Chapter 6

Hard Water-Induced Renal Disease:
A Fractional-Order Model
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6.1 Introduction

Hard water disease is a global issue that affects numerous regions, causing detrimental im-
pacts on human health, industrial processes, and infrastructure. It is characterized by the
accumulation of dissolved minerals, particularly calcium and magnesium, in water sources.
These minerals can lead to the formation of mineral deposits, commonly known as limescale,
which can clog pipes, reduce water flow, and impact the efficiency of appliances and equip-
ment [93].

Using hard water for an extended period of time can lead to a variety of health problems,
including kidney issues and other diseases [146, 161]. Here are some potential impacts: (1)
Kidney stones: Hard water contains high levels of minerals like calcium and magnesium.
Consuming these minerals in excess can lead to the formation of kidney stones. These
stones can cause extreme pain and discomfort when passing through the urinary system.
(2) Decreased kidney function: The minerals present in hard water can accumulate in the
kidneys over time, leading to decreased kidney function. This can put additional stress
on the kidneys and increase the risk of developing chronic kidney disease. (3) Urinary
tract infections (UTIs): Hard water can also contribute to the development of urinary tract
infections. The minerals in hard water can create an alkaline environment in the urinary
tract, which is more favorable for bacterial growth. (4) Dermatological issues: Washing with
hard water can dry out the skin and hair, leading to various dermatological problems such
as dry skin, eczema, and brittle hair. Hard water can also worsen conditions like acne and
psoriasis. (5) Cardiovascular disease: Some studies have suggested a link between hard water
consumption and an increased risk of cardiovascular disease. Elevated levels of calcium and
magnesium in hard water may contribute to the development of atherosclerosis, a condition
where plaque builds up in the arteries.

To mitigate these risks, it is important to consider water softening options such as using
a water softener or installing a water treatment system, or using bottled or filtered water for

drinking and cooking purposes [66].To better understand the dynamics and implications of
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hard water disease, mathematical modelling approaches have gained recognition as valuable
tools for studying and predicting its effects. By formulating models that capture the essential
factors contributing to the disease’s emergence and spread, researchers can gain insights into
its behavior and guide decision-making processes for prevention and mitigation.

We develop to examine a comprehensive fractional mathematical model that incorporates
some significant parameters, such as the concentration of magnesium and calcium level in
hard water W, the probability of getting chronic kidney disease due to hard water consump-
tions, A(W) W

TK+ W
death rate pu, recovery rate «, the highest concentration level of minerals in hard water K,

the absorbing rate of magnesium and calcium from hard water [,

magnesium and calcium concentration growth rate b, and water treatment effectiveness rate
c¢. By involving these parameters, Tambaru et al. [135] has constructed hard water disease

model as follows:

ds W
g [ () el 6
dI W

= (e ) S - 0 (62)
d

d—f =1 - uR, (6.3)
AW W

This chapter is summarized as follows: Section 6.2 states the definitions related to frac-
tional calculus. Section 6.3 covers the presented hard water model with fractional-order by
involving Caputo derivative. The existence and uniqueness of the system is demonstrated
in section 6.4. Local and Global stability of the model is discussed in section 6.5. Section
6.6 is a showcase of the solution of the hard water model by using Adomian Decomposition
General Transform method. Sections 6.7 and 6.8 are describe the numerical results and

conclusion respectively.
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6.2 Preliminaries

Definition 6.2.1. For order o > 0 and e : Rt — R, Riemann-Liouvillie [106] established a

fractional integral operator as:

ol%(e(x)) = ﬁ /0%(% —v)* e(v)dy, x> 0. (6.5)

Definition 6.2.2. Riemann-Liouville [106] established a fractional differential operator for

the function e(s) with order oo > 0 is defined to be:

oD (e(32)) = ﬁ (%{)i /0 e = ) e (W), 2> 0, (6.6)

where, j — 1 < a <j,j € N.

