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LINEAR MULTILEVEL SHIFT REGISTER SEQUENCES

3.1 INTRODUCTION

The correlation method of dynamic analysis of a’
single input / single output linear system using two - level
shift register m—seéuence ( pseudorandom binary sequence )
as test perturbations has been discussed in the previous
chapter, In préctice, most systems or in general non-linear
and multi-variable. However, because of several advantages
associated with the crosscorrelation fechniqne, a search for
suitable test sipnals for implementing the ¢crosscorrelation
principle to the ideptificétion of nonlinear and multivariable
systems has been necessitated. In this connection, the
multilevel pseudorandom sequences have been found to be
superior to the orthodox 'two-state! m-sequences in some
respects, and their practical realization has also béen
shown to be ‘quite feasible. ( Zierler 1959, Elspas 1959,
Gyftopoulos and Hooper 1964, Briggs and Godfrey 1§66, Simpson
1966, Godfrey 1966, Gardiner 1966, Clarke and Godfrey 1967,
Hooper aqd Gyfropoulos 1967, Selway and Bell 1968, Chang 1968,
Rydin and Hooper 1969, Ream 1970, Kerlin 1971, Barker 1970,725.



For instance the invesfigation by Godfrey (1966) proves that
the use of 3-level m-sequences reduces the number of cross-
correlation expériment required to determine the-impulse
responée of the linear channel of a system with an amplitude
nonlinearity. Thé'recent works of the researchers as mentioned
in the above references further eﬁphasisethe usefulness of
multilevel pseudorandom sequencés. Barly contributions in

this area by Zierler (1959), Elspas (1959), and Hartmanis (1959)
deal, respectively, with the'mathematiCal formulations of
multilevel (i.e., p-level) sequences, their generations using

linear circuitry and use in sequential coding. networks.

In view of their superiority over the binary sequences,
this chapter is devoted to the éevelopment of the theory of
multllevel linear shift register sequences and to the practical
generation of these sequences by means of binary logic elements. .

Specifically the content of this chapter is as féilwws s

‘ In Section 3.2 the working of an sutonomous linear multi-
level feedback shift register is explained and the meaning

and classification of the p=nary characteristic delay polynomials
of the above shift register ana the sequence it produces, are
stated. Section 3.3 gives a brief account of the elements that
comprise the autonomous multilevel network. Section 3,4

advances the ideas concerning (i) generating function and



(ii) C, ~transform, which are introduced in Chapter 1, to the
present p-nary situation and describes procedures for evaluating
null sequences that are associated with all the groups of delay
polynomials, classified in Section 3.2. Section 3,5 considers
the problem of determining the delay polynomial that corresponds
to a given p-nary null sequence. Section 3.6 states some of the
useful properties of p-nary shift registers and their sequences.
In Section 3.7, a number of methods for £inding the p-level shift
register connections for providing delayed versions of the basic
m-sequence are described. Here, firstly, the bresently available
techniques for the delay generation for the binary case are
extended to the general p-nary case. Secondly, a new method of
finding a shift register connections for the delayed version is
described that is based on the concept of generating function
associated with the p-nary sequence under consideration. In
Section 3,8 a structural property of p-hary m-sequence is
broughtforth, which helps to determine as to whether a given
p-level linear shift register sequence is pseudorandom or‘otherwise
In Section 3.9, an attempt is made to describe the generation of
pseudora?dom signals, based on m-sequences corresponding to
GF(p = 2", m an integer), by means of binary logic elements,
which is successfully experimented.

The analysis upto Section 3.8 is limited to multilevel

linear shift registers, which remain stable in 'p' states, p

being a prime integer.
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3.2 WORKING OF AUTONOMOUS LINEAR MULTILEVEL FEEDBACK SHIFT

REGISTER

Consider a general autonomous network shown in Fig. (3.1),
where no input is present except a clock-pulse of period to.
Each of the rectangles labelled, Dy Dyr sess D is a
multlstable delay~element or shift register which delays
the variable on which it operates by a time period equal to
to+ If t, is chosen as the standard to express the amount of
time delay, each delay element or shift register causes a
delay of one unit. Thus a delaonf r units, DY, may be
obtained by connecting r.identical elements in series as
shown in the figure. The number of stable states of each
shift register is assumed to be the same and equals a fixed

prime value 'p' which remains the same for all devices

O

comprising the autonomous network. At periodic intervals
detemined by the master-clock, the contents of Di is
transferred into D41+ The time of operation is.the same
'regardless of the number of delay elements. In the absence
of the feedback-path ( Fig. 3.1 ), the series string of
p-nary shift registers gets emptied by the end of nth clock-
pulse. However, outputs of some of the h-reglsters may be

' fedback into the first register through a feedback logic
device to keep the autonomous network active, That is, leads

from some of the n-delay elements feed into a logic device
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which provides input to the first delay-element. These
delay elements are called the stages of the multilevel
feedback shift register. If n-stages are employed, the -
feedback shift register (fsr) is then said to be of deéree n,
The content, at any instant of time, of the n stages is
called the state of the fsr, which may be thought of as a
p-nary number, Evidently, the maximum number of distinct
‘possible states of such a feedback shift register is pn. On
the application of a train of clock-pulses, the network
undergoes, from its initial state, a cyclic succession of
states, the number of which depends on the feedback logic
and initial state. Thus a p-nary sequence of certain periods
may be realized at the output of each stage.

If C = (c, €44+ C, ... ) represents the p-nary periodic
output sequence of the feedback logic device shown in Fig. (3.1)
the autonomous multilevel shift register may be described
by the eqnation : ~

£ a)BC, a D%, w... g D) = ¢ ... ... (3.2)

The egn. (3.1) is thus seen to characterize the
sequential behaviour of the p-nary shift register and is
accordingly called as its ' characteristic equation '. However,
if the feedback logic may be expressed in the form :

2 - 2 : 1
£(a,DC, aD C, .., ann"c) = (3,0 + aD* + .. + a,D") ¢

where the coefficients ‘ai‘ may assume any of the p values in



the modular field of integers (0, 1, 2, ..., p-1), and
where th;a symbol ‘4' denotes the '‘modulo-p addition' ;
the autonomous network shown in Fig. (3.1) is called

'linear”. Thus for a linear system, the characteristic

equation takes the fomm s

C = (aD+aDdD’+...4+ a D) C  (Mod.-p addition)
s |
- cee (3.2)
In accordance with modulo-p arltl'nnetic, stated in the
Section 3.3, the characteristic equation of the multilevel

i

feedback shift register may also be expressed as :

2 n-T
[(p. - 1) + aID 4 a2D + o8 * anD ]C = 0 ce e (3.3)

This appears in the closed form :

n . .
[+zaiDl] C = 0 eee see see ‘3.33)
i=0 -

where a, = (pr~ 1),

Th_e expression within the brackets in egn. (3. -3),
which is composed of characteristic delays acting on the
p—-nary variable C is called °* Delay-Polynomial' of the

linear p-nary shJ.ft register, and may be represented as F(D) 3

B

POD) = (p-14aDd + ap?+... 4 a0 .. (3.4)



The delay polynomials that describe the sequential
behaviour of the linear multilevel shift registers may be

classified based on their factorable features as 1

A : Primitive delay polynomials,

B : Irreducible but non-primitive delay polynomials,

C 3 Factorable delay polynomials.

Referring back to the multilevel shift register of
Fig. (3.1),under the linearized conditions, any smgnal
flowzng through the network is capable of being, at each
instant of time, in any one of the p~stable states represented
by the digits 0, 1, 2, eses P-1l. Since modulo-2 logic is used
in the feedback path, the state represented by 'n zeros!
becomes a trivial one. Thus the maximum number of the distinct
possible states now becomes pn - 1 where n is the degree of
the feedback shift register. Furthermore, the presence of
identical unit-delays (p-stable shift registers) signifies
that the change over of one stage to another i is instantaneous.
The operations performed by the system on the signals flowing
through it constitute linear Operatibns of delay, mod-p
addition, and mod-p multiplication by a constant scale factor
over the modular field of integers 0, 1, 2, evey P=- 1. A
brief account of these three kinds of operations will now be
given before proceeding to the analysis of the multilevel
feedback shift registers and their sequences.



3.3 DELAY-ELEMENTS AND MODULO-P LOGIC

The ~auto‘mc;mox:ts netwo:;‘k discussed here is composed of
arbitrary interconnectiong’of three kinds of elements,
namely, (a) Unit delay elements, (b) Modulo-p adders, and
(c) Modulo-p multipliers. The symbols used for these

elements. are shown in Fig. (3.2a,b,c).

As each delay element c;r shift register causes a delay
of one digit period, the term ' DIC ' means that the
variable C is delayed by i digits by allowing it to flow
successively through I delay eiements. The digit period is
determined by the frequency of the master-clock, which
activates the feedback shift register.

The modulo~p addition and modulo-p multiplication
correspond to the usual arithmetic addition and multiélic‘ation
followed by the removal of all multiples of p. The table |
below illustrates this aspect. ‘

Table 3.1

mod-p addition . mod-p multiplication
p=3,4+ 0 1 2 p=3, . 0 1 2

010 1 2 0 o 0 O

1 1 2 0 1 0 1 2

212 0 1 2 0 2 1
p=5+/0 1 2 3 4 Pp=5, 0 1 2 3 4
g 0 I 2 3 4 00 0 6 0 O
1 2 3 40 140 1 2 3 4
212 34 0 1 210 2 4 1 3
3!3 4 0 1 2 310 3 -1 4 2
414 0 1 2 3 410 4 3 2 1
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3.4 ANALYSIS OF SEQUENTIAL BEHAVIQUR OF LINEAR
MULTILEVEL SHIFT REGISTERS

This section describes two methods to derive analytically
the sequential behaviour of the linear multilevel ( i.e, p-nary )
shift register from a knowledge of the shift register logical
structure, The- first method utilizes the relationship between
the shift regist?f logical éonfiguration anddthe\generaﬁing
function associated with its cycle- structure. The method is
accordingly called as ' generating function method '. The
second method makes use of the Ck ~ transform and associated
linear recurrence concept ( discussed in Chapter 1 with
reference to linear binary sequences ). These procedures are
quite analogous to those considered in the binary situation
in Chgpter 1. However, the analysis of sequential behaviour of
p-nary shift registers is considered hére separately, because
of the reason that the structural properties of the pnnafy
feedback shift registers ( p» 2 and prime ) differ from the
structural properties of the corresponding binar§ séquences (p=2).

3.4.1 Use of generating function concept for the evaluation of

null sequences associated with a given p-nary delay

polynomial

Referring to the linear autonomous p-nary nth degree’
feedback shift register shown in Fig.(3.1), it is seen that
eventhough no input is present, the presence of feedback paths

‘permits a steady state output with any nontrivial initial state.



