CHAPTER IV

4,4

4.5

4,6

4.7

CORRELATION ANALYSIS OF LINEAR
MULTIVARIABLE SYSTEM DYNAMICS
USING SHIFT REGISTER SEQUENCES
AS TEST PERTURBATIONS

Introduction 316

Bstimation of multivarisble linear system
impulse responses by crosscorrelation method 320

The simultaneous use of several pseudo-

random bhinary sequences in the identifica-

tion of linear multivariable dynamic

analysis 326

Use of phase~shifted PRBS from the same
source in the identification of linear
multivarizble system 337

Use of transformed pseudorandom binary
signals in the identification of linear
multivarisble system 341

Use of 3-level pseudorasndom sequences
formed from PRBSS in the identification of
multivariable system 353

Ideal pseudorandom signals as derived from
linear shift register sequences for use in
system identification by crosscorrelation 356

Properties of ideal linear p-nary shift
register sequences 375

S8ingle and mixed-modulii shift register
sequences as test perturbations in multi-
variable system identification 383

Summary 406



CORRELATION ANALYSIS OF LINEAR MULTIVARIABLE SYSTEM
DYNaMICS USING SHIFT REGISTER SEQUENCES

AS TEST PERTURBATIONS
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4,1 INTRODUCTION

! System dynamic identification ' may be stated as the
process of obtaining adequate information from input-output
measurenent on a systen to determine its responses to any
input. Although, systems in general are nonlinear, linearized
versions may be thought of, when the operation is restricted
to a limited range.lFurther, in case the statistics of the
dynamics does not change with time, a 'linear time-invériant
system' originates. In such a case, it is a familiar fact that
the system response y(t) at a time 't' is given by a weighted
sum of inputs x(t), which have occured in the past. In

s s oot runert mfel,
r 7 7 -9
) =£h(s) x(€ - s)ds (4.1)

mathematical
Yy

where s is a time variable; and h(t), the response to a unit
impulse ® (t), is called the weighting function of the system.
d ot

In a practical systemf?%égbonse)

t = Ojﬁettles down by a finite time TS, termmed as system settling



time. Under thls assumption, the response y(t) becomes :
y(t) ~.fh(s) x(t - s)ds cos cos (4.2)

This procedure can be repeated to determine y(t) for each

value of time ‘'t°'.

Now, y(t) in the above equation gives trué response to
the input x(t) provided that no noisa/éisturbance is present
in the process., Hoﬁever, anyfpﬁysical system does exhibit
noise to a certain degree, which contaminates the useful
output of the system. Representing the net effect of all such
disturbances referred to the output by n(t), the measurable

output z(t) of the system, then becomes ¢

z(t) = y(t) + n(t) -
TS
= {( h(s) . x(t - s)ds 4\n(t) cee (4.3)

This equation calls for a method of dynamic analysis
that is capable of suppressing the noise effects, For this

reason, correlation methods are favoured.

For the linear time-invariant system, there exists a
relationship between the input-output crosscorrelation function
'ﬂxz('t) and the impulse response h(t) as under : (Lee 1960)
T :
= s )
Bl = df bis) B (e - s)ds+ 8 (o) ... (4.4)

where <« is the relative time-shift between x(t) and z(t), and
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ﬂxn( ©) and‘ﬁxx(4c) are the crosscorrelation between the input
and noise signal, and the autocorrelation function of the input

_respectively.

Equation (4.4) indicates that an impulse-formic auto-
correlation function of the input signal greatly facilitates
"~ the deconvolution necessary for-determining the inpulse response
ordinates h( ). In addition to this, a signal having negligible
correlation with the noise is highly preferable.

For the former reason, the signal ‘'white-noise' has come
into existence. White noise has the characteristic that its
autocorrelation is zero everywhere except at one value of its

argument, If w(t) represents white noise, then

ﬁww( ®) = 0, for € #£ 0 X
X (4.5)
€ =0 for e =0 f °

Such a waveform is apparently a mathematical fiction,
and heﬁce generation of approximate white noise has been
experimented. In this context, it has been stated in Chapter 2
that use can be made of certain cyclic binary signals which
possess properties in correlation similar to those of white
noise, but which are deterministic. These have been called
fPseudorandom Signals', the name being given in view of the
manner in which the autocorrelation function of suéh signals

approximate to that of white noise.
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The use of pseudorandom binary signals as perturbation
signals in the crosscorrelation method of obtaining the
linearised impulse response of a system has been considered
in some detail in Chapter 2, and a comprehensive list of
references has been given in Section 2,1. Most of these
investigations have been concerned with single input/single
output lingar system, From a practical viewpoint, ‘the
analysis of the single-input system is of limited importance
as most systems are subjected to several inputs, yielding
more than oﬁe output, However, because of the several
practical advantages associated with the use of pseudorandom
signals, a search for implementing the above correlation
principle to arrive at the multivariable system dynamics has
been necessitated. The successive single-input method is the
early result of such an effort. Obviously, for systems having
many inputs (outputs), such a serial approach is not to be
preferred due to long observation time involved. So much so,
attention has been later confined to developing correlation
techniques, that provide quick resudts. Initially, the
situation has been entertained for a two-input case, and soon
ideas have been explored and refined to effect significant
generalizations ( Cummins 1966, Utsal 1965, Briggs'ég‘al. 1966,
Godfrey et al. 1956, 1969, Douce and Ng. 1966, Ream 1967,

Jaruis 1968). However, a satisfactory solution to the problem



has not yet emerged. Apparently, there exists need for a
more basic understanding of the underlying theories to advance

a well-suited technique for the purpose.
The objective of this chapter is, therefore -

(i) To meke a systematic exposition of both the qualitative
- and quantitative issues involved in the currently
available correlation methods for the multivariable
system dymanic analysis with shift register sequences
as test perturbations; and

(ii) To present some improved schemes for uncorrelated system
input signals with autocorrelation functions approximating
to delta functions for use in the identification of
multivariable system by the input/output crosscorrelation
method. ( The order of the content of this chapter is
given at the end of the following section ).

4. 2 ESTIMATION QOF M%TIVMMBLE LINEAR SYSTEM IMPULSE RESPONSES
BY CROSSCORRELATION METHOD
The usual impulse response esﬁimation scheme‘for a multi-
variable system having j-inputs and k-outputs is shown in
Fig. (4.1). This linear system can be characterized by j'inde-
pendent impﬁlse response fgnctions. The input signals
xl(t), xé(t),..;, 33(t) together produce each of the‘output
signals y, (), y,(t),..., v (t). In experimental work both
xh(t), 1<u <j, and yv(t), 1 ¢ v sk represent deviations

from the nomal operating levels. The response of the system
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to inputs other than x,(t), together with the measurement
disturbance, forms the noise signal n(t), which is assumed

to equally influence all the outputs,

In such a case, an output yv(t) of the system, (Fig.4.1)

in the absence of noise is given by s

oo
Yv(t) = f hlv(s)éxl(t~ g)ds + ?th(s).xz(t-s)ds

- 00 =00
w -
+ [ [ 3 [ . » » . + fhjv(S)oxJ-(t — S)ds
~-0Q0

L N 4 (4.6)

and the corresponding measurable output is

]

2,(t) = y_(€) + n(t)

]

1evek .. (4.7)
This equation gives the time response of the vth output/in the
presence of all j-inputs.
Now, the crosscorrelation function between ihput x, ()

and output zv(t) becomes @
Lim

T . o0
= - L >
Bt ® = L fou(t) = o{hm(s).xr(t+ © —s)ds

+n(t+ ¢ ... (4.8)



By changing the order of integration and simplifying

eqn. (4.8) leads to :

Q0
By g () = _OO/' By (8) By (© - s)ds

00
(s).2 (z-8lds+g_(v) .. (4.9)
+ ;:u /. by ° ¥ sas xm

Q0 /

As stated before, in practical systems, the present output
is unaffected by inputs applied to the system at a time greater
than the system settling time (Ts) in the past. With the
assumption, eqn. (4.9) becomes :

: T
Pz, ) = o/ Byy(s)e By x (€ - s)ds

T
s
+ = h_.(s). (e~ slas+8_ (s) ..(4.10)
u cH( v Ha¥r *
An estimate of the impulse response function h (@) can be

easily obtained from the measured crosscorrelation function

ﬁxhzv( ©) provided the input test signals 3

(1) be repetitive,

(ii) possess an autocorrelation function which approximates
to an impulse about © = 0, and which is small and
constant or negligible for large ©, and



H

(iii) have zero crosscorrelation for €& less than the
maximum system settling time Tsmax(i’e' g (e} =0

*r¥v

for ¢ « ‘1‘smax ).

The advantages of periodicity of the test signal are
stated in Chapter 2 when dealing with the single input / single
output system dynamic analysis., With periodic inputs, cross-
correlation is usually perfomed over several periods of the
input signal to keep the variance of the correlator output

to a minimum, and thus improve the accuracy of the results.

Under the circumstances, a modified crosscorrelation

function between x(t) and n(t) may be defined as below :
T 1
g, (e == [ x(t).n(c + e)at (4.11)
~ 3 = mT X «n < ces ' LI 011
: o
where T is the input signal repetetion period and m a chosen

integer,

In case, the inputs hold property (iii) =

T
S »
Pz, ) = 8/ h,(s) "d’iu"u( T-ads 4 gy (0 L. (4.22)
and by property (ii)
B (D = K Bgl® gL () (4.13)

where K is the area of the autocorrelation spike about ¢ = 0,



As seen from this equation, in case the value of
W
#.n( ©) can be made small, the expected values of the
correlator output become proportional to the ordinates of

the system weighting function.

Now the main reasons for the presence of this noise-
term n(t) are the following :
(i) Initial conditions and/orﬁperiodigity of the test
signal,
(ii) Imperfections in the test signal characteristics.
(iii) Non-ideal characteristics of the input transducer.
(iv) Uncontrollable random fluctuations in the system,

(v) Slow change of the outputs from their desired
operating levels ( low freguency output drift ).

(vi) Presence of nonlinearity over the range of
amplitudes of the input.

(vii) Variations in the estimate of the impulse response h{ ¢)
with time.

(viii) Instrumentation errors.

Details of error analyses with random and pseudorandom
binary test perturbations are well documented ( Hughes and
Noton 1962, Poortvliet 1963, Cummins 1964, Hazlerigg 1965,
Hammond and Barber 1965, Briggs et al. 1965 and 1966, Godfrey
1965, 1966 and 1969 ). The main conclusions with reference to
the above mentioned errors have been stated in Chapter 2 where

the dynamic analysis of single input / single output system has
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been considered. The methﬁd of reducing/eliminating most of these
errors has also been outlined in Chapter 2.

Hence, following the error reduction technicues, the value
of #* ( ©) can be made negligible in which case egn.(4.13)

rhn

becomes:

%%%}c)z‘kqw(c) . eee  (4.14)
Thus, the problem of linear multivariable system identifi-
cation now settles down to one of finding uncérrelated signals
with impulse like autoccrrelatioq'functions. For this purpose,
a number of schemes have been communicated(Cumminp, 1965; Utsal

1§65, Briggs et. al (1966, Godfrey et. a2l 1966, 1969; Douce and
Ng 1966, Ream 1967, Jaruis, 1968), But, a satisfactory solution -
to the problem has not emergéd. This calls for a more basic.
understanding of the existing theories. ‘
For this reason, at first‘a systematic exposition is made
of the current status of the crosscorrelation art in multivariable
system identification in sécs (4.3 to 4.6). an effort is made here
to present in an orderly manner both the qualitative and quantita~
tive issues involved in the above referred existing schemes,
Numerical examples are included to clear the theoretical concepts.:
To overcome some of the shortcomings of the current schemes,
in sections (4.7 and 4.8),the theory of p-level linear shift
register sequences which possess impulse-like autocorrelation
with zero bias is introduced. Such sequences are named és tideal
sequences'. and in section. (4.9) some improved schemes for
uncorrelated signals, are broughtforth using transgormed ideal
as well as conventional shift register sequences,

The theory is developed in terms of sequences, signals are

obtained from sequences and represent continuous versions of the
respective sequences. 1
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4.3, THE SIMULTANEOUS USE OF SEVERAL PSEUDORANDOM BINARY
SEQUENCES IN THE IDENTIFICATION OF LINEAR MULTIVARIABLE
DYNAMIC SYSTEMS

4.3.1 Pseudorandom binary sequences ( PRBS )

In Chapter 1, it has been shown how to generate a
pseudorandom binary sequence using a digital shift register
with linear ( modulo-2 adder ) logic. For an n-stage shift
register, activated by a master clock of period t,, the
maximum possible length of the sequence is N =(2° - 1) €,
The mathematical theory of the maximum length or m-sequences

has been well advanced (Zierler 1959).