Definition 6.2.3. Caputo [106] contributed in the field of fractional calculus by defining the

derivative of fractional order o > 0 for the function e(x) € C as

SD*(e(3)) = ﬁ /O%(% — vy e (w)dy, x>0, (6.7)

and 1s defined for absolute continuous functions where, j —1 < a <j,j € N.

6.3 Fractional hard water model

We present fractional-order mathematical model by replacing the classical-order model (6.1)
with the Caputo fractional derivative operator. As we are aware, the fundamental notion
of fractional-order modification is that fractional-order derivatives are simply used in place
of integer-order derivatives is unlikely to be appropriate since such generalization might
result in an unphysical model. In such instance, a correct generalization requires absolute

equal dimensionality. As a consequence, the Caputo fractional model for hard water disease
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resembles this into initial value problem (IVP):

CDp (S() = A— [5 (MLW) " M] S0,

£z (1) = 5 (g ) S = 0= w0

6 Df (R(t)) = ~I(t) — nR(t),

SDX (W (t)) = bW (t) (1 — WT@)> — W (t).

(6.8)

The initial conditions for the proposed model are S (0) = Sp, I (0) = Iy, R(0) = Ry and
W (O) = Wy with S(), Iy, Ry and Wy > 0.

ECW

bW(I - W/K)—@

Hard water disease model diagram.

6.4 Qualitative analysis

Using Sadovskii’s fixpoint theorem, we discuss the existence and uniqueness of the epidemio-
logical fractional order model (6.8) by considering banach space & with sc € [0,%], S, I, R,W €
C(R,6) N LY. (R, 6) and R = {(s,K) : € [0,%]}, K € B(0,7) for some T,t > 0 will be

analyzed in this section.
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Theorem 6.4.1. Consider B C & and let ® : B — B be a mapping with condensation
property. Then, there exists a fized point of the mapping ® within the set B.

Ezxamine IVP on the cylinder R = {(», K) e Rx & : € [0,%],K € B(0,%)} for some
fized T, ¢ > 0. Assume that 3 p € (0,%t), M,,M,, L, Ly € L1/, ([0,F],RY) & Sy, I, Ry, Wr,
Sy, Iy, Ry, Wy € C(R, &) N LY. (R, G) such that S = Sy + Sy, I =11+ I, R = Ry + Ry, W =
W1+ Wy and the following assumptions hold,

Assumption 1- S, I, Ry, and Wy are bounded and Lipschitz.
Assumption 2— S5, I, Ry, and Wy are compact and bounded.

Assumption 3— R (3¢, K) =R (3¢, J)| < Ly (5¢) | K = J||, ¥V (3¢, K), (3¢, J) € R.
Applying (6.2.1) on (7.2), the Lemma (6.4.1) can be formulated as follows:

Lemma 6.4.1. The given IVP is equivalent to the following set of integral equations:

S(%>:S(0)+ﬁ/(%—y)a 18y (1, S(v) FL/ 2 — )1 (1, S (1)) dv
I(3) =1(0)+ ﬁ / (3 — )" 'L (v, I(v))dv + ﬁ / (32— v)* (v, I(v))dv,
R() = R(0) + ﬁ/(%— VLR, (v, R(v) ﬁ/ V) Ry, R(v))dv,
W(x) = I‘L/ — ) Ty (v, T(v))dv + ﬁ/(%— V) (v, T(v))dv.

(6.9)

As demonstrated by the next two theorems, it is now relatively straightforward to establish

the existence and uniqueness of solution (7.2).