This unforced steady state response, C, of the network is
that for which [F(D)] C equals zero, where F(D) is the p-nary
characteristic delay polynomial of the autonomous network.
This natural response C is hence called a null sequence
associated with the delay polynomial F(D). The null sequence
of a delay polynomial is thus periodic with a period N which
depends on the system configuration and initial state. A delay
polynomial may havé several distinct null sequences. These
null sequences are also called the solutions of the polynomial

F(D).

It is of present interest to extend the claésic idea of
generating function to the p-nary situation to obtain all the

null sequences of a given delay polynomial.

The theory states that a generating function G(xq.may be
associated with the null sequence of a delay polynomial F(D);
An explicit expression for G(x) in terms of F(D) and the
initial state af the corresponding shift register has been
well developed for the binary case ( Chapter 1,eqn. (1.14) ).

This means, given the polynomial F(D), ( i.e. the logical
structure of the p-nary shift register ) and the initial state,
the corresponding G(x) and hence the nuli sequence ( cyc%e‘
stnuctufe ) can be evaluated. For this purpose, an expression
for G(x) befitting the p-nary case will be at first developed

in terms of the initial state, and the polynomial F(D) of the
‘shift register.
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Consider a p-nary sequence C represented by the
successive terms ( Cor Cps ov» ©, ) as the logical output of
the mod-p adder ( i.e. input sequence to the first stage )
of the shift register of Fig. (3.1). We may associate a

generating function G(x) with the sequence C and write

co xr
G(X) =4 = érx ee s R (3-5)
. =0 ( The sign + stands for mod-p addition)

From the confiquration of the shift register and
nature of feedback, any term ¢, in the sequence € is a
modulo~p sum of the contents at the (r - 1) st state. Hence,
the entire sequence C satisfies a linear recurrence relation
"of the form s

n .
c.. .= + iflaicr_i | e cos (3.6)
where the coeff:.c:.ents, a; ' may assume any value in

~the modular field of integers G, 1, 2, eeus 4 p-1.;

assum:.ng the initiagl state of the feedback shift

register as (c .17 C_p ¢ eess C ) and substituting for Cpr’

eqn. (3.5) may be reduced to the form :

n-1 i
+ 2 b, x

i=0 *

G(x) = = . (' - ' in the denominator
i stands for mod-p subtraction )
1 - aix
i=1 . o9 (3'7)
where n-j :
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In accordance with the modulo-p arithmetic, stated in
brief in Section 3.3, G(x) may be written as :

n-1 i
+ = (p-l)(bfp )

G(x) = F(D) x *e \ LR N (3.8)

with a, = (p.~"1), and I = D% = 1 as the identity operator
and the symbol Di correspohding to a delay of i digits.

Further, the given p-nary shift register may be activated
from any of the pni 1 nonzero initial states. 1In case, the

initial state is :

1,

i

c_l = 0_2 B oLee = cl—n = 0, and c__n

then, G(x) reduces to its simple form as :

an(p - 1)
F(D)

G(X) = X LN cee (3.9)

Thus, in case the initial state ang the logical structure
of the shift register is specified, it is possible to fing G(x)
and hence the p-nary null sequence ( cycle structure ) generated
by the multilevel feedback shift register. The period of thé
null sequence evidently depends on the initial state and the
type of the delay polynomial of the shift register,

The sequential behaviour of the p-nary feedback shift
register is studied here by classifying the delay polynomials,

_ that characterize the Sequential behaviour, as under :



A : Irreducible and primitive delay polynomials
B s Irreducible and nonprimitive delay polynomials.

C s Factorable delay polynomials. '

If the given polynomial is primitive, the theory
states that the period of its null sequence is maximum and
equals (pp ; 1) digits. Such a sequence is called a maximum
length p-nary null sequence, Thus for a given primitive
polynomial, the null sequence yielded by ﬁhe corresgponding
generating function describes all the pn - 1 distinct p-nary
states of the shift register and constitutes the complete

solution of the polynomial.

However, if the given polynomial is irreducible but
nonprimitive, with any assumed initial state, the generating

function describes a null sequence of nommaximal length(cp” - 1
digits ). As a result, a given polynomial of this class, will

have several null sequences. But the theory states that an
irreducible polynomial exhibits sequences of egual period.

If cl is a null sequence of the polynomial and is of period Nl’
the (p° - 1) / N, null sequences of the polynomial constitutes
the coﬁplete solution of the polynomial. To realize the set of
sequences other than C, ( already obtained from G(x) ), we may
proceed as follows -

We may consider a new initial state that is not described

by the first sequence C,. and repeat the method to arrive at



the second distinct null sequence 02, This procedure may be
continued until’ the (p° - 1) / N, distinct null sequences
are obtained. Such a method involves a lot of computation. A
better method than the above is to make use of the following

theorem 2

If F(D) is a'linear p-nary nth degree delay polynomial
of an autonomous shift register, and if a sequence C of
period N is a null sequence of F(D), then the sequences, C.
given by -

¢, = (c+xd%) (modulo-p addition) ... (3.10)

where q is an integer in the range 1 to N, and k is a scalar
multiplier in the range 1 to p~1, describes all the null

Sequences associated with the given polynomial.

‘Therefore, for permissiblg vValues of k and q, Ci describes
null sequences of F(D), However, with only certain values of
k and q , we realize distinct null sequences, Whether a
selected set of k 'and d gives a new null sequence may be seen
by carrying out the mod-p addition of the sequences C and k D9
lfor the first n digits and examining the resulting n digit
b-nary number, If this has already appeared in the first
sequence Cl (say), no new Sequence will be obtained. If not,
another distinct sequence c2 (say) of F(D) results from the

mod-p addition., This procedure may be persuaded till all the
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(pn’- 1) / Nl distinct null sequeqces are realiéedl Normally
k may be assumed to be unity, and g varied in the allowable
, range., To facilitate énidk evaluation, it may be noted from
eqn. (3.10) that any linear (mod-p) combination of null
sequences of a polynomial is again a null sequence of thg

polynomial. This means, if C. and c2 are two null sequences

1
of F(D}, then

cj = k101 + k,C, ), ve's (mod-p addltign)..(S.ll)

where kl and k2 are integers in the range 1 to P - 1 describes
null sequences of the polynomial F(D). Thus, new sequences can
be formed from the linear-combination of the already obtained

_sequences.

Suppose that the given polynomial F(D)} is factorable.
In such a case, F(D) exhibits null sequences of different
periods depending upon the nature of its factors. However,
all these sequences can be evaluated by first obtaining a
null seguence Cl (say) from the generating function G(x) of

egn. (3.8) and then utilizing the expressions (3.10) and (3.11).

e

¥ Thus, it is possible, by this generating function approach,
to evaluate the complete set of null sequences of a given delay
polynomial irrespective of the class into which the polynomial
falls, Furthemore, the sequences obtained by this method '

indicate whether the given polynomial is primitive, or irreducible
but nohprimitive, or factorable (mod-p).



An example, under each class of the polynomials, is

given below s

Example 3.1 ¢ ( & case of primitive polynomial )

Consider the quadratic, quinary - delay polynomial
given by -
F(D) = 4+ 20+ 202, - (p=2 p=5, mod-5 addition)
it is desired to find all the null sequences of the polynomial.
Assuming the initial state as '01' the corresponding

N\,

generating function, from eqn. (3.9), is s

G(x) = 2(5 -~ 1) 5 X, ( since a, = 2)

4 4+ 2D 4+ 2D

= x (24 4D+ 20% + 203 4 30% + D% + 207 4 DB 4 1Y

+ 4010 4 3p12 4 g13 4 gpl4 4 3p15 4 pl6 4 4pl8
+ 3012 4 4p20 4 4p21 4 p22 4 p24 4 4p25,

Heﬁce, the null sequence C of F(D) is given by -
C$242230121140313320434410, 24 ..etc.

Clearly, the sequence C is cyclic with period N = 24(=52 -1)
digits. Since the sequence C describes all possible nontrivial
states of the quadratic, - quinary shift register, we have
obtained complete solution for the given polynomial. The

polynomial is evidently a primitive one (mod-5).
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Example 2 : { A case of irreducible and nonprimitive
polynomiali)

Consider the delay polynomial written as :

F(D) = 4 + 3D + D? ( mod-5 addition )

It is desired to find null sequences of F(D).
With initial state '01', the generating function G(x)
from eqn. (3.9) is :

(1).(4)

G(x) 3 x, '( since p = 5 and a
4 4+ 3D + D

]

2=2)

x(I 4 3D + 30° + 40% + 4p® 4 207 + 2p° 4 p1O

+ 012 4 3013 4 ., )

Hence, the null sequence C, of F(D) is :

1
Cl :130340420210, 13 ... etc.

The seqnénce C, of period Nl =12 (5% - 1) digits and

hence is a nonmaximal sequence. To obtain other solutions of

F(D), we now utilize expression (3.10); Withkx = g = 1, we get

4

the second distinct null sequence C, as under £

€, 2130340420210, ... (repeats)
DC, 2013034042021, .. (repeats)

143324412231, ... " (moG-5 addition)

L]

o

Sequences Cl and Cz, of period 12 digits, describe all
the (52 - 1) = 24 distinct stateé of the 2nd degree quinary
shift register and thus constitute the campieté solution of F(D).

Since their periods are equal, F(D) is irreducible & nonprimitive.

H
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Example 3 ¢ (A case of factorable polynomial)
Consider the delay polynomial given by :

F(D) = 4+ 4D + 202, (mod-5 addition)

It is desired to find null sequences of F(D).

With the initial,state 01, the corresponding
generating function G(x), from eqn. (3T8)giwes the sequence
: C1 given by 3 |
clsg__§_1o,_g___§...etc.

From egn. (3.10), with k = q = 1, we get a second

distinct sequence C, of F(D) as s

2
c, = (c1 + Dcl) = 2041, ... of period 4 digits.

Utilizing expression (3.11), all the rest of the

sequences of F(D) are determined and written below :

1, «.s of period 4 digits.’

Cy=cC, + C, =+ 430

Cag=Cy+Cy ¢ 1342, ... " " "
Cg=C,+C, = 3333 ... woooy om
Ce=C,+Cy s 0324, ... o4 o

e [}
C, =C, # Ce 3 1111 .., A 1 »
Cg=Cg+Cy 2 4444 .., " 1
cg = CS "‘ Ca H 2 2 2 2 s e n 1 “
£ period of sequences Clhto Cg = 24 =(52 - 1)di§its. and

the set of sequences 01 to C9 constitutes compute solution of F(D).