For present purposes, a pseudorandom binary sequence
( PRBS ) can be considered as an ordered cyclic sequence {c}
of binary elements ¢; = # 4, with corresponding levels +d,
In the sequence, there is one more + 1 than - 1, over a
period of the sequence, so that -
N

=z e, = 1‘("& “cow
i=1

eee (4.15)

Thus, the mean value of .the sequenée over its period
approaches zero as the value of N increases.

The autocorrelation function of such a sequence is

defined as

N
. 1 = e, c. cee .o .
Bl = N 4op & itw (4.16)
= 1, T = 0 mod-N
-£
= 5 € £ 0 mod-N
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‘Eqp. (4.16) indicates that several pseudorandom
binary seqguences can be simultaneously used as test inputs
for the éynamic analysis of a linear multivariab;e system,
provided that the period of the sequence N assumes a large
value ( in accordance with properties of test signals for
multivariable system identification ﬁy crosscorrelation as
stated in Section (4,2), properties a, b, and ¢ ). In
this context, the following possibilities asise—s mdy be Lonsidered:
(1) Sequences of unequal period,
(ii) Sequences of equal period,

1

(iii) Sequences, whereby the basic interval of one
sequence is twice of the other, and

(iv) Sequences with basic interval inversely proportional
to the period of the sequence, :. i

A discussion of each of these now follows :

4,3.,2 Use of several pseudoranaom binary sequences-of

unequal period : '

. Let {c} be a pseu&orandoﬁ‘binéry sequence ( PRBS ) of
period P with levels * «, and §d? be a PRBS of period Q
with levels ¢ «£ , satisfying the conditions in eqns.‘(4.15 and
4. 16)». The sequences jc} and §d? , therefore, meet with
the requirements of periodicity and impulse - like auto-

correlation. Further, the sequences can be considered

+



uncorrelated provided that the variance of the cross-

correlation between them over their common period is zero.

Since P and Q are uneé;ual, the situation may be examined

in the following cases :

Case (1) s Periods P and Q are coprime.

Case (2) : Period P = { @, where { is an integer.
Case (1) s
Here R = PQ becomes the correlation period. Hence,

the crosscorrelation function ﬁcd( t) is given by :

R

1
=y = ¢ d l' e e sse (4017)
R -1 T r+ T .

]

Bql ®)

C

= £ for all shifts.

The mean 'dcd of the crosscorrelation function over all

shifts is then

— : R
¢‘=£8¢ (v
d
& R'c=1_°d
"R R
= = . = = C.d

g2 &1 r=1

1 P Q
=3 ° 0 T c).p( =4
R =1 r=1

]



‘From egn. (4.15), this becomes

- _ ‘]:‘ . _ ‘ 8 |

2

Now, the variance c" of the crosscorrelation function
over all shifts is given by 3

R

o2 = L =[ 1° Lp.1°
N R ﬁcd('c) = ﬁcd
=]
2
R 1 1
- [Ro Rn 32] had [“ﬁ‘]
= 0 “ee cee (4019)

Hence, the sequences {c} and {d} whose periods are
coprime may be used as test inputs'in‘the multivariable
system., However, this case is not of much practical importance
due to very long -integratien time ( = PQ) involved. |

Example {4.1)
Consider the m-sequences {c} and {d} given by

fe}: 110,110,110, 110, 110,110,110, ...

with period P = 3.
{d¥s+ 1110100, 1110100,1110100, ...
: with period Q@ = 7.

Hence, the common period R = PQ = 21.



The coosscorrelation function ﬁcd( €) is ( from egn.4.17 );

I S |

And, using eqn. (4.18),
= 1 1
Poa = T = 21

2

Hence the variance o “ here is zero over all shifts

(eqn. (4.19)).

Case (II) : Period P = ?Q, 2is an integer.

Let {c} be a PRBS of period P andie}be another PRES
of period Q, both with levels #* 1, and where P = Pq, [is

an integer.

The crosscorrelation function'zﬁce( ©) is given by 3
p .

Bl t) = ne.e, . (4.20)
- . r=]

L

‘The mean féce of ﬁce( €) over all ghifts is s

P
- 1 , .
.. == =g (=)
LN 3 L N ] 4.
ce P o=1 ce“ (4,.21)
L P
= =, = e e
P2 p=1 3 T TFT
P Q
=53(zcr)~.é’(zer)
P =1 r=1

which, using egn. (4.15) becomes , B::e = %5 + (since £= p/q)



2

And the variance ¢-“ of the crosscorrelatipn function over

all shifts is written as :

4 2 - 2
= 4
o = Lz @ (o1 - [F 1
€=]
D P P
1 [ - 1
= = | = = = ¢, e e J -
p3 ©=1 =] t=1] f t rtT ttc 2 Qz
cee (4.22)
Summing with respect to <
02 P P 1
1 4
= = Z’cc ¢ (r—t)"'
p2 r=1 t=1 rtee Pz Qz
L P P Q+1£-1
= =3 = Zcgo [ = 8 PR E N
pe r=1 t=1 £ © Q m=0 r-t+Qm Q- P2 g2

as there are ¢ spikes of #.o{ ©) over the period P.
Simplifying the above equation, we obtain -

.
2 o a+1 2t B __

o_. = — t 3 »
[Pz & m=0 r=1 L r+gm

1 P P 1
- = = . cC -
P29 1 =1 °°C - p? Q%]
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Now, by summation with respect to r - .

2 Q+1 £-1 { 1

2 = g lam) - —— - -
PQ oo cCC P2 p2g2
£-1
Q-+ 1 P41 17, 2 1
PQ =0 P m P PzQ 92 Qz

2 Q+1rB+1 []-+ / 1
(o ud = - — .- s s 8 (4-23)

’ FQ P P P2 g p2g?

since Qm is a multiple of P only for m = 0 mod £.
On simplification, the final result is :

o2 - Q*tika+a-af - 1) cee eee (4.28)

Example 4.2 3

Let{ctand {e} be two m-sequences with repetition

periods P = 15 and Q = 3, respectively, given by

ict ¢ 11110001001101 0, ... (with period
P = 15)

i¢f ¢+ 110,110,110, 110, 1.10,...( wit? period
= 3

The crosscorrelation function ﬂce( ®) is 2

1 15
BT = — % o e
ce 15 r=1 r rs
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The mean #_, as obtained from eqn. (4.21) is s

~ 1
ﬁce = 15(3)
and, the variance o2 is ( From eqn. (4.24))
2 3+ 1L (15)(3) + (3) - (3)(5) = 1]
o = 2,12
(15) “(3)
ioe. ogm o= 0.26

As the variance over their common period is too large,

the use of such sequences as system inputs is not a promising

approach.

4.3.2(B) Use of several pseudorandom binary sequences -
equal periods

W
Let {c} and {c} ©be two sequences with equal period P.

£

Then, the crosscorrelation function ﬁcc*
P

= 1 * '
ﬂcc*( ﬁ) - -P-. rcfl cr CH © cos ess (4025)

(=) is given by :

Making use of eqn. (4.21) with P = Q, the mean ¢éc* is ¢

-
.

—

1 : o ‘
cc* ;’5 cee ¢ cnse (4t26)

Similarly, the variance o2 of the crosscorrelation

. function over all shifts is given by 3



' 1 B 2 2

2 _ = - p
e 2 huol’ - [l

e=1
which, utilizing eqn. (4.24) becomes 3
0“2 = p-1 + i - .]:__.
p2 = p3 pt
= (P% 4+ 1)(p-1) /pt cee cee  (a.27)

Example (4,3) :
Let the m-sequences under consideration be as follows :
fcf ¢+ 111100010011010, ... Period P = 15
ic*f ¢+ 111101011001000, ... Period P = 15

The crosscorrelation function Bl T) is then -

1 15
' ™ (v) = - X c_c*
cc 15 =1 r ;+'c

Now, using egn. (4.26), the mean value is :

B o =
ee 152

And by eqn. (4,27), the variance o2 over all shifts is

given by s
(226) (14)
0*2 = ——-——£Z—~ = 0.0624
(15)

i.e. o= = 0.26.
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4.3.2(C) Use of several pseudorandom binary sequences with
their basic intervals in the ratio of 1 : 2

Let fc} and §{£f% be the two m-sequences having their
basic intervals in the ratio of 1 : 2. In such a case, the

elements of { £} are given by :
fzr'"l = fzr = cr cee s s e (4‘.28)

The crosscorrelation function ﬁ—cf( ©) is given by :

2p
1
ﬁ (c) = ﬂc f *2 e [ 3% % ] (4‘29)
of 2p __‘lr I+ ©

'where P is the period of the sequence {c} .
Eqn. (4.29) may be simplified as :
P

1
T e
?cf( ) 2p m1(°2r-1 f2r—1+ T + c2r f2r+ T )
1 P
— —— z
2P ml( °2r—-1 °r+s+ c2r Cre c) e (4.30)
The mean value ¢cf~ is given by
- 1 2p p
ﬁ A 1 —— 5'-"! ( C) .v.n - "o e (4 31)
cf °
.Cf 2P =]

and the variance of .fécf( ©) over all shifts is given by

2P 2
2 _ 1 '
- F 3 [2e (2] - (B2 ... (32



Example (4.4) 3

Let jc § be an m-sequence of per:i:od P = 7,"given by
ic} ; 111010 6{ 111 9 100, ... (Period P = 7)

Then £} 3 11111100110000, ..., (Period = 2p)
From eqn. (4.29), the crosscorrelation function is

ﬁcf( T = o+ for © = 1, 7, 8 and 14.

- 3w

fore =2, 3, 4, 5, 6, 9, 10, 11,
12, 13.

and, the mean ﬁcf‘ obtained from egn., (4.31) is :

1 3 1
cf '1'24(77“) —10(77')

™, 1

4

(14)2 . x
2

Hence, the variance o “ over all shifts is ( from eqn. 4.32.)

0"2=

s [0 (0 + (a) (36)]= 5—"?---4
(14) (14)

i.e. oo = 0.25

Here too, the variance is quite large. Further, with many
inputs, the correlation period becomes prohibitively large for .
the use of such sequences. So much so, much attention has not

been given for this case.
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4.3.2(D) Use of several pseudorandom binary sequences in

which the basic intervals are inversely proportional

to the number of elements in the reggective sequences

~ Let {cl} and {czi be the 2 sequences with basic

intervals t1 and tz, number of elements P, and P, such that

1 2

Pty = Py

t, cee ces (4.33)
Although of practical interest, this case has been found to be
not promising as per the compiter results obtained by Cummins
(1964).

A more agttractive approach is to use several phase shifted
veréions of PRBS as inputs to the multivariable system, which will
be discussed in the following section.

4.4 USE OF PHASE-SHIFTED PRBS FROM THE SAME SOURCE IN THE
IDENTIFICATION OF LINEAR MULTIVARIABLE SYSTEM

4.4.1 (Method 1) BEvaluation of impulse responses between all

igguts and one output from a single crosscorrelation

The time autocorrelation function of a pseudorandom binary
éignal x(t), ( signal being a continuous version of the sequence)
over any period T = N{O, N=2"_ 1, Qhere to is the basic
interval, is given by -

1 - fg— for Izl <« to

B ()

XX

-1/ N otherwise cos (4.34)



If such a signal is used for a system impulse response
measurements, assuming the basic interval to to be very small
compared with the time constant of the system under test,
its autocorrelation function ¢xx(4e) can be approximated by a

series of impulse functions as 3

ﬁxx(c-s) ezK[/u('c-s)-#/u('c-s-T)
| | +/u(é:- s - 2T) +...] (4.35)

so that, the input/output crosscorrelation function is :

(% = K[h(e) +h(e-T) +h (&~ 20 +...](4.36)
which is a string of impulse response functions 'multiplied' by
K, the area under the autocorrelation triangular spike.

