function inside the core matching precisely at the boundary; and (iii)
the pseudo eigen function and its first derivative being continuous at the boundary
and (iv) inside the core region, the pseudo eigen function is nodeless. The eigen
function of a nucleus’s coulomb potential is shown in blue in Fig. 2.1, while the
pseudo-eigen function is shown in red[29]. These conditions are graphically repre-
sented. The core radius, rc is the point beyond which the real and pseudo-eigen
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functions, as well as the potentials matches.

ψ = ψ̃ +
n∑
1
ciϕi −

n∑
i

ciϕ̃i (2.51)

Over time, many classes of pseudopotentials have been developed, such as the
ultra-soft, norm-conserving, projector-augmented wave technique, and others[30–
32]. As an all-electron eigen function with three components, as shown in Eq. 2.51,
where ψ̃ is the pseudo eigen function, ϕi is the all-electron partial eigen function,
and ϕ̃i is the pseudo partial eigen function, the projector-augmented wave method
is particularly an improvement over the original techniques. The pseudo eigen
functions in this case are represented by plane waves, which differ considerably
from all electron eigen functions in the vicinity of the ionic core but adequately
describe the eigen functions in areas far from the ion core. Therefore, to account
for this error, the all electron eigen functions are introduced in Eq. 2.51.

2.5.2 van der Waals Corrections

The representation of long-range dispersion forces is not effectively accommodated
into the traditional framework of density functional theory’s local density approx-
imation or generalised gradient approximation. This is essential in computation of
the adsorption characteristics of molecules over surfaces and interfaces. Grimme
devised a semiempirical van der Waals correction technique, famously referred to
as the D2 and D3 correction, to resolve this problem by precisely including the
long-range dispersion forces into the conventional density functional theory[33–35].
The van der Waals correction term (Edisp), as shown in Eq. 2.52, is added to the
total energy of the Kohn-Sham system (EKS ) computed under the self-consistent
field theory.

EDF T +D2/D3 = EKS + Edisp (2.52)

In the D2 scheme; in addition to Kohn-Sham energy, a semi-empirical dispersion
potential (C6R−6) and damping function (fdamp, at small atomic distances) are
added in the form of a correction term as presented in Eq. 2.53.

Edisp = −S6

Nej−1∑
i=1

Nei∑
j=i+1

Cjj
6

R6
ij

fdump (Rij) (2.53)
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While, in the D3 scheme, a sum-up of two-body
(
E(2)

)
and three-body

(
E(3) )

energies forming the dispersion correction term Edisp is incorporated into the Kohn-
Sham energy wherein the terms

(
E(2)

)
and

(
E(3)

)
are presented in Eq. 2.54 and

Eq. 2.55, respectively.

E(2) =
∑
AB

∑
n=2m

m=1,2,3,...

Sn
CAB

n

rn
AB

fd,n (rAB) (2.54)

E(3) =
∑

ABC

fd,(3) (rABC)E(ABC) (2.55)

In Eq. 2.53 and Eq. 2.54, the global scaling factors Sn and S6 are directly de-
pendent on the exchange-correlation functional. This means that for generalised
gradient approximation functionals like PBE;S6 = 1.00 and S8 = 0.72 are appli-
cable. For every ’ ij ’ and ’AB’ pair of atoms with interatomic distances of Rij

and rAB, respectively, the nth order dispersion coefficients are represented by the
equations above by the symbols Cij

6 and CAB
n . To prevent singularities at small

distances, Rij and rAB, with rABC serving as the average radius of a triple atom
system ’ABC’ with E(ABC) denoting a non-additive triple dipole dispersion term,
the damping functions (fdamp and fd,n) are incorporated.

2.6 Electronic Properties

Modern computational materials science provides sophisticated tools for analysing
the electronic structure and characteristics like density of states, electronic reav-
tivity descriptors, which plays significant role in understanding catalytic behaviour
of the system.