3.4,2 Use of Ck~tranéform for the evaluation of null

sequences of a given polynomial

In this section, the use of Ck-transfoxm and
associated linear recurrence ( as discussed in Chapter 1-)
is emphasized in-evaluating all the null sequences of a
given delay polynomial, that describes the sequential
behaviour of the linear p-nary nth degree feedback shift
register shown in Fig. -(3.1). | \

The characteristic equation of the autonomous linear
shift register is given by

'n ‘
I:-bizzo aiDi JTec = o (mod~p addition)

i.e. [FMD)I ¢ = o

where 8y MaY assume any integer in the modular field

(o' l: 2: sv P"‘ 1) an-d ao = (p" 1)-

To find the null sequences of the polynomial F(D),
similar to the binary case, we define a transform termed as

ck-transfomed, as below

J o
@ ( D/c) = ck*j cea ece ‘ (3.12)
where the symbol . @ stands for the transform of the

jth delayed version of the variable C, and (k and j) are
integers.



Utilizing,ckftransform, the characteristic equation

of the linear shift register may be written as :

Cp = @101 + @Cyn ¥ ceee F RO .. (mod-p addition)

‘ LA N (3. 13)
Or,using modulo-p arithmetic, _
Sgent1 = PoSke1 ¥ PiCkz *oeee ¥ By 1G4, oo (3.14)
(P "\ai)
where b, = “";;‘“" + (1 <4i¢n-1) (mod-p reduction)

The linear recurrence stated in egns. (3.13) and (3,14)
‘may be utilized to evaluate all the null sequences of a
given polyn&mial. If the polynomial is primitive - mod-p,
for any nontrivial initial state, the sequence resulting
from the above recursion algorithm will be seen to be of
period (pn - 1) vhere n is the'degree of the polynomial.
However, as pointed out in the previous sub-section, for
irreducible nonprimitive, and factorable polynomiazls, many
null sequences exist. To evaluate the complete set of the
distinct mull sequehces, we may have to either repeat the
above recursion algorithm with proper selection 6f initial
states of the corresponding shift register, or resort to
applying the expressions (3.10) and (3.11). A case of
primitive polynomial is illustrated in the following

example by the Ck-transform and linear recurrence approach.
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Example 3.4 3 ( A case of primitive polynomial )

Consider the characteristic equation of a second degree

ternary feedback shift register given by 3

(2 + 20 + D). ¢ = 0 (mod-3 addition) -
The @ ~transformed version of the above equation from

expression (3.14) becomes :

ez = S ¥ Oy ces (mod-3 addition)
or .

k43 = Spt1 ¥ Gk

Considering the set of temms (cl, cz) as representing
the initial state (01) of the shift register, we may write

all o 's for k »> 2, using the recursion formula (3.14), as

follows :
Witp k=128c¢cy =¢c + cé = 041 = 1 . (mod-3 addition)
k= 23 ¢y = C, + ¢ = 1+1 = 2
k=33:c¢cg = cgtecy = 1+2 = 0
k=4z: Cg =Cptcg = 240 = 2
k=573 c, =cg + Cg = O+2 = 2
k=63 Cg =Cgtcy, = 242 = 1
k=738¢c =cg4cg = 241 = 0
k = B.t 110 = Cg + Cg = 1 +0 = 1

Since the last two c's ( i.e. Cq and %0 ) represent

the initial state 'O1', we stop persuading the recursion



The null sequence of the given polynomial is, therefore,

c : 1 2 2 0 ~2 1 1 0, «se
(R T W 1

where € represents the input sequence to the first stage of
the shift register. Since the null sequence C obtained
above describes all the distinct nonzero states of the given
quadratic ternary feedback shift register, we have obtained
complete solution for the given delay polynomial, which is
evidently a primitive modulo-3. |
3.5 DETERMINATION OF THE DELAY POLYNOMIAL FROM ITS NULL -

SEQUENCE

This section deals with the determination of the delay
polynomial from its null sequence, which need not be maximal.
Threé methods are discussed here for this purpose. The first
method determins the polynomial by mere examination of the
givén seqﬁence and it is accordingly called ' direct method,
The second method utilizes the relation between the delay
polynomial and the genherating function associated with the
given sequence. Lastly the third method is based on the

C, ~transformed and recursion algorithm stated in last section.

3.5.1 Determination of p-nary delay polynomial by direct method

Let C = (c_, Cyr aee c,), be the given null sequence of

period N, associated with a linear p-nary nth degree delay



polynomial F(D), whereby [F(D)] ¢ = 0 stands for the
characteristic equation of the corresponding feedback shift
register. To find F(D) corresponding to a given maximum

length p-nary sequence C, we may proceed as follows 3

* Consilder two consecutive states of the system such that
in the first-state, (say reference sﬁate), all p;nary digits

except one are gero. Let €' be the p~hary value of the first

digit in the next state of the shift register as shown below

Two consecutive Stage number of shift register

states 1 2 ..o i (i+D) ...(N-1) N
Reference state 0 0 ... éi 0 ... O 0
Next state " e' 0 ... 0 C{ ees O 0

Now, c¢' is the modulo-p sum of the contents of several
of the stages at the first state. We may, therefore, write
the following equation in this case s

c! = aici ses cee es e (3.15)

where ay is the coefficient of Di in the delay polynomial

F(D), and ( 1 = i 2 n ), Since ¢! and c; are known from the
given sequence, the p-nary coefficient a; may be found.

Thus, by considering n pairs of such consecutive states of
the shift register, it is possible to evaluate all the p-nary

feedback coefficients aq, ay, -ee 3y of the required delay



polynomial F(D).

‘The method assumes the occurrence of n states in the
given p-nary sequence C, in which gll digits except one are
zero. This limitation poses no problem, since every p-nary
’m-sequence exhibits (p - 1)n states,.each containing (n - 1)

zeros and a non-zero digit, However, if a nonmaximal null
sequence is given, which does not describe the said n states
then, the generating function method or the Ck—transfo;m
method must be utilized to determine the polynomial. An

example by direct method now follows -~

Example 3.5 : ( A case of m-sequence )

Consider the m-sequence C, given below, for which the

corresponding delay polynomial is to be determined -

L N 2

€$202122102220010121120111 0.0,

Clearly, the sequence C is ternary ; i.e. p = 3. Its
period, N = 26 digits. As the sequence describes all the
possible nonzero ternary states of a 3rd degree shift
register, the degree of the corresponding delay polynomial
is 3.

Thus, the polynomial may be expressed as $

F(D) = 2+aD+ a21)2 + a3D3 .o (p = 3)

To determine the coefficients 2,, a, and ag, the

following‘states are considered :
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) ) Stage number of shift register
Two congecutive . For ay For ajp ‘For aj

_States 1 2 3 1 2 3 1 2 3
Reference state:r 2 0 0 0 1 0 0 0 1l
Next state c 2 0 1 0 1 2 0 O

Making use of eqn. (3.15), the coefficients a,;, a,, ay are
found to be -~

a = o, a, = 1 and ag = 2

Therefore, the delay polynomial dorresponding to the

given ternary m-sequence is 3
F(D) = (2 + D? +.20%).

Ié may be possihlé t§ apply this direct method ané
determine the polynomial of a certain nonmaximal sequence,
despite the fact that it does not describe the reqpireé
n states, each having (n —vl) zeros and a nonzero digit.
However, in such a case, the solution to the problem will not

be unique. This is illustrated by the following example :

Example 3,6 : ( A case of nonmaximal null sequence )

Given the null sequence C as -
C :t 2 0 0 1 0 0, ... (repeats)

It is required to find the corresponding delay polynomial
F(D).



The sequence C s 200100,... is ternary, i.e. p = 3. Its
period N = 6 digits. This means the given sequence is
nonmaximal, since Rl | # 6 for any n. Further, in view of
the fact that N = 6, the degree of the ternary shift register

must be atleast 4, i.e. n = 4,
We may, therefore, represent the required polynomial as -

F(D) = (24 aD+ a,D? + a0’ + aph, (sincep=3).

In the givén sequence, there are two distinct states, each
having (nv- 1) zeros and a non-~zero digit. From these two
states, two of the four feedback coefficients may be determined.
as shown below, -the other two coefficients can also be obtained

by suitably choosing the consecutive states.

Two consecutive Stage number of shift register
states For ag For a, For a, & a,

1 2 3 4 1 2 3 4 1 2 3 4

Reference state 01 0 0o e 0 1 O 1 0 0o 2
Next state 0O 0 1 0 2 0 0 2 0 1.0 O

Making use of egn. (3.15), the coefficients are as

follows -
a, = 0, a; = 2 and a; + 23 = 0 ( mod-3 addition)
i.e, a; = a8y = 1
OR
3 4 1 4
Hence F(D) = (2 4 D 4 2D” 4+ D)

OR

(2 + 20 + 20° + 20%).

it
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3.5.2 Use of generating function in determining the p-nary

delay polynomial from its null sequence

From the analysis of Section (3.4.1)’, the generating
function G(x) associated with the null sequence C of a linear
p-nary nth degree shift register is related to the delay
polynomial of the register by the egn.(3.9 ) , whiéh is
rewritten below for convenience - ‘

Assuming the initial state as -

‘c"'l = c_'z E oase- = cl""n = 0 and C_n = 1,
a,{p - 1)
x) = FD)

ﬁach cycle of the null sequence of the polynomial F(D)
as described by the generating function G(x) ends with the
assumed initial state appearing in the reverse order. (i.e.
00..01as10.,..0.00) . Hence, we mafrfind tﬂe églynomial
F(D) from its null seqn;nce C from the above equation, whére
G(x) is now written after arranging the given sequence C such
that it ends with a 1 followed by (n - 1) zeros, in view of
the sbove assumed initial state. The method is applicable to
maximal as well as nonmaximal seqnences; Two examples, one
concerning an mnsequenée and the other concerning nonmaximal

sequence, are illustrated belok.



Example 3.7 : ( A& case of maximal polynomial )

Given the null sequence C as -

C: 20211012, ... repeats

. It is required to find the corresponding delay polynomial F(D).
‘ The sequence C is ternary i.e. p = 3. Its period is 8 |
digits. Further, the sequence describes all the 32 - 1

nonzero states of a second degree shift register. Thus, the

degree of the delay polynomial corresponding to C should be 2.

Hence,
F(D) = 24 a,D+ ap?
Further, arranging the given sequence such that each
cycle ends with a 1 followed by h - 1 = 3 zero, C appeafs as -
cs12202110, ... (repeats)
Since the sequence is cyclic, we need to consider only

one period. Thus the generating function for the cycle

written above reads as @
G (x) = x (I+ 2D+ 20%+ 20% 405 408)
and from eqn. (3.9 ), the delay polynomial corresponding to
C is s l
F(D) = (2 + 2D + 209,
To check the results, it may be verified that -

[F(pJc =  o( i.e. all zero sequence )



Example 3.8 3 (A case of nonmaximal seguence)

Given the null sequence C as -
C:2 200100, ... etec.

it is required to find the.corresponding polynomial F(D).