Further, when the test signal period T is made greater
than the system settling time ( as is usual ), the individual
responses of this string will not overlap. In such a case,
the individual responses can be treated as if they were the

results of several experiments.

This concept, together with that of the repetitive
impulse like crosscorrelation functions between phase-shifted
pseudorandom binary signals can be taken advantage of in
mﬁltivariable system identification to determine the impulse
response functions between;: éarious inputs and a chosen output

by a single correlation calculation as shown below -
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Consider a system with two inputs and one output. Let the
system be- perturbeé by two pseudorandom binary signals xlit) and
xz('c) » which are merely phased shifted versions of each other,
obtain from the same source. This' situation is depicted in
Fig. (4.2). '

The correlation function between the input signal xl(t)

and the output signal zl(t) may be written as : ( from eqn. 4.13)

T
feo (D =  [%n. (.8 _(x- slds
1% 5 b |
T
S
+ f h,,(s). ﬂxlxz( T - slds + g ()
0 1
' vee  (4.37)

Since the signal xz(t) is only a phase shifted version
of the signal X (t), the crosscorrelation between the two

functions ﬂxlx ( ®) has the same form as the autocorrelation
2 .

function of the signal x (t), i.e, (=), but has a negative

g
1%

phase shift the same as that between the signals themselves,

as shown in Fig. (4.3). If this phase shift is Jt o

éxlzl( ©) = K [hll( z) + hll( T - T) + hll( T - 2T) +,,

+ h21( T - ,(to) o+ h21( - Xto - T)
*hy (T - Kto - 2T)+ ...j ... (4.38a)

= K[ n (e +hy (2= fe) + by (® - 1)

+hy (© - fe - 2T) + ...J ~ (4.38)
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Thus, the crosscorrelation function Jﬁx 2 { ©) is a chain
171

of repeated pairs of individual impulse-response functions
hll( <) and h21( ©),multiplied by K, spread out along the

< - axis as shown in Fig. (4.3).

If ‘
h, (=) =0, for «© > At
‘ I ... (4.39)
and h21('c):-.'0, kfor «c>'r-;(t° X

the impulse;: responses will not overlap; and hence the
individual response functions can be seperated out from the
result of one crosscorrelation. Averaging over repeated pairs

improves the accuracy.

In principle, the technique can be extended to the
multiple-input / output system to estimate the impulse responses
concerning one 6utput and all the inputs from a single cross-
correlation calculation. But, the phase shifts of the inpuﬁ
pérturbatio_ns must be chosen carefully so that overlapping
of the respective response functions will not occur. Where such
a possibility is ruled out, the following parallel approach

may be considered.

4.4,2., (Method 2) Measurement of impulse responses using phase

shifted pseudorandom binary signals - parallel approach

In case, the settling times of all channels of a multiple

input system ( j inputs )are the same, then, the input (pfbs)



to the uth input channel can be delayed by Ntd/j relative
to the input to the (#~ 1) the input channel. Evidently,
the crosscorrelation function between any two inputs is the
same as the autocorrelation function of the inpuf but for the -
phase shift which egquals the difference in phase shifts of the
two inputs., And, the cﬁcsscorrelation function ﬁthv('t) for
O<gT < Nta/ j directly yields the impulse response h {( ©).

If the impulée responses of the system settle at different
times, interuchannelvdelay may be selected accordingly.

‘Several improvements have been suggested based on the

ébove ideas and these will be discussed in the next section.

5. USE OF TRANSFORMED PSEUDORANDOM BIN&RY SIGNALS IN THE
IDENTIFICATION OF LINEAR MULTIVARIABLE SYSTEM

5.1 Use of inverse-repeat sequences for a 2-input system

A sequence {g} obtained by multiplying the elements
of a pseudoranaom binary sequence i{c} of period P
alternatively by -1 and +1, is called an 'inverse-repeat

sequence', The elements of 9} are therefore given by :

_ r
gr - ("1) cr sse . A ee s (4040)
Clearly, the period of {g} equals 2P, Further, the sequence
fg? is such that its second half is the negative of the first

half. This antisymmetric property leads to zero crosscorrelation
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between the sequences jcj and fg} over all shifts = in the
period 2P.

The autocorrelation function of jgt is s

2p :
1 (-0, e (-7 ®.c
g (e) = = £, r o+ T
g9 ®
= (-1 T g (o) (4.41)

Thus, over the period 2P 3

= s =0
iégg( ) 1
= "1 s Q:‘.‘P
~-1./P .o c=2m m=1, 2, ..
= +1/P .e e =2m%1, m=0, 1, 2,.. (4.42)

Hence, if the period P is considerably large, and the
system settling time is less than the period of the sequence {c}
the two sequences may be used as inputs to a 2-input system,
whereby the measured crosscorrelation function for values of

© less than P will give the impul:se responses directly.

For a system having greater number of inputs, the following

method may be made use of.

4.5.2 Use of transformed pseudorandom binary sequences for a
multiple input system dynamic analysis

In Section 4.2, it is shown that the crosscorrelztion

between two m-sequences of periods coprime to each other is

zero over their common period. Based on ihis principle, for a



system with many inputs, it is possible to fomrm several
uncorrelated sequences ( transformed pseudoranddm binary
sequences ) from a given pseudorandom binary sequence by the
use of Hadamard matriceé and Rademacher functions as discussged

below.

Consider a pseudorandom binary sequence fc} of périod P.

Let {di} be a sequence, the elements of which are given by-

Ay

di,r = bi,rcr cs s eeco . (4¢4‘3)

where ¢ are the elements of fe} , and b
r i, r

of sequence fk;} of period Q@ ( P and @ are coprime ),

are the elements

- The crosscorrelation function between two such sequences

{4;3 and §4,% over the common period Pg is s

%, (o L 2
: (o = g
‘lv ’ PQ rz___l diar dV, (r ‘l"a)
PQ
= L T bp b _
PQ r=1 ip rcr V’,r‘fv T cr.‘. ro “s e (4:44)

By considering the period PQ as P sums,\each of length Q,

eqn. (4.44) can be shown to be 3

P-1 Q
R ( ko] — -!'.... ._],;
‘f’a.v ) P t:. bit Py, t4 & 2 F ol

Eiv'(-c) B ) eee  (4.45)
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In order that the sequences {d,} be used as test signals
to the multiple input system, it may be mow said that the
crosscorrelation function between the sequences {bii and {b_}

namely, Fiv( ©) should satisfy the following requirements :
Fi300 = 1

Fiv( C) = 0' 1 = V ' LR A 2 LR 4 (4'046)

This conditions can be satisfied provided that the
sequences § biis are chosen from the rows of Hadamard matrix

of order Q as shown below :

An.Hadamard matrix ( Baumert, 1962), is a square matrix
whose elements are 1s and -1s and whose rwo vectors are mutually
orthogonal (equivalently, whose column vectors are mutually
orthogonal). From this definition, it is ciear that one may

(1) interchange rows

(2) interchange columns

(3) change the sign of every element in a row
(4) change the sign of every element in a column

without disturbing the Hadamard property. Using these operations
it is possible to establish a@ nomal form for Hadamard matrices
by insisting that the first row and they first column contain
only is. Hadamard matrixes exist for pQ = 1, 2, and most ]
multiples of 4. Particularly simple méthods of construction are

available when Q = 2k ( X being an integer), when the rows may
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taken as Walsh functions (Hendersop 1964) and, in such a
case, (k 4+ 1) of the rows are Rademacher functions (Handerson
1964), the crosscorrelation between which is zero for all

shifts. (For a 2° x 2* Hadamard matrix of ‘standard form, rows

0, 1, 2, 4.,. 2P .., k-1 are Rademacher functions), This
means that, for sequences{dj} formed from sequences {bj} ’
which are Rademacher functions of length zk, in the manner
indicated in egn. (4.43), the crosscorrelation function
ﬁij('b) over the périod ZkN will be zero for all values of <.

This is a useful point.

The Hadamard matrices of order 2, 4 and 8 are given

below :
row ) row
0 [1 ; 1} o [ 1 1 1 1]

1 L1 -1 1|1 -1 1 -1
2 | 1 1 -1 -1
3 L1 -1 -1 1]

row

of 1 ¢} 1 1 1 1) 1 1 1 1]
—t— )

I ST R | ' 1 -1 1 -1
2| 1 1 ; -1o-1 ! I R |
3|01 -1 -1 1)1 -1 -1 1
4| 1 1 1 1 .:~1 -1 -1 -1
511 -1 1 -1 | -1 1 -1 1
6| 1 1 -1 a1 g -1 1 1
A S R S 1 1 -1




The dotted lines indicate how the matrix of order

2 may be built up from the order -1

. The signals for
the 2--inpﬁt system discussed in section (4.5.1) are pbtained
using the Hadamard matrix of order 2. For the matrix qf
order 4 and 8 the sequences {b,} | (rows of the matriz) have
autocorrelation and crosscorrelation fungtions as set out
in Table 4.1 and 4.2,using these values and substitutinﬁg in
eqn. (4.45%), the autocorrelation and crosscorrelation
' functions of the sequences {d;} are as shown in Table (4.3
and 4.4), It niay be noted here that the sequence id_t .is
the original PRBS {c} repeated four times,

Table 4.1 |

Autocorrelation and crosscorrelation functions of
the rows of a 4 x 4 Hadamard matrix - the sequences

fo} . fbb , by} , and iby}

Correlation Shift <

function 0 1 2 3
Fo(®) 1 1 1 1
r-'ll( ) 1 -1 1 -1
F22( ) 1 o] -1 0
F33( ) 1 0 -1 0
F01( <) 0 0 0 0
Foz‘ <) 0 0 0 0
Fos( ) 0 0 0 0
Flz( <) 0 0 0 0
F13( ) 0 0 0 0
F23( ) 0 -1 0 1




Table 4.2 3

Autocorrelation and crosscorrelztion functions of the
rows of 8 x 8 Hadamard matrix - the sequences ¥b°§ to {b&}

Correlation - Shift ¢

function 0 1 2 3 4 5 6 7
F (% 1 1 1 1 1 1 1 1
Fll( <) 1 -1 1 -1 1 -1 1 -1
Fzz( ) 1 0 -1 0 1 0 -1 0
Foa( ) 1 0 -1 0 1 0 -1 0
Faul ©) 1 0.5 0 -0.5 -1 -0.5 0 0.5
Fge( ©) 1 -0.5 0 0.5 -1 0.5 0 -0.5
Fool © 1 =-0.5 1 ~-0.5 -1 -0.5 0 0.5
Foo( @) 1 -0.5 0 0.5 -1 0.5 0 0.5
Fm( T)to 0 0 0 0 0 0 0 0
Fe.?( )

Fiol®) to 4 - 0 0 0 0 0 0

F17( )

F23( ) 0 1 0 -1 0 1 0 -1

Fapl® to 4 0 0 ) 0 0 0

Fon( )

Faal® to 4 0 0 0 0 0 0

Fun( <)

Fu5( ®) 0 0.5 0 0.5 0 -0.5 0 -0.5
Fael T 0 0.5 1 0.5 0 -0.5 -1 -0.5
Fyq( ) 0 -0,5 0 0.5 0 0.5 0 -~0.5
Fgel ©) 0 0.5 0 -0.5 0 ~0.5 0 0.5
Fgo( T) 0 -0.5 1 -0.5 0 0.5 -1 0.5
Fg,( ) 0 0.5 0 0.5 0 -0;5 0 -0.5
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4,6 USE OF 3-LEVEL PSEUDORANDOM SEQUE/NCES FORMED FROM PRBSS

IN THE IDENTIFICATION OF MULTIVARIABLE SYSTEMS

This section deals with the formation of 3-level pseudorandom
sequences from the conventional pseudorandom binary sequences,
which may be used as test signals in the multivariable system

dynamic analysis.