Theorem 6.4.2. In accordance with Assumption 1 and 2, the given [VP has a minimum

of one solution in [0,T], given that,
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_ Ol ()

O "T

1—p\'?
<1, where (. —p), (a—p)
Proof. Select € 3 |So|+T(a)""C (Hzmlul/p + ||zm2|\1/p) (T)® < tandlet By = {K : | K|| <t}
be the closed t-ball in BC ([0, %], &) with sup norm ||.||. Using Lemma (6.4.1) one can obtain

that point of S : By — BC ([0,%],6), K — S1 K + S, K with the following:

S1K () = S(0) + ﬁ / (e —v)*7'Sy (v, K (v)) dv,
SoK (30) = ﬁ / (56— )18, (v, K (1)) dv,

0

as a solution of the model (7.2). In three phases, we demonstrate that S (s¢) is condensing,
and hence the presence of a fixed point for S (s¢) holds from Theorem (6.4.1).
Step 1: We must demonstrate S (Bz) C B;. For K € Bz, we have

15 ()| < 150l + (e = v)* IS (v, K (v))]dv

¢ (1l + o1, )
I(a)

< |Ho| + (%) < r,and thus S (Be) C Bx.
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Step 2: We illustrate that Sy is a contraction. If K, J € B; we lead to

[S1(K (5)) = 51(J ()] (=)L) |K (v) = J (v)|dv

VAN
A‘ g
O\x

[(a)
B 1-p , ,, p
< ﬁ (/ (%y)?édy) (/Lé (v) dy) 1K — J|
CIL)L ()
< W 1K = J,

and hence 5] (5) is a contraction with, [|S; (K) — 51 (J)|| <O || K - J|.
Step 3: We want to show that &, is compact. For 0 < p; < @9 <%, we have

©2

/ (03 — )18, (v, K (v)) dv

0

15 (K (92)) — 82 (6 ()] < ﬁ

01

NS 0/@1 S (0 K () d
< ﬁ 07(@2 — )78, (v, K (v)) dv
. ﬁ 72(@2 — V)78, (v, K (1)) dv
_ ﬁ 07@1 — )" (1, K (v)) dv

15K (02) — 82K ()] < ﬁ / (91— )™ = (92— 1) )| Salw, K (1))
17 o
+ / (02— v)* 7152 (v, K ()|




Hard Water-Induced Renal Disease: A Fractional-Order Model

1 7 a—1

< o) 0 (1 = v)" " = (2 — )" )M, (v)dv
1 2 -

+ Ty o) /(@2 — )M, (v)dv

1 0
C g2\ 1-*
< — ! — - — )P
< F(a) HfmzHE [((@2 @1) ) + (@2 @1) ]
20|, |3 .

< W(@z — 1)

The right side of this inequality is unaffected by K. We establish the compactness of Sy by
its relative compactness in Ss(Bg) using the Arzela-Ascoli theorem. Due to the fact that S
and S have distinct features (contraction and compactness respectively), their composite,
represented as S, forms a condensing map on B;. This, along with Theorem (6.4.1), ensures
a fixpoint for S, which is relevant to remaining variables such as I(3¢), R(s), W (¢). O

ClI L]y (D)”

Theorem 6.4.3. Under consideration of Assumption 3 and © = I a)
!

<1, the
IVP has unique solution on [0, %].
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Proof. Define the mapping F' by

For S(s), S1(5¢) € Bg, we have

FS () = FS1 ()] < i [ (e = 0" L 0[5 0) = 81 )
X ) p 1-p /., P
< T (O/ (3 —v)i=vdv 0/le (v)dv | |IS—Si|
Cl LAy, (%)2
< s i),

Cll Ll (%)

I (o)
ilarly unique solution exists for other model equations. O]

Thus, the condition © = < 1 ensure the existence of a unique solution. Sim-

6.5 Stability analysis

6.5.1 Local stability

We consider two equilibrium points to explore local stability for hard water disease model

(6.1).

1. Disease-free (normal water) equilibrium point E° :

E° = (%,0,0,0) . (6.10)

It means minerals concentration level are normal in water with 7 = R =W = 0.

Hence, Equilibrium point E° is settled as disease-free system.
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2. Endemic equilibrium point E¢"?
Eend — (SendvEend’Iend’ Rend) , (611)

where

(2b—c)A

end __
= opr @

[end _ (b - C>A5
(47 ((b=c)B+ (20— c)p)’

Rend — (b B C)AB’Y
(12 +py) (b= )+ (2b—c)u)’

(b—o)K

end __
W= b

We acquire the endemic equilibrium point E°"?, by equating system (6.1) with zero. Note
that when we take b = ¢, results lead to the disease-free equilibrium point E°.