The sequence C is here ternary ; i.e. p = 3. Its
perio;i is 6 digits. Hence, the degree of the required
polynomial should be at least 4, i.e. n = 4, Further, in
this case, any permissible values of k and g will not yield
a null sequence with n - 1 = 3 zeros. However, we can still
solve the problem with the help of the general exéression

for gemerating function given in equation (3.8) of Section
4.1. repeated below -
i=p (P - 1)b;D

F(D) ) x

G(x) & (

F. (x)
= ( T ) (say)

Here Fl(x) is of degree < (n - 1) and F(¥) is of degree n.
Hence we may write -
- 2 : r
G(x) = dy +dix+ dx" + ...+ dx" + ... etec,
Considering only one cycle of the null sequence, we have -

= 2 N-1 '
i GI(X) bt ao + alx + dzx + L Y + dN_lx e " (3-16)



Expanding the general expression for G(x) in egn.(3.8)-

n

d = b = » a.Cc

° (o] i=1 p: R §

n=-1 n )

4, = (b, +ba) = ( = a.'.c +a;, =ac

1 1 o1 -1 ¥l -1 i
d) = b,+ba 4 b (a,+a 2

2 2 171 0 "2 1

_ . =1

We now proceed to solve the bPresent example -

Sequence given = 200100, ...

Writing the generating function of the sequence for one

period, we get -
G (x = (24 x3

Comparing the coefficients of Gl(zd = (2 ¢4 xs) with the

coefficients of Gl(x) given in eqn. (3.16), we see that -~

do = 2, dl = 0, dz = 0, d3 =1, d4 = 0 and d3 =0

As already pointed out, the null Sequence given by

G(x) ends with the initial condition in reverse order.



Thus the initigl state in this case is as shown below :

C:2 0 0 1 0 O, ...

L

C.q4 ©.3 €3 %

Substituting the initial conditions in dr, r = 0 to 2,

we get the following equations :

a; = 2
2a; +a, = O
2 =
a;2, + (a, + ajlag =0 , (mod-3 addition)

Solving the above equations in accordance with mod-3

arithmetic, the required polynomial is

F/(®) = 240D+ 2034 p (with a, = a, = 1)
OR
F,(D) = 24 20+ 203 + 2p? (with a, = a, = 1)

3.5.2 ck-transform and its use in detemining the delay

polynomial from its null sequence;’

This sub-section is meant to develop the procedure For
finding the delay polynomial from a given null sequence making
use of-ck-transform and associated linear recursion algorithm. _

Let C = (cl,cz, .os cr), be the given null sequence of
period N, associated with a linear p-nary nth degree delay
polynomial F(D), whereby[F(D)] € = 0 stands for the

characteristic equation of the corresponding shift register.
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From the analysis of Section (4.2), the C -transformed
version of the characteristic equation (3.2 ) may be written

in either of the forms stated below -

Ckent1 = PoS#r ¥ PiCken *oeee * By 1%4n - (3.14)
where b, = Cﬁ““?) s 1 e J €01
3 —a )

Further, it is obvious that\for this type of formulations,
if the set of temms (ck*l ¢ Cpqn ¢ eee 0+ Cun ) represents the
present state, then it is possible to formulate both past and
future states of the shift register with the help of the
recursion formulae stated above, To find the polynomial F(D)
corresponding to a given null sequence, we may, therefore,
consider n states of the shift register, and write the
corresponding n equation with the help of egns. (3.13) and (3.14).
Since the states are known, the coefficients a. Byr s a, of
the polynomial can be evaluated. an example by this method is

given below : ' \

Example 3.9 : ( A case of maximal sequence )

.Given the null sequence C as -

C s 12202110, ...

it is required to find the corresponding delay polynomial F(D).



The sequence is ternary (p = 3), Its period is
8 digits. This means that the system is of second degree
(32 - 1 = 8). We may, therefore, fepresent the required

polynomial as -

2
F(D) = (2+a1D + azD)

This means the characteristic equation of the system

i; s
(24 aD4+aDbDd) Cc = 0
3y 2
OR
c = aD + azpz c (mod-3 addition)

The ck-transformed version of the above characteristic

equation is -

Cr = 3301 ¥ 3%

If e, ey ( i.e, Chp1’ and Crio with k = 0) represent the
present state of the system, then the following equations

may be written -

e, = 2,9 + a,C, (mod-3 addition)
c__l = alco + azcl
If the initial state is considered as ¢, = 0 and

1
¢, =1, then from the given sequenée we see that c, =1 and
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€_ 3 = 2. Substituting these values we get -
3; = 2 and a, = ;.

Thus the delay polynomial corresponding to the given

ternary séquence is -
F(D) = (2 + 2D 4 D?)

Ck~transform and associated linear recurrence is

thus seen to be quite a convenlent tool to solve such

Problems.

3.6 SOME PROPERTIES OF P-NARY DELAY POLYNOMIALS AND THEIR
NULL SEQUENCES
Frsm thé results of the analysis so far carried out
in the present chapter and what appears in the literature
( references have been stated in the introduction of this |
‘éhapter ), some useful properties of p-nary delay polynomials

and their null sequences are stated in this section,

(1) Polynomials of several types exist for every
positive modulus P and n, the degree of the linear p-nary

shift register and these may be classified based on their

+ factorable features as 2

*”»

A 3 Primitive polynomials )
B : Irreducible and noﬁprimitive polynomials
€ : Factorable polynomials.

(1]



(2) A polynomial F(D) of degree n has a complete set of
-null sequences if and only if a, and a, are prime to the

modulus p, where F(D) is given by :

. B i
F(D) =+ = aiD
i=0

(3) The smallest positive integer k such that the polynomial

F(D) divides DX - 1 is called the period of the null sequence
of F(D).

(4) a polynomial F(D), with coefficients in Galois Field
GF(p) is primitive over GF(p) if the smallest nonzero integer N
such that F(D) divides D" - 1 is N = pP - 1, vhere n is the

degree of F(D). The division is performed modulo-p.

This statement implies that primitive ( mod-p ) polynomial
of degree n has only one null sequence of period pn - 1 digits.
Since the largest possible period of the null sequence of a
linear p-nary n-stage shift register is pn - 1, the null
sequence of a primitive polynomial is the maximum length null
Sequence. Accordingly the primitive polynomial is also known by
the name ‘'maximal polynomial, Tabl:e 3.2 below lists some
maximal polynomials for P = 3, 5 upto n =5, some of which have

been treated in this chapter.

(5) The number of maximal polynomials for given degree n and

modulus-p is s Mp(n} = B(p® - 1) /n . where @(k) is the Euler
phi function defined by #(k) = the number of integers ¢ k which
are relatively prime to k.
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. - n .
Table 3.2 ¢ Form of F(D) : = a;D", with aj =p - L.

i=0
Degree Maximal polynomial Period in

of F(D) . digits

n F(D)

2

2 + 20 4 D 8
2 2 + D 4+ D% 8 .
3 2 + D% + 20° 26
3 2 + D 4 20° 26
3 2 % 20 4+ D? + 20° 26
3 2 « D + 20%2 4+ 2p3 26
4 2 4 20° 4+ Dt 80
4 2 + D + p? 80
4 2 + D3 4+ pt 80
4 2 + 20 + Dt 80
4 2 4+ 20 + 202 4+ D3 + p? 80
4 2 4+ 20 4+ D2 4+ D3 4+ pt 80
4 2 + 20 + 202 + o203+ D? 80
4 2 + D + D% 4+ 203 4+ pt 80
5 2 + 202 4+ p3 4+ p% &+ 2° 242
5 2 4 2D 4 2D0° + 2% 4+ 2° 242

Example $ Consider a 4-stage ternary shift register such
that #(3* 1 1) = 80. B(80) = 32. Dividing 17 this by four, the
number of maximal polynomisls(for n = 4) is 8.
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(6) an irreducible but nonprimitive modulo-p polynomial
is one that has no factors but that it is a factor of ﬁN -1
{mod-p subtraction) for some integer N less than pg -1, n

being the degree of the polynomial.

Accordingly, the peribd of the null sequence of an
irreducible nonprimitive p-nary delay polynomial is less than
the maximum of pn - 1 digits. &s such, the null sequence of

any nonprimitive polynomial is a nonmaximal sequence,

(7) The polynomial D™ - 1 divides the polynomial DY - 1

(without remainder) if and only if m divides n.

(8) If the polynomial F(D) divides DS _ 1, then s is a
multiple of the period of F(D).

(9) The period of an irreducible, mod-p, polynomial of

degree n is a divisor of pn - 1 and hence is prime to p.
(10) For any mod-p polynomial F(D),

[F(D)] d F(DP)

it

Hence, also in

P m .
[7(D)] F(D® ) for any integer m.

i

(11) If k is prime to the modulus p, then, the polynomial
DX - 1 (mod-p) contains no repeated factors.

(12) If F(D) is a prime polynomial of period k, then D® - 1
contains F(D) exactly once as a prime factor (mod-p).



(13) If the period of an irreducible polynomial F(D)
is k, then the period of [F(D)] Jie kp® where pr‘¥< ji<p,

p being modulus,

'(14).a complete set of null sequences of a polynomial
F(D) of degree n and modulus p defines the polynomial upto -

a constant factor prime to p.

(15) Given a periodic sequence C of nonnegative integers
le;s than a fixed prime p, then, there exists a unicue
polynomial F(D) (modulo-p) of minimal degree which has C as
a null sequence, and ény other polynomial which haé C as a

null sequence is divisible by F(D).

(16) For every polynomial of degree n, mod-p, the
length of all its distinct null sequences must equal p® - 1
digits.

(17) In a p-nary I-sequence, replacing every digit by
its mod-p complement results in the szme sequence, but for
the phase shift which equals ( p - 1) / 2 digits. The second
half of any p-nary hals m;seqnence (p>2) is the mod-p
complement of its first half. This of course implies that the

period of the sequence is even.

(18) For every maximum length p-nary sequence obtaihed

2

from an n-stage p-level linear feedback shift register, there
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exists a related n-stage shift register which will produce
a reverse sequence, Thig reverse sequénce is the original
sequence read in the reverse order. The brocedure for
finding the reverse sequence shift register connections is

as follows :

If an n-stage shift register has feedback connections
from n, k, m ... etc. with feedback coefficients a, =1,
A+ Fy eee etc, , the reverse sequence shift register will
have a feedback connections from the same stages n, n -~ %, ‘

B -m,.. etc. with feedback coefficients 1, Qer s oo etc,

(19) For every polynomial of degree n, its null sequence C

satisfies a linear recurrence relation -

n

C = ':::‘ac

r r-i (mod-p addition)
i=1 * -

where c, is any term in the P-nary sequence Cand a; are the
coefficients of the polynomial that lie in the range of

integers 0 to P~ 1.