2.6.1 Density of State

Analysis of density of states (DOS) per unit of energy E (and per unit of volume ω
in the extended matter) provides valuable insights about various many important
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properties of the system,

g(E) = 1
Nk

∑
i

∑
k⃗

δ
(
εi,⃗k − E

)
= ωcell

(2π)d

∫
BZ

δ
(
εi,⃗k − E

)
dk⃗ (2.56)

When it comes to independent-particle states, n(E) is the number of independent-
particle states per unit of energy, where εi,⃗k is the energy of an electron (or phonon).
The computation of the integral in Eq. 2.56 is, in theory, a difficult task. The linear
tetrahedron approach (LTM) by Jepsen and Andersen, the modified tetrahedron
method (MTM) by Bloch et al., and the Gaussian broadening method (GBM) by
Methfessel and Paxton are three common types of methodologies for this Brillouin
zone integration that are listed here[36–38]. Fig. 2.2 schematically illustrates the
DOS of bulk, 2D, 1D and 0D materials[39].
Eq. 2.56 defines the total density of states which is a projection of all bands of the
electronic band structure over all k-points. If one wants to analyze space-resolved
DOS in the real space, the local density of states (LDOS) may be defined as

g(r⃗, E) =
∑

i

∑
k⃗

∣∣∣ψik⃗(r⃗)
∣∣∣2 δ (εi,⃗k − E

)
(2.57)

To study the interaction of atoms with each other, we analyze the projected

Figure 2.2: Schematic illustration of broken symmetry and functional form
of the density of states in 1D, 2D, and 3D confined materials.

density of states (PDOS), which is in principle a projection of the DOS onto
atomic orbitals, computed as

g(α,E) =
∑

i

∑
k⃗

∣∣∣〈ψαk⃗(r⃗) | ψik⃗(r⃗)
〉∣∣∣2 δ (εi,⃗k − E

)
(2.58)

where ψαk⃗ denotes orthonormal states to ψik⃗.
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2.6.2 Electronic Reactivity Descriptors

In examining the catalytic properties of transition-metal (TM) based systems, the
analysis of d-orbital of TM plays huge role as the origin of exemplary catalytic
behaviour of TMs are their partially filled d-orbitals. Moreover, the interaction
of the TM-catalyst with substrates or reactants alters the structure of d-orbital,
thereby affecting the catalytic performance greatly. In this regard, we employed
the spin-polarized d-band model for determining the electronic descriptors adduced
by Bhattacharjee and co-workers (modification of Nørskov and Hammer d-band
model), i.e., d-band center (εd), d-band width (Wd) and fractional filling (fl) of
d-band (for spin-up and spin-down states) for representative systems using Eq.
2.59, Eq. 2.60 and Eq. 2.61, respectively[40, 41]. The εd was computed as the
first moment of the density of states projected on the d band about the Fermi level
(EF) and is expressed as,

εd =
∫ EF

−∞ (E − EF )Ddσ(E)dE∫ EF
−∞ Ddσ(E)dE

(2.59)

The Wd was computed as the square root of the second moment of the d-band
density of states projected on the d-band about the εd and is expressed as,

Wd =
∫ EF

−∞ Ddσ(E) [(E − EF ) − εd]2 dE∫ EF
−∞ Ddσ(E)dE

(2.60)

The fl was taken as the integral overstates up to the Fermi level divided by the
integral over all states as,

fl =
∫ EF

−∞ Ddσ(E)dE∫∞
−∞ Ddσ(E)dE (2.61)

Where, Ddσ(E)(σ =↑, ↓) is the DOS projected on the d-states of the TM, E is
the energy and EF is the Fermi energy of the system. Figure 2.6 illustrates the
schematic of the spin-polarized DOS of the transition metal with the electronic
reactivity descriptors.
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2.7 Reaction Mechanism Analysis

2.7.1 Regular NEB Method

In order to investigate proficiency of a catalyst towards any reaction, the com-
putation of minimum energy path (MEP) provides a thorough insight about it.
Nudged elastic band (NEB) is a computational technique to simulate and perform
a chemical reaction and plot a MEP. The NEB method primarily provides us a
transition state or saddle point along the reaction path between two states of a
system, which rerpesents the highest energy point along the reaction pathway.
It works on the concpet of elastic band with N + 1 images can be denoted by
[R0,R1,R2, . . . ,RN], where the end points, R0 and RN, are fixed and given by the
energy minima corresponding to the initial and final states. The N − 1 intermedi-
ate images are adjusted by the optimization algorithm[42, 43]. In NEB, ’nudged’
refers to an iterative process used to optimize the elastic band, i.e., in each itera-
tion, the total force acting on an image which is the sum of the spring force along
the local tangent and the true force perpendicular to the local tangent (Eq. 2.62),
is optimized, the band is nudged towards the direction of lower energy/force along
the reaction path, while maintaining the elasticity.