Let {c} be a pseudorandom binary sequence with elements
+1 and 0 and is of period N, Then, the antisymmetric difference
sequence fa} formed in accordance with the following

equation 3

1 r
a R O -
r 2 ( 1) (cr cr—l) L} * e LR 2 (4. 47)
is a 3-level sequence with elements +1 and 0, Since N is odd, fa}
has period 2N, while its second half is the negative of the
first half.,

The autocorrelation function of fa} is given by :

3 4
aal @ = om Z [50Te, - o FenTHe

'(cr-l- z " Cro14 4:)]

il

« E7 cc - -
( crcr-1+ =] cr-lcr-i* T

* Cp 1% 14 e )

1 o
2;(-—1)’b [, (o -8 (=1 - g, =) ]
' ceo (4.48)



This gives
1 N+1
= o = = 4 mod 2N
ﬁaa(e) 4 N ! < *1
= 1 N1 , ®©= 0 mod 2N
2 N i ;
= - 141 o= (N4 1) mod 2N
4N f ] —
= - 1N+ , ©= N mod 2N
2 N
= 0 for other cases . e eees (4.49)

Hence, the antisymmetric 3-level sequencev{a{ exhibits
pseudorandom properties. Al s0 ¢ac(-c) is zero for all © (over:
the period 2N). The continuous autocorrelation function of the
signal corresponding to {a$ is shown in Fig. (4.4). The

" positive and negative spikes about © = tho, k being an
integer, are of double the width and épproximately half the
amplitude of those of the autocorrelation function of the

signal corresponding to i¢} . This drawback could be compensated
by careful choice of the basic interval to of jcf with respect

" to the system time constants.

With the signal corresponding to {a$ as the system input,
the impulse response may be obtained directly from the measured

input-output correlation function, if the system settling time

is less than Nto. ‘



(N"l)to (H'”)tO
(n-23¢, l Nt (N+2)T,

— . — . —

S
(an-2) %o l Qﬂtof (2N +2) T,
(aN-Dt, (ANt Lo

FIG. %4 AUIDCORRELATION FUNCTION OF SIGNAL CORRESPONDING
70 THE ANTISYMMEZRIC DIFFERENCE SEQUENCE {al

|
N

—— | I
to } (W-Dt,Nto  (W+1) 2,

|

! -t (8/45)

A [ e |
o

FIG.- 45 (a) AUTOCORRELATION FUNLTION OF 2-LEVEL
M- SEQUENCE SIGNAL

23 2.3’”
\ 377 AN
| it |
{ (g-nto | (Ber)to |
-ty 0 to "i IT h}o W2,
__“?_;3_774
37 4

FIG. 4-5(8) AUTO CORRELATION FUNCTION OF
3-LEVEL M- SEQUENCE SIGAAL




- An example showing the formation of the ternary
sequence jat from jc} (formed in accordance with eqn. (4.47),
where jc} of period 7 bits generated from a 3-stage binary
shift register with feedback from second and third stage is
shown in Table 4.5

Table 4.5

[ 1]

2-level
m-sequence ic} 1 1 1-1-1 1-1 111-1-1 1-1

W e W W W e R e R ek SR MR W NP e MR e G A eme AR e e S e SR e e

fct shifted by -1 -
one digit -1 11 1-1-1 1 -111 1-1-11

- e e e wes  mem WK W e we e e GRS M W G el e e P W G G W M e e e e e

- antisymmetric
difference
sequence {a}

-1 0 0-1 0 1 1 100 1 0-1-1

In fact, the concept gf the antisymmetric difference
sequence fa} can be extended to formulate additional uncArrelated
system - input signals in a similar manner to that described
for a PRBS in section (4.5.2), by multiplying the difference

.sequénce whose elements are %(cr - cr-l) by the rows of a
Hadamard matrix and appropriately increasing the integratién
time. The autocorrelation function of such a sequence may
be determined from the autocorrelation function of the

difference sequence making use of egn. (4.45),
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4.7. IDEAL PSEUDORANDOM SIGNALS AS DERIVED FROM LINEAR SHIFT
REGISTER SEQUENCES FOR USE IN SYSTEM IDENTIFICATION BY
CROSS~-CORRELATION

4,7.1. Statement of the Problem

- 80 far, in this chapter, the current status of the cross-
correlation art in the linear multivariasble system identifica-
\tioh is discussed. Schemes have been studied for uncorrelated
system input signals with autocorrelation functions
approximating to delta functions for use in the dynamic
analysis of multi-input/output sysGems by correlation method.
So far, both two-level and three~level signals have been

considered for the purpose.

With regard to the schemes studied thus far, some points

of concern in the present section are the following :

1. In the schemes employing pseudorandom binary test
perturbations, effort has not been méde to compensate
the bias present in the autocorrelation function of the
binary signal (Fig. 4.5a). Although the error due to
the bias effects vary inversely as N ( Nt  is the period
of the signal, to(being the basic interval ), it cannot be
made suitably small by choesing N large because the mean
Square errors due to wide-band noise are proportional to N.
4s a result a correction to the results must be made,
based on measurement of input/output cross-correlation
function over regions of its argument where the system
we;ghting function is expected to be negligible, However,
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in case the noise in the system is much significant,
the estimation of bias should be made using several
independent values of input/output correlation functions.

2. Further, in schemes making use of ternary pseudorandom
test signals, the system settling time should be less
than half the period of the signal., This is so because
the ternary pseudorandom derived from the linear shift
register m-sequence exhibits a negative spike in its
gutocorrelation for the lag ® = T/2 ( T being the
period of the signal ) due to the antisymmetric property
of the m-sequence., (Fig. 4.5b). Thus the negative spike
at the lag © = T/2 puts an upper limit to the use of
the entire period of the ternary signal.

So much sb6, in the estimation of system weighting function,
(i) to eliminate bias errors associated with conventional
pseudorandom binary signals, and (ii) to make use of the
entire period of the ternary signals, it is necessary that
their autocorrelation function be of the form shown in
Fig.(4.6b) which more closely approximates to that of the
white noise ( over one period of the signal ) (Fig. 4.6a) as
compared to their respective conventional counterparts. In
practical temms, such an autocorrelation function may be termed
as ideal autocorrelation. Accordingly, the signals which

possess such an ideal autocorrelation may be called ' ideal
pseudorandom signals.

This section is meant -
(i) to obtain the condition for a linear binary m-sequence
to possess the said ideal autocorrelation, and ‘
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(ii) to derive a simple criterion to determine when a
linear p-nary shift register sequence ( p > 2 and
prime ) exhibits ideal autocorrelation,

Some interesting properties of the p-nary shift register
sequences having the ideal autocorrelation are also broughtforth.
It needs no mention that such ideal sequences will be better-
suited for system testing by cross-correlation. The use of
these ideal sequences in the dynamic analysis of multiple

input systems will be presented in the subsequent section.

The theory is developed here in terms of sequences.
Signals are obtained from the sequences, and are held, during
the interval ( £ - 1 )toé t < rt ), at a constant level
determined by the rth element of the corresponding sequence
( t, being the basic interval or the clock pulse interval,
of the signal ). Thus, the autocorrelation function of any
particular sequence jic} 1s discrete, and the autocorrelation
function of the corresponding signal is continuous with
values at integral multiples of to given by the cofresponding
values of the sequence autocorrelation function and being
linear between these points. (See Figs. 4.6b and 4.6c). Similar
relationship exist for cross-correlation functions between

different signals and between different sequences.
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4.7.2. Ideal Pseudorandom Binary Sequences

Consider a pseudorandom binary sequence ic} of

N (=2"- 1, n an integer ) digits, having N 4 1, digits

N -

in state 1 with o 1level and 1 gigits in state O with

level in one period. For any delay < , the value of the

autocorrelation function gcc( R) is :

1 N-1
ﬂcc( @) d -N- ‘s Ci Ci+ ‘t ses se e (4‘. 50)
i=0

Thus, Ng__( @) is the algebraic sum of N tems of the product
sequence {c; ¢, .} each term of which being either o 2 or p2

of ol p depending on the aligning digits in feyb and fe., . ¥ .

i+ ©
Since {ci + wtis only a shifted version of the original
sequencé ic 1} . there are three different combinations of the
aligning digits in the product sequence, viz. (1,1); (0,0); and
(0,1). We assume here that the order is unimportant and hence

the combination (0,1) is not different from (1,0).

Let the number of occurances of these alignments be denoted

as follows -

L =

11 = Number of (10 1)

0,0 = Number of (0,0) ) ve (4.51)
L'o,l =  Number of (0,1)

These definitions mean that, considering only 0 s © ¢ N-1

Pocl® = oL () +p%L (o) + 2epL () .. (4.52)
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Since a pseudorandom binary sequence ( m-sequence )
possesses the 'shift and add' property, it may be noted that

| Lll( T), Loo( ) and ‘5'1( @) ‘are independent of the lagZ# 0,
their 'values in one period of the sequence (Nto) being given \
by -

L - N 4+ 1
1,1 - 4
N + '
0,0 = 4 1 -1 : ves so s (4-53)
L O N+1
0,1 2

Hence, the value of the autocorrelation function of the

sequence 3c} becomes : .

= _i N+ 12 z. N-1,2
~¢kc( T 0) = N [ -§—-t£ -+ “*5-ﬁ’ ]

i

= K, ( constant ) |, cee (4.54)
1 +N N + N '
¢cc('c’é°)=§[""‘§"ld2+ (""-4-!"-1)/32-———3-3‘-“/3]»
= K ( constant ) ee. (4.54b)

In the above equation, unless N assumes a very large
Value, K is not zero and this bias in the autocorrelétion
spoils the noise-like feature of the sequence ( i.e. of the
corresponding signal ).
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Now, let an ideal pseudorandom binary sequence § c't be
defined as one, the autocorrelation function of which consists
of a series of impulses of strength, say K, (= ﬁc.c.(yc = 0))
spaced by the signal repetition period T = Nto » with zero
off-peak value. |

In accordance with this definition, for an ideal sequence %5’
we may write -

It -~ mP|

%

g

), if |® - mT} <« t

_ m an integer
= 0 , for other values cos (4.55)

Such an ideal binary sequence can be realised from the
conventional sequence {c} provided the levels corresponding

to its states, viz, ol , 2 have the following relation -

d = (1 + ——"2”'/3'.") o see
e

and the autocorrelation function of the ideal sequence for

(4.56)

zero shift then becomes :

2 .
=21 s vFTT ) 2. (4.57)

g F(1 %

ctcn('c"—'o)

As N assumes very large values, the autocorrelation function
for zero shift takes the value 3 2 ,
Thus, by proper adjustment of the levels o and B, it is

bossible to realise an ideal pPseudorandom binary séquence. In



$362:

In order to limit the mean and peak to peak value of the
signal, the negative sign in the eqn. (4,56) is preferable.
The ideal pseudorandom binary sequence as generated by a 4-
stage linear feedback shift register ( fsr ) along with its
autocorrelation function is shown in Fig.  (4.7). Setting

A= 1, the value of o, and the mean-and mean-squared values
of this ideal sequence are given in Table 4.6, for values

of n from 2 to 16, n being the number of stages in the binary

fsr generating the sequence.