Theorem 6.5.1. Disease-free equilibrium point E° for hard water model (6.1) is locally

stable if condition b < c is satisfied.
Proof. First, we construct a Jacobian matrix J for hard water system (6.1).

—1 0 0 -4

e (6.12)
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To find the eigenvalues of matrix J, the characteristic polynomial is
)\4 + Cl())\3 + a1>\2 -+ CLQ/\ + a3z = O, (613)
with the basic simplification, coefficients of (6.13) can be defined as

ag =c—b+3u+,
ap = pu(2y + 3p) — (v + 3p)b + (v + 3p)e,
ag = (i = 3(b — )p” +yp* = 2(b — )y,

ag = —p*(b—c)(u+ 7). (6.14)

Using Routh-Hurwitz criteria, the disease-free equilibrium point E° is locally stable if ay >
0,as > 0,a3 > 0, and apaas — a3 — a%ag > 0.
From (6.14), we can say that if b < ¢, then the value of coefficients ag, as, a3 are positive.

And for

agaray — a3 — agag = (¢ = b+ 3p +7) (1(2y + 3p) — (v +3p) (b — ©)) (1 = 3(b — c)”
+yp® =20 — )py) — (1 = 3(b— )p® + i’
— 20— c)uy)? (=2 (b= ) (u+7))

= 2u(y +2p)*(b—c— (v +pu—b+c). (6.15)

From (6.15), agajas — a3 — a2as is also positive for b < c.

So, If b < ¢, then E° is stable, else unstable.

We can also discuss the local stability from eigenvalues. By solving Jacobian matrix J, we
get eigenvalues —pu, —p, —y — p, and b — ¢. And all are negative for b < c.

Thus, we can claim that point E° is locally stable for b < c. O

Theorem 6.5.2. Endemic equilibrium point E* for hard water model (6.1) is locally stable

if condition b > c is satisfied.
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Proof. To discuss the Endemic equilibrium point £°*¢, we follow the same process.
As we obtained earlier in (6.14), we have ag > 0,as > 0,a3 > 0, and apa;ay — a3 — adaz > 0.
For condition b > ¢, all the eigenvalues of Jacobian matrix J are negative.

Hence, the point E¢™ is locally stable for b > c. O]

6.5.2 Global stability

Let
ED%, (3) = g (52,4, (), where, 0 < a < 1. (6.16)

with initial condition u,(0) = u,o, where, u, € R, 3 € (0, +00).
We are currently examining the global stability of (6.16). Given £ > 0, and considering
a continuous function ¢ defined over the interval [0, 4+o00) with values in the positive real

numbers. Consider following relations:

6 Dy (52) — g (52,0, (30))| < & (6.17)
(6 Doy (50) — g (52,14, (30)| < ¢ (50) 3 (6.18)
6 Dy (52) — g (52,1, (32)] < €0 (52). (6.19)

Definition 6.5.1. The IVP (6.16) exhibits Ulam-Hyers(U-H) stability if 3 ¢; > 0 such that
Ve > 0 and each u, € C[0,400) satisfying (6.17), a solution u, € C[0,+00) of (6.16) is
present, satisfying

s (50) — w2 (39)] < ey,

Definition 6.5.2. The IVP (6.16) demonstrates Generalized Ulam-Hyers(G-U-H) stability
if 3 ¢g € RY such that ¢g(0) =0, Ve >0 and u, € C of (6.18), there exists a solution
u, € C of (6.16) fullfilling

g (52) —u, (30)| < CQ(E)'
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Definition 6.5.3. The IVP (6.16) is Ulam-Hyers-Rassias(U-H-R) stable if 3 ¢4, € R, V

e >0 and every u, € C of (6.19), there exists a solution u, € C' of (6.16) addressing

[y (5) — w2 ()| < ecqpip().