‘ (20) By means of the linear recurreﬁce stated in property
197 it is possible to evaluate all the null sequences of a
given delay polynomial. Alternatively, given a p-nary null
sequence realizable‘from a p~level linear shift register, the
corresponding polynomial can~5e found using the linear

‘Tecurrence relation,



(21 Every p-nary null sequence C = ( Cor Cqr eee cr..,.)

may be expressed by the associated generating function as -

foe) c )
G(x) = = e, X '
r=0

n-1 i
+ = (p-1)b,D
1=0

( F(D) )'x

where bj = 4 X

a,,.C
i=1 1) =i

(22) Given a delay polynomial and the initial stage
of the corresponding shift register, all its null sequences
can be evaluated by means of the generating function concept,
Likewise, the delay polynomial that corresponds to a given

null seqnénce can be found with the,help of the generating

function.

(23) The null sequence of a delay polynomial as described
by the generating function G(x) always ends with the assumed

initial state of the shift register in its reverse order.

(24) The concept of‘vector diagram, suggested by Golomb
(1964) for the binary case, may as well be extended to
the p-nary sequences as outlined below.

A lihear. autonomous p-nary nth degree shift registe;

may be thought of as a device which takes any input vector
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(ck+1'? Cryp soor c, 4p)and computes an output vector

(e, Chpyr *=v ck*nul)' This means if the set of temms

(ck*l' Chgnrsoos ck+n) stands for the present state, then

the immediate future state is given by the set of terms

(ck, Cppqr v ckﬁn-l)’The table below shows how successors
as well as predecessors are assigned by the multistable
system assuming the set of temms (ck+1, Cppareee Qkén) as
representing input vector at the present. The period of

the null sequence is taken as 'N' and p any prime integer > 2.

Table 3.3 @

Stage number

1 2 X (n"l) n
~—-T—-—~ k4N CgeN#r v “k+N4n-2  Sk+N4n-1
CkaN-1 SN cse CkaN+n~3  SkN+n-2
Predecessors snee sens PRPEPY sane cesne
343—i~—f—— k+2  Sk+3 ' Sn Cran+1
(Present input e o - ceve [
vector) k1 “k+2 “k+hel Ck+n
T Sk Cke1 v Ck4n-2 Cx4n-1
Successors coee ‘esese vee cees coes
i Ck-N+3 Ck-N4q c°°° Ck-Nént+1  Sk-Nen+2

C%kem#2 Ck-N#3 cct SkeNen Sk-Nendd




If the present input vector is represented by the symbol

[ Ck4i] ¢ then we may depict the contents of Table (3.3) in
the formof a diagram, which is called the - 'Vector diagram', as

shown in Fig. (3.F ). The following may now be stated with

reference to this vector diagram s

(a) The cycles in the vector diagram hase no branch points.

(b) Every vector has a predecessor as well as a successor.

(c) Predecessors or successors of vectors are unique, .

(d) Distinct vectors have distinct successors.

(e) The second half of the vector diagram is the

(modulo-p) complement of the first half respectively.

(25) For a given n, every p-nary m-sequence is pseudo-

random in the sense that it satisfies the following three

randomness properties

(a) The Balance Property : Every p-nary consists of p-kinds

of digitg (i.e. 0s, 1s, 2s, eees (p~1)s ); and is of period
equal to (p” - 1) digits. In each period the number of digits
of every non-zero kind differs from the number of digits of
zero-kind by 1, This implies that each non-zero pP-nary digit
appears (p™ 1) times and the zero-digit appears ( 1oy
times in each cycle of the sequence.

(b) The Run Property : The total number of runs of a p-nary

m-sequence equals (p - 1) (p™1). These runs are equally distributed
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(Cu-N+2)= (Cera) (C) = (Cpesn)

Y \ )

(Ch-n23) = (Cirz) (Ck-) = (Ck+n-)

£/G. 3:3 VECTOR DIAGRANM FOR THE AYTONOMOUS
SYSTEI OF 7ABLE 3-3

DELAY

- - - - - —p— - s ?
(w-1) o T’ (m+1) ts

£IG. 34 AUTOCORRELATION FUNCTION OF A SIGNAL
CORRESPONDING 70 P-LEVEL M- SEQUENCE OF
LENGTH N=p"-1 (p>2)
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among all the kinds of digits (including the zero-kind).
Thus each kind has (p—l)pn"l/p = (p—:l‘;)pz‘l"'2 runs (n > 2 ),

(c) The Correlation Property : For every p,prime, ( p > 2},

the m-sequence is always antisymmetric in the sense that the
éecond half of the sequence is the modulo-p complement of
the first half. This of course im]:olies that the period of
the m-sequence is even, In mathematical temms, the second
half of a p-level m-.sequénce signal X(t) is given by -

1
X(t) = < X(t + 3N t)
where t is the clock-pulse period and N, the period of the
m-sequence, Thus the second-order auto correlation function

of a p-level m-sequence C is given by -

1 N
Bocls) = N s:'lcrcz*s
2a. n-1 )
= pn__l ' s=0, N, ;N...
2a.p71
= - — , s = N/2, 3N/2, ...
P -1
= 0 ' el sewhere:
where |
A = 12+22+32+...+(P;1)2

The continuous autocorrelstion function of the P-level signal
X(t) is shown in Fig., (3.4).



(26) Every p-nary m-sequence exhibits the shift and
subtract property which states that for all s+ 0 (mod N = pn-]_
is the period of the m-sequence C ) there exists an integer

w such that -
c ¢ pc = D¢ , for 1 ¢ s, w € N - 1

(27) Any linear combination of null sequences of a

polynomial is again a null sequence of the polynomial.

(28) Given an n-stage p-nary linear shift register and
(2n - 1) digits of a required m--sequeﬁce, it is possible to
determine uniquely the feedback connections of the shift
register. 2n digits are required, since n digits are needed
as an initial condition, and n additionmal digits are necessary

to specify unicuely the feedback coefficients.

(29) If a p-nary m-sequence is sampled with £ equal to a

power of p then the same sequence results.

(30) Sampling a p-nary m- sequence with each £ in turn,
(£, P 1) =1, 1 < £ ¢ pPoa, will produce all p-nary
m~sequences of period p° - 1 ( each n times ) and no others.
It may be noted that the number of different m-sequences of
period p® - 1 is n“l.ﬁ(pn - 1).

(31) If in any pP-nary m-sequence of period pn -1, we

replace the nonzero temms by zero and zero terms by one, then,
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the resulting binary sequence has peried pn ~-1/p-1

and is pseudo-noise.

(32) If it is known that a periodic p-nary m-sequence is
a maximum length sequence for some polynomial, then, it is
easy to examine the sequence and determine the polyncmial

itself, ( See example 3.5 ).

(33) Given the irreducible polynomial -

n f
F(D) = + = a0 (mod-p addition)
i=0
Let F,(D) = + =z a1 |  then F,(D) is also irreducible.

. i
. i=0
In fact, the sequences of F(D) and F,(D) are time inverse of

each other.

(34) A pseudorandom signal based on any p-nary m-sequence
has the definitive characteristic reference phase that is
uncorrelated with constant and linear signals; a property which

is useful in system identification by means of crosscorrelation.
A reference phase r(t) of a pseudorandom signal s(t) is a

translation of s(t) defined by -

r(t) = st + L)

with the particular properties

T T :
- fre)aE = 0 ana fer.r(vlar = o
"0 0 '



(35) If a p-level m-sequence signal is the input to a
nonlinear system in which the 2nd order kernal is the only
even order kernal present, the measurement of the 2nd order
kernel by crosscorrelation involves only the 4th order

autocorrelation function properties of the signal.

The 4th order autocorrelation functionsare all different
for different m-sequences of thé same period due to the
existence of linear rélationships between members of the
m-sequence which are dependent on the characteristic polynomial

4

of the sequence. '

3.7 GENERATION' OF DELAYED REPLICAS OF LINEAR p-LEUEL MAXIMUM
LENGTH SEQUENCES '

It is shown that an m-sSequence generated with an n stage
linear p-level shift register with modulo-p feedback has a _
cycle length of N = pn - 1 p-nary digits. The autocorrelation
function of the signal x(t) correspbnding to such an m-sequence

is defined by -

1 Nt°
Pl ® = 5= [ xlt - o) .x(t)a
o
where to is the digit period.

Where this property is of interest (e.g. System identifi-

~cation by crosscorrelation), copies of the same sequence with



various relative time delays are required. This section
presents several methods of determining the p-level linear -
feedback shift register connections for providing the delayed

versions of the basic m-sequence.

It is known that several techniques have peen communicated
for the determination of binary feedback shift register |
connections for delayed copies of binary m-sequences. (S.H,
Tsao 1964, A.C. Davies 1965, 1965, 1968, B,Ireland and J.E.
Marshall 1968, C.A. Stapleton 1971). '

In view of this, the content of this section is divided
into two parts. As the first part ( Section- 3.722) the presently
available techniques ( references listed above ) for obtaining
delayed copies of z-levél m-sequences are extended to cover
the more general p-nary ( p > 2 and prime ) situation. (Methods
1 to 6 discussed below ). As the second part of this section,

( Section 3.7.3) a new method is described to detemmine the

" p-nary shift register connections for the realization of the
delayed copies of the basic m-sequence, This new method makes
uge of the familiar concept of the generéting function associated
with the sequence. It will be seen that this method yields

quick results as the only calculation involved here is simple

modulo-p addition.



3.7.1 ( Method 1 ) Direct-Method of obtaining delayed

m-sequences

The characteristic equation of.an n stage p level

modulo-p feedback shift. register is given by

2 n

C = ‘ (alD + aZD * cees * anD )C see (3»17)
where C represents the logical output sequence of the

\ moduloLp adder and ai(i = 1 to n) ame the feedback

‘coefficiepts.