Table 4,6

n N=2%1 o e of g (0)
2 3 ) - 0.33 0.33
3 7 0.29 - 0.26 0.48
4 15 0.50 - 0.20 0.60
5 31 0.65 - 0.15 0.70
6 63 0.75 - 0.11 . 0.77
7 127 0.82 - . 0.08 0.84
8 255 0.86 - 0.06 0.88
-9 511 0.91 - 0.04 0.92
10 1023 0.94 - 0.03 0.94
11 2047 0.95 - 0.02 0.96
12 4095 0.96 - 0.01 0.97
13 8191 0.97 - 0.009 0.98
14 16383 0.98 - 0.005 0.985
15 32767 0.99 ) 0.989
16 65535 0.99 ) 0.999




T ]l

——ﬁto{*—

(R TIME-VAR/IATION OF BINARY SIGNAL GENERATION

L A

| ) B L LEVEL CHANGER

(b) DIGITAL SHIFT-REGISTER GENERATOR
OF PERIDDIC /1OFAL PPBS.

¢ (7)

xac

LA

¢, -t 7Trié, —— T

o

I

(C) AUTO-CORRELATION FUNCTION FOR M= 4

-ty

FIG. %47 1DEAL PSCUDORANDOIM BINARY SIGNAL
G ENERATION




2363:

4.7.3. Linear P-nary Shift Register Sequences with Ideal

autocorrelation ( p > 2 and prime )

A simple criterion is derived here to determine when
a linear p-nary ( p » 2 and prime ) feedback shif£ register
sequence possesses ideal autocorrelation function like that
shown in Fig. (4.6b). Such an ideal sequence, when used as
test perturbation in system-testing by cross-correlation (
facilitates the use of full period of the sequence unlike

a p-nary m-sequence.

Consider a sequence {fi} = £, £, £

11 2, «ow M“'J.: ee e

of period M digits where £, ¢ (o, + 1, % 2, ... , + P ; ,,

from a linear p-nary feedback shift register ( fsr ).

The autocorrelation function of this sequence is defined

as

£

M
Mﬁff( T) =
i

oM

1
0 ifi+ c LR N 3 LA N ] (4.58)

This means, for any time lag ©, the value of M ¢ff('&) is the
algebraic sum of M temms formed by shifting ifi} relative to
itself and obtaining the product of the corresponding aligning

digits. Let this product sequence be denoted by {fi’} i.e.
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¥

;fi? f°7 f17 fzi cesewre, fM-Z) fM—l

{fi.‘, cf s fQ’ fc+1' fc+2) LI 2 f@_z) f’c-l
ifﬁ#f{fimg POEWOED £5 o eeeeen, £ o £

Evidently, a temm fia(o £ 1 £ M~ 1) in the product
'sequence if # will be positive or negative depending on

whether the aligning digits are of same or opposite sign.

Let 's' be a posmtiVe integer which assumes any value

in the range 1 to 2 ; 1 .

In view of the formation of the product sequence

we see that the following combinations occur :

(0,0 : (0, 8 ; (0 . s%) % Here -~
(s, 8) ; (s*,a™) ; (s = #s -1
. X r,s (112'-00 —=)
(T, 8 7 (e 5 (x, o Y 2
x St = 3 Y]
X % = _r

We assume that the order is uminportant and hence there is

no distinction between the combinations (r , s) and (s,

Further, let Aij denote the number of occurances of the
alignments (i , J) i.e.

hid = Number of alignments of i,75) ... vee (4.59)
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Now, from eqn. (4.54), the autocorrelation function of the

sequence {fii is =

Mal
el ®) = B Hf, o
M-1
= = f!
i=0 *
= Dl“‘Dz L E X o0 ‘ooo (4.60)
whereby
Dl‘ = algebraic sum of all positive integers in the

product sequence ifj'_}, and

U
]

2 algebraic sum of all negative integers in the
“ product sequence § £1%

Hence, the necessary and sufficient condition for the

autocorrelation function to be zero at the lag © 4is that :

Dl = D2 L s L3 s veo (4'61)

which implies thai'; -

. [ = integers formed from the alignments A s

)\rs and )‘r*s*]

s '/ As*s* ’

=[z integers formed from the alignments

A SS* and }rs*j LR L (4062)



Now all the possible alignments stated above may be classified

as under s 3

Asg + Agege -—- Alighments of digits with equal value and
‘ same sign.,
ss* —— -~ Alignments of digits with equal value and
' opposite sign.
A

rs ! )\].:* gv —— Alignments of digits with unequal value
; and same sign.

>‘r S . _. Alignments of digits of unequal value and
opposite sign.
From this classification, autocorrelation function & £ f( )
of the sequence {fi} will be zero at the lag % provided

that the product sequence satisfies the following requirements :

(1) A;553 + 7‘5* w = ASS* (ggﬁtga():h s considered indepen-
Y (4.63)
(ii) '\rs + hr* gt = Ars* (for each combination r:,s )
i,e. let s = 1, 2 and s* = -1, =2 then
A A = A
1,1 % L. 1,-1
A by =
2,2% 23,02 A, =2
A A =
1,2% 04,2 )},-—2

\

‘Thus, a linear p-nary shift reéister sequence which satisfies

the requirements in Eqn. (4.63) possesses an ideal autocorrelation

function of the form depicted in Fig. (4.6b). »



In Chapter 3, the theory of multilevel shift register
sequences is presented in same detail. It has been shown
that the sequential behaviour of a linear shift register
depends on the nature of its characteristic polynomial.
When this polynomial is primitive modulo-p, an n-stage
shift register generates a sequence of the largest possible
period equal to pP - 1 digits and is accordingly called as
m- Or maximal sequence. However, in case of an irreducible
nonprimitive polynomial, several sequences of equal length
will be generated. This of course implies that the 16ngesh
sequence of such a polynomial is of length Eﬁzlnl digits.
Finally, when the characteristic polynomial can be factored
into irreducible polynomials, a number of sequences with

different periods will be generated as per the factors.

In the correlation method of system identification, the
test sequence period should be greater than the system settling
time. For this reason, shift register sequences with larger

period only are of current interest.

A p~-nary m—éequence, for prime values of p » 2, has its
second half as the modulo-p complement of its first half. This
is known as the antisymmetric property of the seqpence. as
such, in one period, the autocorrelation fuhctien of an m-

sequence will be zero for all values of its argument except



n

s - 11!
when the value of the argument equals 'Q' and - B 1

Hence, m-seqguence do not meet the requirements of the
ideal autocorrelation as specified in eqn. (4.63). &s an

illustration, a quinary m-sequence is examined as shown

below 3

Example 4.5 :

( Test for zero autocorrelation at nonzero time-shiftsg)

Characteristic polynomial - _
of feedback shift register ) 4+ 2D + D% (mod-5 addl§i°n)

( This means modulo-5 sum of outputs from stages 1 and 2
multiplied respectively by the coefficients 2 and 1
provides input to the 1st stage of the fsr ) -

Quinary m-sequence, sayi{ff : .., 242230121140313320434410,..

( In determining the autocorrelation function of the
m- sequence ifli the states 0, 1, 2, 3, 4 are taken to
correspond respectiyely to levels 0, 1, 2, -2, -1.%his
correspondance makes the signal derived from the
sequence symmetric about the &ero level ).

Autocorrelation function of the above quinary m-sequence {f_}

1
is given by :
1 23
= == n 2
Be g (®) = 53 = £y £ ien , (Here p" - 1 =5%_.3
171 i=0
= 24)

Results of the m-sequence are given in tabulér form
on the next page. |
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As p-nary m-sequences do not exhibit ideal autocorrelation,
it now remains to be seen whether a nonmaximai sequence has éhe
desired autocorrelation. Since the present concern is with
sequences that afe of use in system ideﬁtification, we examine
onlylthe longest nonmazimél sequences generated by a shift
register with an irreducible nonprimitive characteristic
poly’nomiai. i.e. the sequences with period .1??:5'& digits.

Table (4.7) gives some such irreducible nonprimitive poly-
nomials and the sequences generated by corresponding shift
registers for values of modulus-p from 3 to 7. A close look
at the sequences reveals the following -

1. Sequences with period ngi even exhibit antisymmetric
property ( e.g. sequences under serial numbers 1, 6, 7,
8, 9, 10, 11 ) and hence these cannot satisfy the
requirements for ideal autocorrelation. It may be noted
here that, since §2:£ is always even for any n, ho

2
- sequence associated with a quinary polynomial will have
ideal autocorrelation.

2. Further, on testing:seqguences with period P'-1 oaa are
seen to satisfy the requirements for ideal ° autocorrela-
tion as specified in egqn. (4.63), ( Sequences under
serial numbers 2, 3, 4, 5 and 12 ).

The results obtained in case of (i) a ternary sequence
and (ii) septenary sequence are given in Tables (4.8) and (4.9).
And in what follows in the next sub-section are given

some interesting properties of such ideal sequences.



Table 4,7 s Some irreducible nonprimitive p-nary linear
feedback shift register characteristic
polynomials having exponent pn—-l

2 n
Form of characteristic equation of the fsr : + = aiD ifi} =0
i=0
whereby -
'+! denotes modulo-p addition,
‘a; (modulo field of integers 0, 1,.. p-1),
= p \_ 1,

z: ay ot is the characteristic polynomial with 'D' as the
i=0 Unit delay operator, and
ifiz is the generated nonmaximal sequence of period p 5 -1

shift pulses.

‘sr. | Polynomial Nonmaximal sequences period
N°0 p fi
1 3 2+ 202 (i) 1122, ... repeats 4
(ii) 1020, ... repeats , 4
2 3 24D0%+0D3 (i) 1112201210010, ... 13
(11) 2221102120020,... . 13
3 3 24 20+ D° (i) 1110100121022, ... 13
(ii) 2220200212011, ... 13
4 3 2+ 20 + 20%0° (i) 1112110012020,... 13
(ii) 2221220021010,... 13
5 3 24D+ D%+ D> (i) 1110202100112, ... 13
(ii) 2220101200271, ... 13

(continued)



$372:

ar.
No.

Polynomial

Nonmaximal sequences period
£
i

2+ 2D + 2D2+2D4 (i)
(ii)

2 + 202 + D3+20% (1)

111101102000120112002222 40
22220220100021022100, ..

11002012101012221121 40
22001021202021112212, ..

11112212202022201001 40
22221121101011102002, ..

11000201202121002210 40
22000102101212001120, ..

R e me S mm MR AR G st s SR A A W G GED AR WP W WIS MR e AR W G M W W e e

10

11

6 + D+ 302 (i)

6 + 302 + 6D° (1)

143324412231,... 12
130340420210, ... 12

1112204320334144134340412400103 62
4443301230221411421210143100402, ..

2224403140113233213130324300201 62
3331102410442322342420231200304, ..

W G AE AR W AR e SR AR MR W M mm WR MR WS G GV BE G M W e e T WER AR A me ww e

114055604420663022103350, . .. 24
431361512545346416265232, ... 24

111443203460655165013213614031
610020441236344021463644626222
116406150533253026426521062520
040112465611042156511545444225
105230366436045145342054340010
224153522014235322313, .. 171

(1i) 666334504310122612064564163046

160050336541433056314133151555
661301620244524051351256015250

030665312166035621266232333552
602540411341032632435023430060
553624255063542455464, .. 171
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Table 4.8 : Test for ideal autocorrelation in the case
of the nonmaximal sequence given in Table 4.7
with serial No.2

Let this sequence 3 1112201210019,.. of period 13 digits
be denoted byifé.

In the evaluation of the autocorrelatioﬁvfunction of a
ternary sequence, the states 0,1 and 2 are respectively
taken to correspond to the levels 0, 1 and -1. This
corraspoﬁdance makes the signal derived from the sequence

symmetric about the zero level. So we write ifzi as -

ffzi: 111-1-101~-110010,... repeats

{
4.0 13
Lagt in A A A . S 1
pt - 71,1 ~1,-1 -1,1 .6 (V) == 2 £, £, .
digits ¢ ’ ¢f§f2 13 i=0 2’;‘11 PR (o]
n-1
© =0 6 3 0 13 (=2 = 3
3°-1
t= 1,3,4, 2 1 3 0
9,10,
12
=256, 3 0 3 0

* In the sequence ,3fz; the runs of the p-nary digits

© viz., 0, 1 and 2 are unequal. Evidently the sequence f£,
satisfies the requirements for ideal autocorrelation as
specified in eqn. (4.63). In Table (4.9) a ternary sequence
having equal runs for all the p-nary digits is exémined.