Fi = F s
i |∥ − ∇E (Ri)|⊥ (2.62)

where the true force is given by

∇E (Ri)|⊥ = ∇E (Ri) − ∇E (Ri) · τ̂i (2.63)

Here, E is the energy of the system, a function of all the atomic coordinates, and
τ̂ı is the normalized local tangent at image i. The spring force is

F s
i | ∥ = k (|Ri+ 1 −Ri| − |Ri −Ri−1|) · τ̂i (2.64)

where k is spring constant. Each image converges to MEP by iteratively solving
Eq. 2.62. But the limitation of NEB is that none of the image falls on the saddle
point (as shown in Fig. 2.3) which makes it difficult to estimate the energy of
saddle point as it needs to be done by interpolation.
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2.7.2 Climbing Image NEB Method

The NEB method has been slightly modified by the climbing image NEB (CI-NEB)
method[44]. Here, although the shape of the MEP is preserved but a rigorous con-
vergence to a saddle point achieved with no appreciable increase in computational
efforts. This additional Here, after few iterations of regular NEB, the image with
the highest energy imax is identified and the force on this one image is not then
optimized using Eq. 2.62 but rather,

Fimax = −∇E (Rimax) + 2∇E (Rimax)| ∥ = −∇E (Rimax) + 2∇E (Rimax) · τ̂imax τ̂imax

(2.65)

Figure 2.3: Schematic representation of NEB and difference between regular
NEB and CI-NEB.

Thus, the image with highest energy will be made to converge to a saddle point
and we will get a exact energy of the saddle point. Since the images in the
band eventually converge to the MEP, they give a good approximation to the
reaction coordinate around the saddle point, which gives an exact transition state
of a reaction. Since all the images are being relaxed simultaneously, there is no
additional cost of turning one of the images into a climbing image.

2.8 Computational and Visualization Packages

In this thesis, we used Quantum ESPRESSO (QE) simulation package which is an
open-source computational software to perform electronic-structure calculations
and material designing and modelling ranging from bulk to nano-scale[45, 46]. QE
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is based on the formulation of density functional theory, pseudopotential methods
and plane-wave approximation. We used QE package to perform first-principles

Figure 2.4: A typical self-consistency loop implemented in Quantum
ESPRESSO code to compute the ground state of a material by solving the

Kohn-Sham equations.

based computations under self-consistent field formalism, where it runs the self-
consistency loop as shown in Fig. 2.4 to obtain the ground state energies of the
considered systems. To compute and analyse the electronic structure, we per-
formed the calculations in terms of non-self-consistent field formalism, wherein
the computation of electronic eigen states as a function of crystal momentum.
QE is such an all-round package that, we can use it to perform structural and
geometric relaxations and optimizations, to compute the electronic properties of
the system like band structure, density of states and orbital projected density of
states. We can also incorporate van der Waals dispersion corrections in our study.
The code also provides spin-polarized calculations which has great significance
specially in case of metals and transition metals-based systems. Apart from this,
we can analyse thermal, mechanical, vibrational, chemical and thermodynamical
properties using this code.
As the software is open-source package, one can develop a code that can be inter-
faced with the QE easily to study and analyse the system in the way we want to
do. For example, after obtaining ground state energies of the system by geometric
optimization, we can analyse the adsorption mechanism of the considered system
for particular reactants. Once we get an idea about the affinity of the system
with the reactants, to actually perform the chemical reaction, a separate method
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like climbing-image nudged elastic band (CI-NEB) method is implemented in QE
package, which can give us an exact minimum energy path and reaction profile
of a reaction just by providing the initial and final state of the reaction. In our
calculations, we have used the CI-NEB method greatly to understand to reaction
kinematics of various reactions.
In our study, to visualise the geometries of considered systems, to analyse the
adsorption geometries and to plot and analyse various states of a reaction for par-
ticular reaction pathway, we used visualisation packages like XCrySDen and Vesta
extensively[47, 48].
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