If C is defined as the basic maximum length p-level
. Ssequence, then the delayed sequences DC to D¢ are readily

-:available at thg regpective outputs of the register. It is,

’ therefore, required to provide the delayed versions Dn*lc
upto D¢ where Nt = (p° - 1)t° is the p-nary m-sequence
repetetion period. @ne way of réalizing the delayed copies
of C is to add extra stages to the éystem. This method,‘
although attractive from the view-point of synchronization of
the various outputs, would be obviously wasteful specially
where only a small number of selected delayed copieé of the
sequence are to be provided. In such situations, the shift
and add property of m-sequences leads itself readily to the
purpose of producing specially wanted delays with the help of

mod-p adders as discussed below.
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3.7.2 { Method 2 ) Shift and add property for obtaining

delgzgd versions

Tsao (1964) has shown that phase delayed versions of
binary m-sequences can be obtained by means of mod-2 adders
in conjunction with the sequence generator (fsr) by making
use of the shift and add property of the maxﬂnpm length
linear binary sequences. Since every p-level m-sequence, for
p prime, exhibits the shift and add property, the delayed
coples of a p-nary m-sequence may as well be provi&ed utilising

this property as showg below -

As before, 1f C is defined as a reference version of a
given p-nary m-sequence and D*C is the version of C delayed

by a time ito, then the digit-by-digit mod-p sum sequence is @

¢ + bpic

it

pic, i £ 0 and W2 , k#£0 ...(3.18)

= DN/ZC, i = 0, i, k integers

Now, for a p-level m-3sequence generated by the n-stage

linear shift register of Fig. (3.1 ),

N n(p - 1) delayed versions are available from the
m-sequence generator,

n{n-1)(p-~-2 )2 delayed versions from combinations
2 of outputs of two stages

n(n-1)(n-2) (p-1 )3 from combinations of output:
3 of three stages

[ B A RN LR EERENENNENNNN]

LA S B R A BN B NERNNNYNER®N

and (p - 1)® from combinations of all the n stages.



Thus, X
n
N = Pn— 1 = znc (p- l)r ss e (3.19)
=1 Sr . ‘

§his serves as a good remainder of how the whole ‘
gamut of deléyed'versions can be obtained in the p-nary
situation. Further it is known that every p-nary m-sequence
( p > 2 and prime ) possesses an antisymmetric property
in the sense that the second half of the sequence is the
modulo-p complement of the first half, Hence we need only
to provide the delayed versions from Dn+1c upto DN/ZC, and
the sequences DN/2+1C upto DNC may be obtained ﬁy cam?lementing
the sequences DC to DN/ZC in the modulo-2 sense. Hence for
generating all the delays, ( N/2 - n ) mod-p adders and
( N/2-1 ) mod-p complementators are required. 'An example by

this method now follows :
Example s 3,90 .
Given that the characteristic equation of a ternary

shift register is :

(2 + 2 + e = o ... ces (3.20)
determine the. shift register connections for delayed

sequences.

The given System, being ternary and 3rd degree, generates

an m-gsequence of length Nto = (33 - 1)t6'= 26t°, where to is the
shift pulse period.



Representing the output of the feedback logic device

3

by C, the m~sequences DC, ch and D'C are readily available

from the ternary shift register.

From the above characteristic equation,

p%c = (20 + D3)c p’c = (02 + pHe
p°c = (2 +dHhe % - (203 + DB)c
p°c = (+ %c bllc = (202 + DBc
p’c = (02 + 20%c pl% = (20 + D?)c
p®c = (0 + D3¢ pl3c - (202 4 p3)c
| = M%) ... (3.2

( in the above equations ' 4 ° represents mod-3
addition ).

Thus, ten ( = N/2 - n ) mod-3 adders are needed for

c to p1%. ana, twelve ( = N/2-1)

generating delayed versions D
mod-3 complementators ( which will be merely invertors in case
the ternary levels are chosen as 1, 0, -1 ) are required for

4

providing the delays pl4c upto Dzsc.

1t may be noted here, with the exception of p°c, pC,.

10

D*°C and Dlc, a1l the rest of the delayed versions upto pl3c

are realized by the first serial addition. And the versions

Sth, 9th, 10th and 11th by the second serial addition.

Although the method ig quite advantageous if only a

small number of selected delayed copies are required, it has
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the forlawing drawbacks 3

1. Each delayed version is obtained by a number of mod-p
additions 2 (n - 1).

2. Since all the delayed copies are not available in one
serial addition, synchronization of the various outputs
will be disturbed due to the finite speed of the mod-p
adders and complementators.

So much so, the method is preferable when the required -

delays are rather scattered in terms of their relative delays.

3.7.3 ( Method 3 ) Polynomial long-division technique

Davies (1965, 1968) presented a simple method for
calculating the linear combination required to give a specified
delayed version of a binary m-sequence. The method involves
polynomial long division and is not restricted to short sequences.

The extension of this method to the p-level m-sequence will now

be considered.

It is evident that any linear combination of m-sequences
of multistable feedback shift register is again an m-sequence
of the register, Hence, any specified delayed version, say

ch, may be written as

ofc = (kD + k2D2 * eees + % DY (mod-p addition)

where the coefficients (kl, Ky eee, k, ) are again integers

over the modular field GF(p).

Now, dividing the delay polynomial F(D) of the multistable

shift register into Dk, the féllowing equation may be obtained :



p¥ = F(D).a(D) + R(D) ceee  (3.23)

where Q(D) is the quotient and R(D), the remainder polynomial
( with no constant term ) and of degree less than that of

« F(D).

According to equation (3.3)

[F(D)YJc = o
Hence,
k¢ = [R(D)cC cees (3,28)

comparing eqns. (3.22) and (3.24), it is clear that the
coefficients of the remainder polynomial R(D) are the required
coefficients k1 to kn' 8ince the degree of R(D) @ust be less
than the degree of F(D). '

Examples (3.71)

Given a 2nd degree quinary system described by the

characteristic equation :

[F(p] ¢ = (4+ 220+ 20%C = 0  (mod-5 addition)
s e e (3. 25)

fihd an expression for the delayed versioh D’C in terms of
the outputs directly available from the multistable systen.

Let, D’C = (k,D + K2D2)C (3. 26)

Now, the division of the above delay polynomial F(D) into

o2 may be carried out with detached coefficients as follows :
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9.8 7 6 5 4 3 2 1 . power of B

4 2 2
1
1 1 2
4 3
4 4 3
4 2
4 4 3
3 2
3 3 1
4 4
4 4 3 (Division over
2 - mod->5)
2 2 4

3 1 (remainder)

Therefore, the remainder polynomial is 3

R(D) = 302 4D

By equation (3,21)

p°’c = (O + 3?)c ( mod - 5 addition )

which is the required result.

This method is evidently more simple and systematic and

carries the distinct advantage that it can{be used even for

every long sequences as the only calculation required is the

polynomial long division, which is a step by step process,

readily performed on a digital coﬁputer with mod-5 logic.
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3.7.4 ( Method 4 ) Polynomial division method - an alternative

solution

Davies (1968) presented another alternative solution by
polynomial division technique to the problem of obtaining
delayed versions., The statement of the probiem as applied to

p-level sequences is as follows s

Given the nth degree polynomial F(D), which generates a
p-nary m-sequence the objective is to determine the least

. pPositive integer k satisfying an equation of the form 1

k

- 2 n ‘
DV = le + k2D +t oeeee #+ kD ces (3.27{

where k1 to kn are known coefficfents from GF(p) and where

' + ' denotes addition modulo-p.

The value of k may be determined by dividing F(D) into
the right hand side expression of egn. (3.27), and continuing
the division until a single term remainder polynomial is
- obtainhed. This remainder is ﬁk. Howewer, the division is to |
be carried out by writing thé F(D) and the R.H.S. of eqgn. (3. 27)

in ascending powers of D. The following example illustrates

this technique.
Example 3.1/2

Given that F(D) = 2 + D% 4 20° (mod - 3 addition)

and that, o = D 4 D3, find k.
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The division of F(D) into (D + D3) in accordance with
mod-3 arithmetic is as shown below 3

1 2 3 4 5 6 7 8 power of D —~
2 01 2)1 0 1

1 0 2 1
2 2 (mod-3 division)
2 0 1 2
2 2 1
2 0 1 2
2 0 1
2 0 1 2
1
The remainder is :DB, sok = 8,

Ay

It may be noted here that in both the methods 3 and 4
the whole division is to be performed to obtain the linear

logic for each specified delayed-version of the m-sequence.

3.2.5 ( Method 5 ) A practical method to determine multistasble

shift register connections for delayed m-sequences

Ireland and Marshall { 1968 ) dewcribed a practical
metilod to determine the modulo-2 shift register connections
for produc:i.ng delayed ( or advanced ) versions of a binary
m-sequence., This method will now be considered in relation to

p~-Rary m-seqguences.

Given that the state ( column ) vector ( Elspas 1959 )

of a given feedback multistable shift register is C, at £t =0,



then, the state Cj after a time equal to j shift pulses is
given by 3

¢, = cho ' cee (3.28)

where T is a constant n x n matrix with elements 0, l,eeu,p-1,

modulo~-p arithmetic being used to simplify powers and products.

Defining the sense of c and cj

seen that the length of the basic sequence c,, Cp4yp’ +++¢ equals

as ih Fig. (3.5 ) it is

.
N = p - 1 digits and the sequence cn+j’ cn+j+1"" is the

sequence delayed by (N - j) elements or shifts,
Now, cn*j' which is the first temm in Cj is obtained by
multiplying the first row of Tj with the column vector C . If

this first rowv is known, the element =N n+j can be obtained,

Let the p-level shift register be set to the initial
state (100....0), If a matrix ﬂ is defined as shown in Fig, (3

then, the matrlx‘ﬁj can be expressed as

= 7]
gy = 0.8,

Hence, pd

]

ﬁjﬂe -1 see eae (3.29)

Then, the required first rwo of TJ is given by the product
of the first row of ﬂj with the column of ﬁo'l in turn, Since
the first row of ﬁj represents the vector Cj+n—1<(in the reverse

order), only ﬁo'l is to be calculated for a given p-stable
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shift rggister.
In short, the given multistable shift register is set
up initially to € = (1,00 .... 0)%, and shifted (j+n-1)

times., The resulting state vector C written in the

j+n-1
reverse order ag a row vector, is then multiplied by ﬁo—l.

The product yields #inally a row vector, in vhich all non-zero
elements (with p-nary values ) give the shift register
connections necessary to oﬁtain the sequence advanced by j '

shifts, The following example illustrates the technique :

Example 3.73

Given that the characteristic equation of a ternary

shift ‘register is 3

[(F)] ¢ = (2 + 2% + 220%c = 0, (moa-3 addition)
determine the shift register connections for the sequence

advanced by 14 shifts,

The successive occurance of states is in the given

shift register is shown in Table 3,#elow:

At time t =0, the state vector ( column ) is ¢
t
C, = [100]

By definition, (Fig. 3.5)

p 101
=010
° 001



|1 2
gl = 0 0| (reduced as per mod-3
0 1 arithmetic)

OO

For the m-sequence advanced by 14 shifts,
i = 14, Therefore, Cy,,,; = iCjq = [1 20

(When written in reverse order) C g = [o 2 1]

-1 10 2]
and, (C .8~ = €021 |o10| =J0 21]
16*7o 001

T}ius, the mod-3 sum of the outputs of the second stage
(multiplied by 2), ard the third s{:agg yields the m-sequence
advanced by 14 shifts, as may be verified from Table 3.