Table 4.9 : Test for ideal autocorrelation in case of
the nonmaximal sequence given in Table 4.7
with serial No.4

Let this sequence : 1112110012020,... of period 13
digits be denoted by §f3¥ .

As before, in the evaluation of autocorrelation
function, the states 0,1,2 are taken to correspond to levels

0, 1 and -1 respgctively. So we write §f3} as -

553?3 111-111001-10-10,.. repeats

Lagc in 2 A A _ 1 13
digits Ll shel mLd B (0) =93 E 55,85, 0e
n-1
9 2 x3
T =0 6 3 0 (= 2
13 3n_1
©=1,3,4 3 0 3 0
9,10,
12
e =256 2 1 3 0
7,8,11

* Evidently the sequence ff3} meets the requirements for .
ideal autocorrelation as specified in eqn. (4.63). It may
be noted that the sequence §f3} has equal runs for all
the ternary digits viz. 0, 1, 2 unlike {fzi(Table 4.8).

We may, therefore, classify the ideal sequences :, into
2 groups - (1) sequences in which the total number of runs
are equally distributed amongst all the p-nary digits

(0 to p - 1) and (2) sequences in which the runs of digit are
unequal.
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4.7.4 Properties of ideal linear p-nary shift register

sequences
T S adm—

From the results of the previous sub-section (4.7.3),
some properties of p-nary linear shift reglster sequences
possessing ideal autocorrelation function are broughtforﬁh
here as under :

It is convenient to take the p-levels corresponding to
the p-states viz. 0,1,2,.., p-1as 0, 1, 2,..., 55, - B,
- 2:3 ';.' -2 , -1, Such a correspondance makes the signal

2
derived from the sequence symmetrical about the zero-level,

Let -

s ¢(1, 2, ..., E%i )

t}\&”} S*E ('-'-1, ""2).- - )

o}

1. For an n-stage shift register, the length of an
n
p -1

[

ideal sequence is

shift pulses. A shift register

' whose characteristic polynomial is irreducible and nonprimitive
n
with exponent P 2" 1 generates two such ideal sequences,

provided the sequence period is odd. These two sequences

are modulo-p complement of each other,

2. If any n consecutive digits (0s, 1s, ... p~15) are
considered as a P-nary number between 0 and pn - 1, then in

one period of the ideal sequence one half of all the P-nary
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numbers in this range appear once and once only, except

the all-zero state which does not appear at all.

n-1
3. an ideal sequence contains in its period 2-54:~l

zeros.

4. The number of p-nary nonzero n-tuples appearing in

an ideal sequence equals' P ; 1 . The all-zero tuple does not

appear just as in a p-nary m- seguence,

3. The non-zero digits, whose n-tuples have appeared

in the sequence, are equal in number.

6. If 'A' denotes the number of any nonzero digits
whose n-tuples has occured in the sequence, and if 'B' denotes
the number of any nonzero digit whose n-~tuples has not

occured, then -

A - B = p, the value of the modulus{p prime)

7. The total number of runs of all the p-nary digits
(o, 1,'2,.., P - 1) in one period of an ideal sequence equals
the difference between the total number of digits in the
sequence and the number of zeros i.e.

el n-1
Total No. of runs = P -1 p -1

2 2

(p - 1) (™Y
Lip




8. Every p-nary nth degree irreducible nonprimitive

n
characteristic polynomial with exponent 51-€%¥£ , for

n «
P ; 1 0dd, generates two ideal sequences. One of these

has equal number of runs for allxits p-nary digits. But,
in the other the number of runs of nonzero digitgd differs
from the number of runs of zero digit by one. Based upon
this consideration, the ideal sequences for given p and'n

can be classified into two types -

Type - 1 ¢ Ideal sequence with equal number of runs
for all its p-nary digits ( in one period ). Hence —.the
number of runs of any p-nary digit is given by :

n-2
(p - 1) (p™%) . (Total No. of runs )
2 h P

Type ~ 2 3 Ideal sequence wherein number of runs of

any nonzero digit differs from the number of runs of the
zero digit by one. Thus -

No, of runs of a nonzero X

digit whose n-tuple has = No. of runs of0s + 1

appeared in the sequence n-1 -
=E.....2._..;_.2.,.1

No. of runs of a nonzero [ No. of runs of zeros -
digit whose n-tuple does | =
not appear in the sequence )
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9, The second order autocorrelation function of an

ideal p-nary sequence is given by -

gole) = 1M e
= - x
£ M5 fitiv e
n-1
= , =0 (mdM=7p" - 1)"
P-~-1

0 for other values of <¢.

The continuous autocorrelation function of the

corresponding p-level signal is shown in Fig. (4.8).

A p-level ideal sequence is suitable for the detemmination
of the system impulse response of a linear system, provided
that the system settling time is less than Mt , vhere t  is

the basic interval or the digit period of the sequence.

10. With regard to the evaluation of the autocorrelation
function of an ideal sequence ff;¢ , if )ij denotes the .
- number of occurances of the aligning digits (i, j), where
i, €0, 1, £2, .., 221 ipen

-2
A = B2
0,0 2
Ag st Aw gw = As g% = P for each value of s considered
i o’ 4 independently,
Mgt )‘r*, g% = r,e¢ = 2p . For each combination ( r,s and

r £ s ) considered separately,

% o8 * Ao.s“ ) =plp-1)
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11. If a Type - 1 ideal p-level sequence ( see property 8 )
i £,t is subtracted, modulo-p, from the same sequence delayed
by k digits, the resulting sequence is the original seguence

delayed by q digits where k and g are integers in the range
n )
P -1

1-‘-k.q-“-2

. Thus -

k -
D(£;) - (£) = D9 £) .

This means, Type - 1 ideal sequence possesses shift and

subract property.
Example :

Sequence . (fi) ] 1112110012020,..

D3(fi) :  0201112110012,..

D(£,) - (£,) + 1211001202011,..
11
: D (fi)
<-iC.: Type-2 ideal sequence, likewise, exhibits shift
and @dd.property.

'12. If an ideal p-nary sequence {f.;} is multiplied
alternatively by -1 and +1, the resulting sequence is a p-nary
m- sequence. |

Example 3

ifi} # 1110202100112,.. (period = 13 digits)

(-1)&13 $  12102022001222120101100211, .. (period = 26 digits)



13. The delayed versions Df, D°£, ..,D"f of an ideal
sequence Jft , are of course, available as outputs of

the stages of the shift register. The delayed versions
In

made available by adding or by subtracting, modulo-p, the

1y of the sequence can be

outputs of twb or more of the stages in the register.

There is no explici\t method of determining which of the
outputs to add and which to subtract ( modulo-p ) to obtain
a particular delay. For this purpose, in Chapter 3.7 a new
method of evaluating shift register connections is
described, which makes use of the familiar concept of the
generating function associated with the sequence. As shown
in Section 3.7, this generating function method yields
quick results as the only calculation 1nvolved here is

simple modulo-p addition ( or subtraction ).

14. Sampling an ideal seqﬁence by a sampling period of

Jj digits where j is relatively prime to the pericd length
n

of the sequence 2 2" 1, leads to an ideal séquence.

15. If in the ideal sequence if?! , we replace the

’

nonzero temms by zero and the zero temms by one, the resulting
binary sequence is again pseudorandom.

Let this transformed sequence be denoted by £}

Example 3 ( Ternary sequence )
if} :  1110202100112,...
ff‘t} ¢ 0001010011000,...
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Now, in the determination of the autocorrelation function
of a binary sequence, the states 0 and.l1l correspond to the
levels -1 and 1 respectively. Under the circumstances, the
autocorrelation function of the transformed sequence ifg

of period(p™-1)/2 digits is ¢+ ( in one period )

b. . (e=0) = 1
Fefe

e ledo) = 2/(p°-1D = 2/2

16. For everj ideal sequence obtained from an n-stage
shift register, there exists a related n-stage shift register
which will produce a reverse ideal sequence, This reverse
seéuence is the original sequence read in the reverse order,
The procedure for £inding the reverse sequence shift register
connections is as follows Q

If an n-stage Shift register has feedback connections
from stages n, k, m, ... etc. the reverse sequence shift
register will have feedback connections from stages n, n-k,
Nel, .00 etc.xwith feedback coefficient  ( multipliers ) being
P - 1 for all stages except the nth stage.

17. It has been shown that pflevel linear shift register
maximal sequences exhibit a reference phase which makes the
corresponding signal uncorrelated with constant and linear
signal. ( Barker, H.A, 1969 ). This concept can be extended

~ to the present case of p-level linear nonmaximal ideal

sequence,
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If the analogue levels corresponding to the states of
an ideal p-nary sequence are selected'so that the mean value
of the corresponding signal, £(t), obtained from the ideal
sequence if}? becomes zero, then there exists a characteristic
or reference phase for the signal £(t) for which -

T T )

Of tif(t) = 0, and oj t? £(t) = a minimum,

In the estimation of system weighting function by cross-
correlation, use of a tabulated reference éhase eliminates
errors due to constant and linear drift in the system output,

and minimizes errors due to quadratic drift.
Example : ( Reference phase of an ideal Ternary sequence )
Consider the ideal ternary sequence f£} given by -

£} ¢  1110100121022,... repeats of period 13 digits..
n-1
In every ternary ideal sequence, there are 3 -

zeros .
Further, the digits 1s and 28 are in the ratio 2:1{ or 1:2,
see Tahle 4.7 ). Hence to make the mean of the signal f£(t)
obtained from sequence if£} zero, the states 0, 1, and 2 in the
sequence should correspond to levels 0, 0.5, -1 ( or 0; 1, -0.5
in case of sequence in which 1s and 2s are in ratio 1:2). With
these levels, the first moment taken over one period of the

signal £(t) is given in tabular fomm below for all possible
starting phases. |
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- T
Sequence = 2 /[t f(oyae
0 ,
1110100121022, .. ’ -2
2111010012102, .. \ +1
2211101001210,.. +0.5
0221110100121, .. +0.1
1022111010012, .. 0
2102211101001,.. +1
1210221110100,.. " : +0,5
0121022111010, .. . 40,5
0012102211101, .. » +0.5
1001210221110, .. . 0
0100121022111, .. : ' 0
1010012102211, .. -0.5
1101001210221, .. -1

. As can be seen, there are 3 starting phases of the
signal for which the first time moment is zero. Further
it is seen that the sequence underlined in the above table
has a minimum value for 1£s second order time moment over
one period of the signal. Thus the sequence underlined is

‘uncorrelated with constant and linear signals.
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4,8 SINGLE AND MIXED.-MODULI SI:IIF‘I‘ REGISTER SEQUENCES AS .
TEST PERTURBATIONS IN MULTIVARIABLE SYSTEM IDENTIFICATION
For a J-input/K-Output lineqr system, the cross-
correlation function, over an integration time T, between
uth input (xu) and vth output(yv) is given by -

: T
RSJ%Y (e) = ‘% / x“(1:) Yylt +olat .. .. (4.64)
v :
0_ -~ T

T

/’ huv(s) ¢xu’5u( © - s )ds
0 ,

*a*r

“

‘ T
+r§uo/ hw(s)ﬁf (e - s)ds
‘ ‘ .. (4.65)

where r, u = 1,2,000,d s v=1, 2,...,K; and ,
h,,(s) is the impulse response between rth input and vth

output.

Provided the input signals are such that :

(i) The autocorrelation function ¢xrxr‘ T©) is negligible
except for this spike about © =0~ , for @ < Ts'

the system sgettling time, and

(ii) the crosscorrelation function between any two inbuts
is negligible for © « T s

Egn. (4.65) simplifies to the form : &
o ¥y

where K o is the area of the autocorrelation spike about ¢ = 0.

() = Ko v,(‘t) ,C < ’1‘s



Hence, the problem of multivariable system identification
is that of finding uncorrelated signals possessing impulse -
like autocorrelation functions. Keeping this requirementsrin
view, a number of'sdhenes have been documented, the underlying
theories of which have already been discussed earlier in

the chapter.