Definition 6.5.4. The IVP (6.16) reveals Generalized Ulam-Hyers-Rassias(G-U-H-R) sta-
bility if c¢q, € R, for every u, € C of (6.18), there exists a solution u, € C of (6.16)
with

s (50) — 1, (59)] < cqpp(52).

Hypothesis 2. Let ¢ € C[0,+00) is an accumulating function, then 3 x, > 0, implying
that

x

ﬁ O/ (5 — V)O‘_lgp (v)dv < xpp (32), 2 > 0.

Lemma 6.5.1. Let us construct two continuous functions namely ¢ & vy over [0, %] x [0, +00)

where T < oo. If v is increasing and 3 p, ¢ > 0, implying that
() <06+ [ e ), %0
0

then
ZOO (1L (€))* =
W(%—V)C U(V) dV, %ZO

k=0

r(%)én(%)Jr/%

If y(») = a (constant) on 3 € [0,%), then
() < ak¢ (uF <) %C) , 2 >0,

where, E¢ () is the Mittag Leffler function.

Theorem 6.5.3. If the criteria of Hypothesis (2) is fulfilled, then the IVP (6.16) is the
G-U-H-R stable.
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Proof. Assuming u, is a solution of (6.18) over the interval C'[0,%), we consider u, as a

solution of (6.16). Thus,

1 » 1 r
,(00) =) = 7 [ e =) sl < s [ ey o)
0 0
< X ()
It follows from these connections:
1 r a—1
i () = ()] < s () = o () = s [ (= )"0 0 (0)
0

As per Lemma (6.5.1), 3 constant N* > 0 separated from x,¢ (»r). This constant satisfies
[uy (3¢0) —u, (52)| < N*xpop (3¢) © = ag,p(5¢). As a result, the IVP (6.16) can be classified as
having G-U-H-R stability. [

Corollary 6.5.1. Using the same logic as in Theorem (6.5.3), one can demonstrate that

IVP (6.16), coupled by (6.19), achieves U-H-R stability.

Corollary 6.5.2. By employing the similar methods of Theorem (6.5.3) with (6.17), one is
able to illustrate IVP (6.16) is U-H stable.

6.6 Adomian Decomposition General Transform Method

To solve the suggested fractional-order hard water disease model (6.8), we utilized semi-

analytical approach ADGTM [27]. By employing the ADGTM [27] technique, the approxi-

156



Hard Water-Induced Renal Disease: A Fractional-Order Model

mate solution of system (6.8) can be

« 2c t3a
T(lta) & 2l (1+2a) SS(t)P(l 3a)

S(t) =5o(t) + Si(t)

2a0
— BA(A = 2uS)) m + (A = p) + p2So + B2N*Sy
t30¢
+ B2>\2 (A - 3/150) + 2ﬂ>\ (Q[LA —A- 3/1250)) m + ..,
ot 2a tSa

«

— Iy + (BASy — 1o — puly) + (=BN2Sy + (u+ 7)o

I'(1+a)

2«

+ (B8NS — (+7)°1y
t3a
— 287 (A(2p — 1) = 7*So — 3p*So — (3uSo — A) 7)) T(l+3a) +..,
« 2« 3o

T(lta) Bolt) (T+2a) Bolt) 5 (1+3a)

=Ro + (vlo — pRo) + ((BASo — 1o — plo) 7y

R(t) =Ro(t) + Ri(?) v

I'(l+a)
t2a

- 31— _ 2 3
F(1+2a)+(7 0 — (BASy — 3ulo) v — u’ Ry

— (vIo — pRo) 1)

t3o¢

+ (3/12[0 — 52)\250 + 5)\ (A — 3/150))) m + ceey

to 2 t3a
- ) I
Tita) Wl )F(l +2a) W3(t)r(1 T3a)
W te

:Wo + (bWO (1 — ?> — CWO) m
i ((b—c)K — bWWy) ((K2_bKWo)(b—c)—i—b2W02) f20

W(t) =Wo(t) + Wi(t)