Table 3.4 Succession of states in the shift register

State No.

1))

tage No. - State No. Stage No.
2

o

!

1w

—

00 0
2

1
14 2
15 0
16 2
17 1
18 2
19 2
20 1
21 o
22 2
23 2
24 2
25 0
26 0

O 0 SO0 B b W -

=
-0

-
N
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3.7.6 ( Method 6 ) Delayed versions by employing regpisite

run-out stages

Recently Stapleton (1971) described an economical means
6f generating delayed binary m-seguences using an extended
shift-register and an inversion of Davies' method of delay
generation. The results obtained by this method in the case
of a ternary shift registér are tabulated below ¢

Table 3,5

Characteristic eqn. of the shift register : (2 + Dz + 2D3)C

Period of the m-sequence C = 26 digits
Number of run-out stages provided : Two only
Delayed Ver31ons directly availaple: DC to Dsc

Form of delayed version, e = z’k Di C (mod-3 addition)

i=1
Delayed version, p*c Coefficients of bkc
ky  ky k3 kg kg
ple 0 2 2 0 0
Doe ° 0 2 2 )
poc 0 1 0 1 0
p% o 0 1 0 1
D13C o ) . o o
14 26 ’
The delayed versions D to D?°C are mod-3 compliment

of the delayed version IC ... Dlac,'Here all the delayed

versions are obtained in one serial addition.

=C
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3.7.7 ( Method 7 ) Use of generating function concept for

the determination of p-nary shift register connections

for delayed.mnsegpences

an attempt is made in the sub-section to present g
simple method to determine p-nary shift register connections
for the realization of the required delayed copies of the
m-sequence, The method makes use of the familiar concept of
generating function associated with the m-sequence (Golommb 1967).
As the only calculation involved here is simple modulo-p

addition, it can provide quick results.

Before considering the method, it is necessary to
recall the following four properties of a p-nary m-seguence
as generated by a linear n-stage p-level feedback shift

register.

—n—n———-a.—-——mu——-—-no

1. The m-sequence generated by the n-stage p-level
feedback shift register ( modulo-p feedback ) is

cyclic with a period T = pn - 1 clock pulse intervals.

2. There are pp - 1 phase: distinct m-sequences
corresponding to each of the pp - 1 possible nongzero
initial states of the feedback shift register.

3. If an m-sequence C is operated by a polynomial Q(D) .
in D..{ with its coefficients over the modular field
of integers 0 to p - 1 ), a phase-shifted version
of the sequence C results.
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4. For ps2z and prime, the second half of every p-nary
m-sequence is the modulo-p complément of the first half,

ST W AR ARR WA e e eeh WA G M W WE M W mEL  me W o e % wm

m-seguences

It is a familiar fact every feedback shift register

m-sequence C = {c}:} satisfies a linear recurrence relation
n
cr = ;2 aicr-i sen sen ‘3030)
i=1 \

where a, assumes a value in the modulo field of integers

0 to p o 1;

A close look at the methods of studying linear recurring
Sequences reveals that a generating function G(x) may be
associated with the p-level m-sequence as under :

(o9 -
6(x) = = e cee cee (3.31)
’ . =0 -

Assuming the initial state of the feedback shift register

as

C_ll c~2' seoawvey C_n

and making use of the linear recurrence stated in eqgn. (3.30),
the generating function G(x) has been éhown in Section (3.4.1)

to be of the form : ( eqn. 3.8 rewritten below ).
n-1 i
imo (p-1)Db;x
£ a;x
i=0
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where n-j

= = .
j i=1 itj =i

Identifying the denom¢hator of the above equation
with the characteristic delay polynomial F(D) of the shift

register, G(x) may be written as :

G(x) '-{;izo biDif m}x ces e (3.32)

It is apparent from egn. (3.32) that there exists g
duality between the ‘characteristic polynomial F(D) and the
generating function G(x). ( i.e. the m-sequence under
consideration ). Under the circumstances, the term withih the
curly-brackets of the eqn. (3.32) may be made use of to
determine the p-level shift register conngctions necessary for
the realization of delayed versions of the n-sequence as .

discussed below 3
With the initial state of the shift register given by
c‘-l = Ezta cCoNveae = c.n+1 = 0 and c-_n = ]

the generating function G(x) in- egn. (3.32) becomes:

an(p - 1)

G(x) = ~Fm) X ces .o (3.33)

How, if the m-sequence described by G(x) in eqn. (3,33)

is considered as the reference sequence C, then, by property 3

of Section (3.7.7a), the m-sequences described by G(x) in egnm.(3.32)
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under various initial conditions, are merely the delayed
version of the reference sequence C. This means that the
term within the curly brackets of egn. (3.32) acts as a

' Delay Operator ' on the reference sequence.

This delay operator evidently depends on the initial
state of the shift register and thus yields a distinct delayed
version of the m-sequence C with each of the pP - 1 distinct

nonzero initial states of the register ( property 2 of Sec.3.7.7a).

Therefore, if a relationship between the m-sequence
described by the generating function G(x) and the initial state
of the shift register is established, then, by merely
substituting the initial conditions corresponding to a specified
delayed sequence, the required delay operator or thg shift -
register feedback connections for thg generation of the
specified delayed-version can be readily obtained., This
relationship can be derived by considering the succession of

states in the feedback shift register -
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Succession of states in the shift register of Fig.(3.1)

State No. m-sequence of length pn - 1 digits.

c DC p*¢ ... D%

First state S, c_y c_, cos C_,
Second state <, c, c_, voe C_n+1
Third state ¢, ¢, S, e C_n+2

- - L J L] L L L] -« L J L 4 - - * » - - L3 L] L L 4 L] . - . L 4 L

L - L] - - L] [ ] * ® L d - . . L d * - - . - L] L4 . L] - L L

(p® - 2)th state CN-1 Cy_2
(N = pP-1)th stqte cy CN;l CNog  cer N - n

since the period of the m-sequence equals.N shift pulse

intervals, it may be written that :

fl
0

It is clear from the above equationsthat the initial state
(c_l, € gree+-C_,) of the shift register appears at the end of
the reference m-sequence C (logical output of mod-p adder of

Fig.(3.1) in its reverse order.
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Hence, by mere observation of the required delayed sequence,
the corresponding initial state of the shift register can be
hotea, substitution of which in the curly bracketed term

of equation (3,32) directly yields the shift register

connections for the delay generation.

Specifically, the shift register connections for a

given ‘delayed version DIC{:( n <« q < p’ - 1) are given by

b \
n-1 i (
ch "-':[ = -a:) Di] C cesw ssw (3034)
i=0
(Curly bracketed term of eqn.(3.32) )
where,
. ni
bj. = iizl ai"f"j c—-i se L (39 35)

is evaluated with the initial conditions corresponding to
the delayed version D9C , Here, the coefficients b, are to
be divided by ay because the elements of the reference
m-sequence C hdve been previously multiplied by a, ( see
eqgn. (3.33)). '

To clear éhe above ideas, an example iskgiven below 2

Example (3. 74)

The characteristic equation of a quinary feedback shift
register is given as -

[FD)] ¢ 2[4 + 20 + 202] ¢ = 0 (mod-5 addition)

K © as e (3.36)
Determine the feedback connections for 913C.



As before, comparing the given characteristic equation

with the general equation (3.3 ), we see that -

n=2, p = 5
so e (3.37)

P Jou P Jrel

= 2, andazﬁz

Starting with the initial condition (0 1), the reference
m-sequence C (logical output of of the mod-5 adder) may be

written :

C:242230121140313320434410, ....

Hence,

‘D13c=031332043441024223012114,

Now, the initial conditions corresponding to the

3

delayed~-version Dl C are the last two digits of the sequence

taken in reverse order i.e.,

c__1=4andc_2=1

Substituting these initial conditions in the delay
operator ( eqn.(3.34 )), we get -

b°+bD

ol - - ¢ e (mOd-5 addition)
2
where,
Ne]l



Evaluating the coefficients bj and b, with the help

1
of egns. (3.39) and (3,38)

hB = alc_1 + azc_2'
= (2)(4) + (2) (1)
= 0 (mod-5 reduction)
by = a,e,
= (2)(4)
= 3 (mod-5 reduction)
Hence, the'delayea sequence D13C is given by :
13, _ 3 ,
DT°C = EDC = 4DC {(mod-5 reduction)

Verification ( mod-5 arithmetic )

C3:24223012114031332043441 0, «ue

DC3$02422301211403133202434 41, ...
4DC

031332043441024223012114, ...
: plic
It may be noted that in the p-nary case ( p » 2 and
prime ), i£ is only necessary to determine the shift register
connections for delays from D" lc to V' 2 (N =7p"-1), as
the connections for the delayed versions DN/2+1C upto e can
be simply obtained by complementing‘the connections of the

copies DC to DH/2C in the modulo-p sense (property 4 of Sec.3.7.7a).



The method is quite simple and provides quick results

as the only calcul&tian involved is simple mod-pi additiom.

3.8 A STRUCTURAL PROPERTY OF A p-NARY m~SEQUENCE'

In this section, a structural property of the maximum
length null sequence of a p-level linear feedback shift
register is discussed. The analysis presented here answers

the following questions :

(i) When the null sequence generated by the p~level
n stage linear shift register is pseudorandom 7’

(ii) When the autocorrelation function of a p-nary
© m-sequence, as generated by the linear shift
register, is izero %

3.8.1 The necessary and sufficieﬁt condition for the null

sequence of a linear p-nary n stage shift register
to be pseudorandom, )

Consider a p-nary m-sequence generated by an n stage
p-level linear feedback shift register. Let the m-sequence be
represented by C as

cC = ( co, cl' ese cN-l ),

= icd
of period N = pn - 1, having Pp-l digits for each of the
P - 1 nonzero kinds, ané pn"lul zeros. Further, the second

half of the sequence is the modulo~p complement of its first
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half. Thus denoting u (N - 2)/2,

c = (col 01, c‘; *ne Cﬁ-l)
= (e, Cpr Sp¢ +e+ Cyr P-Cy P=Cyy ees P-cy_, )
Also, let 's' represent any nonzero digit (1, 2, ...,p - 1)

with a corresponding analogue level'd S' .

For amy’ delay ©, the value of the autocorrelation function
of the m-sequence C is given by s

N

TC, C., .e 0O<e sN-1 ,, (3.39)

Bl ®) = N
cc j=q 1 i

2

Owing to its antisymmetric _nature, the autocorrelation function
DN L
.2 4
when analogue levels of the nonzero digits are adjusted for

for s*csN—1isthenegatiVeofthatforOé*céN"i.