" In this section, some improved schemes'for uncorrelated
sfstem input signals are presented using transformed ideal
p-nary linear shift register sequences ( the theory of which
is developed in Secs. 4.7 and 4,8) as test perturbations
for the multi-input system testing. The use of mixed-moduli

éhift'registef sequences as test inputs is also indicated.

4,9.1 Testing a 2-input system with transformed ideal shift

register sequences

For a 2-input system, consider the situation when an

n
ideal p-nary shift register sequence {f}! of period M = E_géto

( p > 2 and prime, n aA integer denoting the. number of stages
in the register, t_ being a shift puisg interval ) be used
as one system input éignal, and the sequence {f.} obtained
by multiplying the elements of if} alternatively by -1 and +1
be used as the second input signal. Thus the transfommed

sequence fft}is'=

;ft} = ("l)i £ ’ cesn ooo. (4066)
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It is shown in the previous section ( Sec. 4.8 Property 12 )
that -

If an ideal p-nary sequence if} -of period pn -1 is

\ .2 .
multiplied alternatively by -1 and +1, the resulting sequence

is the p-nary m-sequence of period pP - 1 digits.

Thus ft is the p-nary m-sequence of period 2M shift pulse
intervals. Since the m-sequence is antisymmetric (i.e. the
second half is the negative of the fifst half ), the cross-
correlation function ﬁfft(‘c) between the two sequences, tsken
over the period 2M, is zero for all values of <. Hence, the
sequences {ft and ift§are uncorrelated and have impulse like

autocorrelation functions.

Therefore, provided that the system settling times are less
than Mt  ,the measured crosscorrelation function for values of
© less than Mt_ will yield the system impulse responses
directly. ‘ |

Since the p-level ideal sequence if} and the corresponding
transformed sequencéé Pf. ¢ ( which is merely ansm-sequence )
have zero bias in the respective autocorrelation functions
during the measurement interval Mto, the present scheme gives
more accurate results as compared to the schemes employing :

(i) A pseudorandom binary sequence and its phase shifted
version as the two system inputs, or’
(ii) a pseudorgndom binary sequence and the corresponding
inverse repeat sequence as the two system inputs,
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4,9,.2 Testing a multi-input system with transformed p-level

shift registef ideal sequences

Here, two methods are presented for obtaining a dreater
number of uncorrelated signals with impulse-like autocorrelation
for use in a multivariable system identification by cross-

correlation, Of these - f

The first method is based on the idea’that multiplication
of the elements of a pseudorandom sequence by the rows of a
ﬁadamérd matrix results in uncorrelated pseudo-random sequences,
which is originally suggested by Godfrey et.al.(1§66). It is
shown here that the extension of the idea to p-level shift
register ideal sequences leads to well-defined uncorrelated

sequences with better correlation properties.

The second method is introduced here, whereby it is shown
that by proper choising of the étaréing phases of sequences
obtained by multiplying the elements of a p-level ideal
sequences with the rows of a k x ék - 1 matrix whose elements

are 1 and -1 results in zk

-1 uncorrélatéd sequences with
impulse like autocorrelation function with zero bias. The theory
is developed in general wiph reference to ideal sequences with
p~ievels. In practice, the me#hods can easily be implemented

in the case of ideal ternary ( p = 3 ) sequences. However, for .
more than three ievels, the instrumentation becomes rather

complex,
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The extension of the second method to conventional
bseudorandom binary sequences is alsc considered and the

results obtained are found to be quite encouraging.

The advantages and shortcomings of the two methods are
also stated.

Method I :

Consider an ideal p-level sequence Iif} ;af period 8,
and any binary sequence ilj? of period L, whereby the
periodé M and L are co-prime. Let § gj} be the product
sequence defined by -

fggp = iRt-dgt | eee (4.67)

Evidently, the period of the sequence i'gj} is 1M,
The crosscorrelation function ¢ij( ) between two such

sequences {g;} and fgj? is written as -

1
ﬂ' ('&) . —— zg. g.
ij M =1 1T “j,réT
1
= 1 ""‘fi.r £ £j’_ b e Erp o oo (4.68)

This may be considered as L sums, each of length M. Thus -

g (o =L By 1
(R = = =)
1] IM o0 =g 2o (T + Mt) *j,(r+ e+ mt) Frame Frv o + Mt

Since {f} is of period M, and L,M are co-prime, the above
egn. simplifies to -

L-1 M
Bl =25 3 3 iz = ]

136 = ¢ t=0 Lt Tiere y T E f, o= F "”fff("’;

.. (4,69



whereby Fi,j( ©) is the crosscorrelation function between
iig and fﬂf , and ¢ff( ©) is the autocorrelation of §fl
Looking to eqn. (4.69), it can be said that signals
_correéponding to sequences igj} become uncorrelated and
possess impulse like autocorrelation with zero bias

provided that -

Fjj(O)

Fij(o) = 0, i #9393 ce oo (4.70)

1

These are orthognalityhconditions, and they are satisfied
if flj} is chosen from the rows of a Hadamard matrix of

order L.

’

A Hadamard matrix ( Boumert L et. al 1962) is a séuare
matri&;whose elements are 1s and ~1s and whose roﬁ vectors
are mutually orthogonal. The Hadamard property is not
disturbed by (1) interchanging rows (2) interchanging
columns, (3) changing the sign of every element in a row
and (4) changing the sign of every element in a column.
Usiné these opergtions, it is possible to establish a nommal
form for Hadamard matrices by insistiné that the first row

and first coiumn contain only 1s.

Hadamard matrices exist for L = 1,2 and most multiples
of 4, L



For L = 8, two Hadamard matrices (Hl and Hz) in normal

form are given below ( These are equivalent ) :

f11111 111717 111111111
3! - - - . - - o,
11} 1-1 1-1 14 11-111-1 1-14
11{-1-1 1 1-1-1 111 1-1 1-1-1-1
N . i
H =|1-1!-11 1-1-1 1 H =|11 1-1 1-1-1-1 1
1 | T717 1133433 2 01l 1444111
11 1-1 -1 1-11 1; 1-1-1-1 1 1-1
11-1-1 -1-111) . o |11-1-1-1 1 1-11
1-1 -1 1 -1 1 1-1 | Colateia 1 14 141

For the 8th order Hadamard matrix ( H, ), the sequences {ﬂj}
from j = 0 to 7 ( The rows of the matrix ) have autocorrelation
and crosscorrelation function as given in Table (4.10). Using
these values and substituting equation (4.69), the auto- and
crosscorrelation function of the sequences {go} to §g7} are

stated in Table(4.11). ‘

Fof the matrix considered (Hz) » the rows 2, 3 and 4;
and the rows 5 and 6 are, respectively, phase-shifted versions
of each other. Accordingly, the correspondlng sequences fg }
also exhibat this phase~shift property.



Table 4, 19_ $ ,
Autocorrelation and crosscorrelation functions of the rows
of 8 x 8 Hadamard matrix - the sequences i}’.o‘i to 5127} .

Correlation Shift ©

function 0 1 2 3 4 5 6 7
Foofl © 1 1 1 1. 1 1 1 1
Fn( T) 1 -0.5 0 '+o.5 -1 40.5 0 -0.5
Fzz( T) to Fy,( ©) 1 0 0 -0.5 0 -0.5 O 0
Fggl€) = Fe( ©) 1 0 -0.5 0. 0 0 -0.5 ©
Fona( €) - 1 -0.5 0 0 0 0 -0.5 -0.5
301( <€) to Fy,( ¢) 0 0 0o o0 -0 o] 0 0
Flz( <) 0 +40.5 O 0 0 0.5 0 0
Fial®) 0 0 +0.5 0 0 0 -0.5 0
5'14( ©) 0 0 0 40.5 0 0 0 -0.5
.Fls( ) 0 -0.5 0 +40.5 -1 40,5 0 40.5
Fls( ) 0, 0 ~0,5 0 +0.5 -1 +0.5 O
F17( ) 0 =0.5 4+0.5 -0.5 0" +0.5 ~0.5 +0.5
F23( ) 0 1 0 0 -0.5 0 -0.5 O
F24( €) 0 o -1 0 0 -0.5 0 -0.5
Fogl ) 0 o} 0 +40.5 40.5 -0.5 -0,5 0
F26( T) o 0 0 0 40.5 40.5 ~0.5 -0,5
F,.{®) 0 ) 0 ~0.540.5 0 +0.5 -0.5
F34( <) 0 1 0 0 -0.5 0 -0.5 O
Fagl ) 0 0 +40.5 4+0.5 -0.5 -0.5 0 0
Fagl © 0 0 0 +40.5 +0.5 ~0.5 -0.5 O
F37( <) 0. 0 -0.5+40.5 0 40.5 -0.5 0
Fus{ ®) 0 +0.5 40,5 -0.5 -0.5 O 0 0
Fael ®) 0 0 +40.5+40.5 0.5 -0.5 0 0
Fym( ) 0 -0.5+0.5 0 40,5 -0.5 O 0
Feol ®) 0 1 0 -0.5 o0 0 0 -0.5
Fgal ®) 0 0 40.5 0 -0.540.5 0 -0.5
F67( ) 0O 4.5 0 -0.5+40.5 0 -0.5 0O




g oi to § g7; formed by mulkiplicatinn
rows of a 8 x 8 Hadamard matrix

- 1)/2 digits by the
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Looking to Table 4.11, we observe that s for time
‘shift © ¢ Mto . the sequences fgoi to iggi have impul se
like autocorrelation with zero bias and are absolutely
uncorrelated. Therefore, provided that the maximum settling

time of the system T is less than Mt ( one period of

s max
the ideal sequence 1f} ), the sequences ig t to §g7}can be

employed as test perturbations in the multi-input system

identification by input/output correlation method.

This method has some€ remarkable advantages and. few
shortcomings as stated below 3
Advantages
1. Since the p-nary shift register sequence §f} is ideal
( i.e. its autocorrelation is a spike about © = 0 and
is zero otherwise in one period ), 'the sequences i9.}
to £g7} have ideal autocorrelation with zero bias.
Hence the problem of bias estimation does not arise.

2. &lso, since {fl is an ideal sequence, the sequences
;gg;to§g7} have gzero crosscorrelation for 0 <t < N and
thus are truly uncorrelated over the measurement interval,
viz. 0 to(M ~ l)to.

Shortcomings

1. a&n n-stage p-level feedback shift register generates
an ideal sequence dhly when po- lis an oad integer.
Thus, for ingtance for p = 3, 2 n must be odd. Further,
forp=35, P_. =1 is always even amd hence no ideal
quinary sequenice is possible. In practice, for more than
three levels, the instrumentation becomes complex,




2. The seguences zg 1 are obtained by multiplying the
elements of a p—leveT ideal sequence with the rows of a
Hadamard matrix. As stated earlier, Hadamard matrixes
of order L exist for L = 1, 2, and some multiples of 4 .
For instance, with a Hadamard matrix of order 4, it is
only possible to derive 4 uncorrelated sequences.

In'view of the above shortcomings 12), in what now follows,
a new method for uncorrelated pseudo noise sequences is presented

which has all the advantages of Method 1 and overcomes the

shortcomings.
Method 2 :

Here it is shown that by proper choising of the starting
phasing of the sequences obtained by multiplying the elements
of a p-level ideal shift register sequence by the rows of a
K x 2k - 1 matrix of binary elements 1 and -1 ( rows representing
"all the k - bit possible nonzero binary numbers with 0 taken as
~1) results in 2 _ 1 uncorrelated sequences having impulse like

autocorrelation with zero bias ( i.e. ideal autocorrelation ).

Let a k-column mgtrix‘be defined as one in which the rows
described all the possible k-digit nonzero binary numbers
(binary element 0 taken as -1). Evidently, this ﬁatrix will
have zk - 1 rows. Such a matrix is shown below for values of
k = 2 and 3.