K3 T (1+2a)
N Wo ((b—c)K — bWy) (b — ¢)K? — (b — be) KWy + b* W)
K7
(b—rc) (K*=bK3(b—c)Wy + V*K2(b— c+ L)W — 203 KW) + bW )3
' I'(1+ 3a)
+ ... (6.20)
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6.7 Results and Discussion

We illustrated the simulation for the solution of the system using equation (6.20). Where
initial conditions of system are Sy = 999,y = 1, Ry = 0, W, = 20 with parametric values
A=15=01,pu= %,K = 60,7 = 4—15,b =0.1,c=04for b <cand b=0.2,c=0.1 for
b > ¢. We determine the solution of fractional-order hard water disease model (6.2.3) using
Adomian decomposition general transform method (ADSTM) as (6.20). Figures — 6.1 to 6.4
reveal the simulation of the solution of S, I, R, and W when growth rate b of calcium and
magnesium is less than the rate of water treatment effectiveness ¢ at some fractional order
a=0.7,0.8,0.9 and 1. Similarly, Figures — 6.5 to 6.8 display the simulation of the solution
of S,I,R, and W when growth rate b of calcium and magnesium is higher than the rate
of water treatment effectiveness ¢ at some fractional order a = 0.7,0.8,0.9 and 1. Figure
— 6.9 is the graph of infected population at different rate of water treatment effectiveness

¢ =0.15,0.2,0.25,0.3. And figure — 6.10 is the plot of calcium and magnesium growth rate

at different concentration level of minerals b = 0.2,0.4,0.6,0.8 and 1 in hard water.

1000 | — a=0.7
a=0.8
990 - — a=0.9
— a=1
S 980
[7p]
5
S 970
©
E]
o
S 960 -
(V]
s
2 950
(U]
s
& 940 -
930 -
920 -
0 50 100 150 200 250 300

Time t (in days)

Figure 6.1: Simulation for Susceptible when b < ¢ at some fractional-order «.
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Figure 6.2: Concentration of minerals in water when b < ¢ at some fractional-order a.
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Figure 6.3: Simulation for Recovered population when b < ¢ at some fractional-order a.
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Figure 6.4: Concentration of minerals in water when b < ¢ at some fractional-order a.
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Figure 6.5: Simulation for Infected population when b > ¢ at some fractional-order a.
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Figure 6.6: Concentration of minerals in water when b > ¢ at some fractional-order a.
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Figure 6.7: Simulation for Infected population when b > ¢ at some fractional-order a.
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Figure 6.8: Concentration of minerals in water when b > ¢ at some fractional-order a.
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Figure 6.9: Infected individuals at different rate of water treatment effectiveness.
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Figure 6.10: Calcium and magnesium growth rate at different concentration level of minerals
in water.

6.8 Conclusion

We presented a fractional-order hard water mathematical model with four different class
for the duration of 300 days. We achieved good level of accuracy in the solution of system
by using Adomian decomposition general transform method (ADGTM). we obtained locally
stable region of model for disease-free equilibrium for b < ¢ and endemic equilibrium for b > c.
The global stability of the system is also examine with the help of Ulam-Hyers-Rassias(U-H-
R) stability conditions. Qualitative analysis of the proposed fractional system is discussed
through Sadovskii’s fix point theory. From figures — 6.1 to 6.4, we can observe that when
growth rate b of minerals like calcium and magnesium in water are lesser than the water
treatment effectiveness rate ¢, very few individuals get infected and they recovered rapidly.
While growth rate b of minerals like calcium and magnesium in water are higher than the
water treatment effectiveness rate ¢, figures — 6.5 to 6.8 show that huge susceptible mass get

infected and recovered very slow. We can claim from figure — 6.9 that better water treatment
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reduce the infected individuals. The fractional-order hard water disease model demonstrated
the potential of mathematical modelling in studying and understanding the dynamics of the
disease. The results provided crucial insights into the spatial and temporal patterns of the
disease, as well as the impact of various factors on its spread. This knowledge can guide
public health interventions and water management practices to reduce disease transmission

and improve overall water quality.
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