The order of the rows is arranged as shown - the binary
numbers ( rows of the matrix ) are written in the decreasing sense
for purposes of convenience in the present method.



k x 2k - 1 matrixes of binhary elements 1 and -1

row
0 11
M, s . 1 R | k= 2
2~2=2 |-1 1
row .
o 1 1 17
1 1 1 -
2 1 -1 1
My 3 3 1 -1 -1 , k = 3
4 -1 1 1
5 -1 1 -1
F2=6 |-1 -1 1]

For this arrangement, row ' 0 ' of such a matrix consists
of only 1s. Further, some of the rows differ only in phase.
For instance, in the matrix M2 rows 1 and 2 ‘are the same but
for the phase-shift. Similarly, in M3, rows 1, 2, 4 and

3, 5, 6 differ only in phase.

Now consider a sequence j§ sJ.? . the elements of which'

are given by -

¥

Sj”r = e_j;% fr L2 LN (4071)

where fr are the elements of a p-level n-stage shift

S
register ideal sequence {f} of period M = £_—~ 1 » and e, r
4

- 1 matrix defined

are the elements of the jth row»in the k x zk

earlier. Let the periods k and M be coprime,



The product sequence §sj} is thc?refore of period kM. The\
crosscorrelation function Ri j( ©) between two such sequences
fs;} and {s;} over their common period kM is s

kM

1 .
R..{ T = —
150 @) XM ilsi,r Sj,r+<c
“1 kM
= o &
KM ei,r fr ej,r‘}- c fr+ T - e (4.72)

Conéidering this as k sums of length M, it can be sghown @

Rij("” = Ei,j(.n) xéff( ) ... (4.73)

where Ei j( ) is the crosscorrelation function between rows of

,

the matrix {ei} and iej?' and ¢ff( ©)} is the autocorrelation

function of the ideal sequence £} .

For the k x 2° - 1 matrix, the rows have auto and cross-
correlation functions as' set out in Table (4.12) for k = 2 and
in Table (4.13). for k = 3 respectively.

Further, the theory of p-nary linear shift register ideal
sequences ( p » 2 and prime ) is already presented iﬁ Secs. (4.7)
and (4.8). The autocorrelation function of the ideal sequence §f}
is simply a spike at =© =: 0 and is zero for all other values

of the argument in one period. In mathematical tems, ¢ff( T) is:

1M-.1 ;
Be(lT) = = =f ¢ M= (p°
) = (p - 1)/2
£f Mrzor T !
_ 2pn—--l
” for = = 0 ( mod M )
P -1

H

0 elsewhere



Table 4.12 : Auto and Crosscorrelation functions of the rows
of the k x 2 - 1 matrix for k = 2 ( The sequences

fe } ,fe;b and de,} )

«r
K

Correlation function Shift T
' 0 1
E ¢ ©) 1 1
Ell( ) 1 -':l
222( t) 1 -1
E01( ?) 0 0
Ey,( ®) 0 0
Elz( ) -1 1

Table 4.13 ¢ Auto-and Crosscorrelation functions of the rows
of the k x 2% 1 matrix for k = 3 ( the sequences

feot, fest, oo fegt )

Correlation function shift <
0 1 2
E ol © _ 1 -1 1
En( @) to E66( <) 1 -1/3 -1/3

By (®) = Byl o) =E ,(e) 1/3 1/3  1/3
Bygl ) = Bypl ®) = Byo(v)-1/3 -1/3 -1/3
Bipl® =B (o) =B (®)-1/3 1 -1/3
Bigl®) =By () =B.(®) 1/3 /3 -1

Eja{®) = Ejg( ) = B (@) -1/3 -1/3 1

Big(®) = Epu(®) =B, (®) /3 -1 /3
Bigl @ =By =B (o) -1 V3 "u3

il

Using Tables .3(4.12) and (4.13), the autocorrelation and
crosscorrelation functions of the sequences { sj}, i=0 to 2k - 2

are set out as shown in Tables (4.14) and (4.15) respectively.
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Table 4.14 : Autocorrelatior; and crosscorrelation functions of
the ;sequences i so} to fsz} formed by multiplication of a p-~level
ideal sequence of length M = (p* - 1)/2 daigits by the rows of

k x 25 - 1 matrix for k = 2.‘ (Here A = 2(pn—l) / (pn-l)

Roo( ) A o 0 0 A 0 a
Rll( ) = R22( <) A o] 0 0 -a 0 a
ROI( ) = Roz( ) 0 o] 0 0 0 o] 0
Rlz( ) -A 0 0 0 A 0 -&

Table 4.15 s Aauto-and crosscorrelation functions of the sequences
S to sg formed by multiplication of a p-level ideal sequence
of length M = (pn - 1)/2 digits by the rows of k x Zk - 1 matrix

for k = 3. (Here & = 2(p™Y) / (p"-1), and B = &/3 )

shift <= 0 1 .2 ..M-1 MM+i.. 2M-1 2M 2M+1 3M
R, (®) a o o 0 A O 0 A 0 A
Rll( ) to Rgo( @) A 0 O 0 -B 0 0 -B 0 a
R01( z) =R02('t)= Roé('c)B 0 O 0 B 0 0 B 0 B
Ryl ®) =R (v)= R g®)B 0 0O 0 -B 0 0 -B 0 -B
R12( ) =R,,(®)= Ry (®)-B O 0 0 a o0 0 -B 0 -B
R,3( ®) =R26(e)== Rys(®)B 0 0O 0 B 0 0 -A O B
R14( ) =R;5 ()= R56(ﬁ)-B 0 o0 0 -B O 0 A O -B
Rig( ©) =R ;(e)= Ry (®)B 0 O 0 -a 0 0 B 0 B
Rigl @) =R,cle)= Ry, (2)-a 0 0O 0 B O 0 B 0 -a
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Now, in order that the signéls corresponding to the sequences
§Sj? serve as satisfactory test-perturbations in a multi-input
system, their autocorrelation function must have a spike about
= 0 and otherwise be negligible for © < TS max ( maximum

system settling time ) while their crosscorrelation functions

must be hegligible for © <« T s max®

From Tables 4.14 and 4.15 we observe that the sequences {sj}
satisfy these requirements for time shifts 0 < < M-1 (i.e.
one perioé of if} ) except when '& = 0°', Thus, provided
R, 3( © = 0 ) is made zero keeping other values unchanged, and

‘I‘S max < Mto, the sequences §sj} can be used as test signals.

Looking to Tables (4.14) and (4.15) ( i.e. in view of
eqns. (4.73 and 4.74) we see that R j( ©) can be made zero for
© = 0 if the sequences fsc} for q =1, 2, .., 252 are shifted

relative to the sequence iso} by g digits. This means -

The sequence fsl} is shifted relative to § 5,3 by 1 digit

The sequence {sz} is shifted relative to ;'séi 'by 2 digits

S90S aseesen

.OQ.-..‘.“.

The sequence fs X 1, is shifted relative tofs tby 2k - 2
2°-2 © digits

By this phase shifting, the autocorrelation function
remain undisturbed but the values of R. j( T) will be accor&ingly
shifted by the number of digits by which the sequences is } is
‘shifted relative to the sequence fs $ » the maximum shift



3400

K

relative to the seqpenceisd}being equal to 2™ - 2 shift pulse

intervals. Hence, the maximum settling time ‘I‘S max of thé
“'SyStem should now be less than M - (25 - 2) shift pulse
intéIVal rather than M shift pulse intervals, This is of no
serious consequence, since in practice some safe mafgih is
always kept between the system settling time and test
sequence period. This time-margin easily facilitates the

accommodation of the time-interval needed for the above

referred phase shift of the respective sequences.

To illustrate the effect of this.phase shifting proéess
on the values of Rij(c), the auto-and crosscorrelation
functions corresponding to the so phase - shifted sequences
are set out in Tables (4.16) and (4.17) for values of k = 2 and 3;
respectively (i.e. the values given in Tables¢4.16)and(4.17)
correspond to those given in Tables (4.14) and (4.15) but for

the phase shift).

In view of the values of Rij(nc) in Tables (4.16) and
(4.17), it is clear that, provided the maximum settling time
of the multi-input system is less than M - (2X - 2) shift
pulse ?nterVals, the signals corresponding to sequences isj} R
j=0to 2 _ 2, provide satisfactory test perturbations and
the system impulse responses may be obtained directly from the

measured input-output crosscorrelation functions in a similar

* to the familiar single input/single output case..
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4.9.3 Transformed prbs .for a multi-input system - Extension of
the phase-shifting technique ( Method 2 ) of Sec. 4.9.2 )

Here, the extension of the phase-shifting technique viz.
.Method 2 of the last section is considered with regard to pseudo-
random binary sequences (prbs). and it is shown that the results

obtained are quite favourgble.

Consider a sequence {mj} ,» the elements of which are
given by -
mir = €, voo cee (4.75)
where c. arethe‘elements of the conventional 2-level n-stage
shift register maximum length sequence of period N = 2".1 (prbs),
and ej,r are the elements of the jth row in the k x 2k -1
matrix of binary elements 1 and -1 defined in the last section.

Let k and n be co-~prime,

The product sequencefmj} is therefore of period kN. The
crosscorrelation function Vi j( €) between two such sequences

im,} andimj} over their common period kN is given by -

1
Vil ® =

g

Z e, c_ e c cee cee .
p=q 0 E jJ,r+t et © (4.76)

Considering this as k sums of length N, it can be shown that-

L
kN

vij('t:) = Ei,j(@) ﬁcc('c:) (4.77)

where Ei, j( ?) is the crosscorrelation function between the

sequences ie,} andiej‘}( rows of the k x 25 - 1 matrix ) and



B..( ) is the autocorrelation function of the prbs jc} .
c ‘ -

The rows of the k x fk - 1 matrix of binary elements 1 and
-1 have auto and crosscorrelation functions as set out in

Table 4.13 for k = 3 (Sec. 4.9.2).

'

The autocorrelation function of the prbs fctis : ( in one

period)
g (o) = L1721, N = 2" - 1 bit
T = = ¥ ¢c ¢ = - s
\CC ] N r=0 r ™o .
= 1l for © = ¢
= -2 | 78)
= -'-N. for T % 0 . R ees (40

Using Table (4.13 and eqn. (4.78), the auto-and cross—
correlation functions of the sequences imjg i=0 fo 2* - 2‘
are shown in Table 4.18 for k = 3.

As seen from Table (4,18), in case the sequences ym ¢
r= 2 to 2k - 2 are Shifted~re1ative to {mb} by r shift-pulses,
the sequences {md} to fmzk} are uncorrelated and have impul se
like autocorrelation functio; over the interval 0 <t ¢ N - (2k-2) .
Thus provided Ts max is less than N - (2* - 2) shift pulse |
intervals, signals corresponding to the sequences {pj} Can
serve a§3£e5£ perturbations in the mu;ti-input[system identifica-
tion by crosscorrelation method,

Advantages of the Method :

(1) prbs can easily be generated by -stage shift register
when its characteristic polynomial is primitive modulo-2.
(ii) With given N, value of k can be suitably chosen to make
Off-zero correlation values insignificant.,
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"Table 4,18 t Autocorrelation and crosscorrelation functions of the séquences im
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4,10 SUMMARY"

In this chapter, the tﬁedry of the correlation method
of multi-input system dynamic analysis has been advanced. At
first, the current status of crosscorrelation art in a linear
multivariable system identification is systématiCally
discussed. To overcome the short comings in the characteristics
of the input signal employed in current schemes, the theory
of p-level shift register ideal sequences, which have
impul se~like autocorrelation with zero off-peak value, is
presented. Subsequently, making use of the ideal- sequences,
some schemes are proposed for uncorrelated system input
signals, with autocorrelationlfunction approxiﬁating to delts
function, for use in the identification of multivariable
system by the input /loutput crogscorrelation method. The
choice of which scheme to use will depend on the type of the

system and its associated equipment.

Although the signals derived here are considered from
the view-point of their use in system identification, these
may also be utilized in other fields particularly in the

field of digital communications (Golomb, 1964).