2

symmetry. It is, therefore, .of inierest to consider the value
of the autocorrelation function in the range 0 < ¢ < E—'z'-l

The rigﬁt hand ‘s;ide of egqn. (3.39) may be considered as
,the sum of another sequence {ei} » which is formed by shifting
the sequence ic; ¢ .relatiVe to itself and forming the product
of the corresponding digits. Hence,

ei = cici+ ro cee cewve (3-40)

Since the termms of the sequence § ¢;¥ are integers in the

modular field (0, 1, 2, ... p - 1), a tem of the sequence :feig



must be formed by the product of any one of the following
combinations s ‘
(i) (o, 0)
(ii) (o, s)
(iii) (s, s)
(iv) (r, s) r#sandr, s= (1, 2,... p-1)
We assume here that the order is unimportant and we need

hot distinguish between, say, (r, s) and (s, ).

g

Denote the number of occurrances of these combinatibn‘s\ as :

I‘oo( €) = Number of (o, 0)

Logl el = " to, s
Lss( ®) = " (s, s)
L {e = " (r, s)

These numbers determine the structure of the product

sequence § e 1.

Next, we obtain I"oo( ), Los( T), Lss( ), Lrs( 2) in tems

of the parameters of the sequence by means of deduction method

as follows :

For thiss purpose, consider the following four cases :

(1) Modulus p = 3

Number of stages in the shift register, n = 2
2

characteristic equation of the fsr : (2 + 2D + D)c = ¢
where @ is the basic m- sequence,



Basic m-sequence C is $

'C$112202110, .... with period N = p® - 1 = 8 digits

N -2
2

the following values of Ifoo( ), I‘os( z), Lss( ), Lrs( ”) are

, for this m-sequence

For any delay < in the range 0 & © £

1

obtained - (r,s=1, 2: r# s )

I'OO( ') =

"Forp=3, n= 2

0
Los('c) = 4
Lss(c) = 2

2

Dl I Y, Pkl Pt I Yok

Lrs( T) =

(ii) Modulus p = 3
Number of stages in the shift register, n = 3,
Characteristic equation of the £sr : (2 + D2 + 20°)C = 0
where C is the basic m-sequence.

Basic m-sequence C is s

C:01211201110020212210222001,...
with period N = p® - 1 = 26 digits.

For any delay “ in the range O <t '5 N '2' 2
m-sequence, the following values for Loos( T), Logl=), L (2,

. for this

I‘rs( ) are obtained - (r, 5 = 1,2; © # s)

Lol® = 2 X
Los(*b) =12 § For p=3, n=3
L, (®) = 6 {

: I‘rs‘ £) = 6 X



(iii) Modulus p = 5

Number of stages in the shift register, n = 2.
Characteristic equation of the fsr: (4 + 2D + 2D2)C =0
where C is the m-sequence.

C:242230121140313320434410, ...

with period N = p® - 1 = 24 digits.

2
n-sequence, the following values for I‘oo( €), L os( ¢),L s

For any delay ¢ in the range 0 4 ¢ ¢ » for this

S,

Lrs( ®) are obtainéd -(r,s=1, 2, 3, 4, r £ 3.

Loo(@) = 0 §

L _(®”) = 8 ) ¢

os X For p =5, n=2 '
I‘ss( ) = 4 §

Lrs('b) = 12 X

(iv) Modulus p = 5

Number of stages in the fsr, n = 3,
Characteristic equation of the fsr (4 + 3D # 2D3)C =0
where C is the m-sequénce,

m023414oz4zo33430300134432433222
0413230434011310100213314311444
0321410313022120200421123122333
014232012104424p40034zz4124411L“

with period N = pn - 1 = 124 digits,



For any delay <« in the range O<c « N ; 2 for this
m-sequence, the following values of I‘oo( T, L, S( €), L ss( <),

L.g{ ©) are obtained - (r,s =1, 2, 3, 4, and r £ s).

~

]

Loo( ) 4
L (2 = 40 ‘
os - for p=5, andn= 3
Lss( T) = 20 4

S, P, Jpual, o, Ykl i, Jrot.

I‘rs( Ty = 60

In viéw of the above mentioned results, ( cases 2i,di,ddd,
iv ), in general, for any p-nary ( p > 2 and prime ) n-stage
linear feedback shift register m-sequence of period N = pn -1
digits, the following equations are valid :

For o < = 5N'2'1 and "’:(3" <& eN -

L (e = p™2_,

o0 !
Lot ® = 2 [Pl -1 - p™2_ p] !
L (%) = (p-1) p™2 o 1 (3.4
ss' = (p - p X 3.41
Lpgl € = (57 - D - D (6) - Lo (@) -1 (%) 2

= (p-1(p - 2) p™? D

Similarly, for @ = 0, the following equations may be written;
_ n-1
Lol "b) = p -1

Los( <)

i

X
X
Lrs( ﬁ) = 0 x\
% css (3.42)

= ~1
Ll ® = (p-1) (5]
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For © = . likewise , we may write the following

N =

-equations

N1

LOO( ®R) = p -1 § |
. Los(«c) = Lss( c) = 0 % e (3.43)
’ n-1
Lrs( e = (p-1(p™ X

The results expressed in eqns. (3.41), (3.42), (3.43) show
that L (<), L _( <), L. ©, and L..{ ®) are not only independent
of « over the chosen interval, but they are completely

determined by p and n.

Making use of the above results, the autocorrelation function

of the m-sequence C may be written as :

i

g (z)

1 N
cc N %cc
1l n-2 2 -
r,S= 1,2,...'p"10

where of. and d% are the analogue levels of the states r and s
in the m-sequence respectively.
Now,

124224324 ... 4 (p-1)2

d2
S

' : -1
= 2[4 2243244 25" )&k For a symmetric
prip-1) (p+1) m-sequence signal)

3 cee cos (3.45)




o = ?[(1)(2) +4(1)(3) + ..o+ (1) (p-1)

$ (2 (1) + (D3 + errn + (2 (p-1)
+ (3D + (3)(2) + euuee + (3) (p-1)
+
+

L d * . - - - - - L 4 » * » * - - - - -

® o s, e & & e o o @ & e & e o & e @

+ (p=1) (1) + (p-1)(2) + ....+(p-1) (p-2)]

i ‘ 2
= [14+2+3+ ... 4p-1] -12+ 224 3% _, 4(p-12

For a symmetric m-sequence signal, the second half of the

signal is the negative of the first half.

Hence, , X
- : 2 2, p-1,2
o =0-2[1°4+2 Feves b (557 1
—— 'p(p-l) (p+1) ' oooo\ *sr 0 (3-46)
| 12 ‘
Substituting the values of dﬁi and d%s in egn. (3.44), we
obtain - '
ﬁcc( ‘t) =" 0 For -0 < 5-%;-«2- -
N.:
and for —= <& < N oo (3.47)

In view of legns. (3.41),(3.42),(3.43) and (3.47), we may
now state that jinvariance of L (<), b _( @), sgl @) -and L_ (-z:)with
%« is the necessary and sufficient condition for a p—level 1:.near

shift reglster null sequence to be pseudorandom.
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also, from egn. (3.47), the condition for a p~nary linear
feedback shift register sequence of period N to have zero

autocorrelation function for any nonzero & ( except for & = N/2 )

2
d:s -7 ocrs

Thus, given a linear‘p—level shift register sequence, it
is possible to ascertain as to whether it is pseudorandom or
otherwise. Also, the condition for the sequence to possess
zero autocorrelation for any nonzero © ( except for = = N/2 )
may be verified from eqns. (3.45) and (3.46).

3.9 GENERATION OF PSEUDORANDOM SIGNALS CORRESPONDING TO |

m-SEQUENCES OVER GF(p = 22)

The fundamental properties of recurrent sequences and
maximum length sequencés over GF(p = 2) have been discussed in
Chapter 1. In this chapter, so far,the theory of maximum length
Sequences over GF(p > 2and prime) has been developeds but few
properties have been described in the literature concerning
'p =7, n being an integer. ( Balza et.al. 1970, Zierler 1959,
Godfrey et. al. 1968, Power and Simpson 1970, Brown 1969,
Simpson and Power 1970, these include application of 4-level or

almost a periodic Sequences in system identification ).

In the present section, a simple method is presented for
generating 4-level pseudorandom signals, deriwed from their

corresponding m-sequences, using a single binary feedback shift



register unit. The method becomes more effective in saving

compohentgas the period of the m-sequence increases.

d.9.1 Delay polynomial generating 4-level - sequence

It is well known that a maximum length sequence of
period p" - 1 digits is obtained from such a recurrent

relation as - ( ' 4+ ' gtands for mod-p addition )

%% T 21%e1 * ka2 *eee F w G0n gt a0y, = 0 .. (3.48)
where a; and Sy belong to a Galois field of P elements, and

(3 + 2D+ a0 4 .ov g 0™l 4 a0 G ... (3.49)

is the characteristic .equation of the corresponding linear
-shift register., Here the symbol pJ is the algebraic delay
operator, the effect of which is to delay by j digits the
variable ( m-sequence C ) it operates on. The term within the
brackets of eqn. (3.49) is known as the characteristic delay

polynomial, which must be primitive to realize maximum length

sequence.

For the case of p = 4, which is considered in this section,
the elements of GF(p = 4) may be designated as (0, 1, a, b),
The additional multiplication rules over GF(4) are stated in
' Table 3.6 . & list of primitive delay polynomials over GF(4)

is given in Table 3.9.



Table 3, 6
Addition over GF(4)

+ 0 1 a b
0 0 1 a b
1 1. 0 b a
a a b 0 1
b b a 1 0

Table 3.7 Primitive polynomials over GF(4)

Multiplication over GF(4)

. 0 1 a b
0 0 0 0 0
1 0 1 a b
a 0 a b 1
b 6 b 1 a

Degree of Primitive Period in

polynomial polynomial digits
n F(D)
3 a +# D + D® 4 p3 63
3 b + D + D*® 4+ p3 63
3 a + W+ 02 4 p3 63
3 b + ab+ D2 4+ D3 63
3 + D + bD%2 + D3 63
3 b + + ad® + D3 63
4 a + ab + ap® + D3 +p* 255
4 b 4+ ob + BwD? 4+ D3 +p% 55
4 b + w + a® +0p? +p* 255
4 a + ab + D% + 0D° + 0% 255
4 a + bD + 0D® + ap3 + % 255
4 b + ab + oD® + wp> +p* 255
4 a + > + D2 +o0p3 +0* 255

(continued)
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Degree of Primitive

polyﬁomial P?lg?gTial g?;igg n
4 b 4+ ad + B® 4+ ob° + p* 255
4 a +-aD + ap®+ Pp° + Db 255
n b 4+ bD + wp?+ o003 + p? 55
4 a + B + bD?+ 003 + p? 255
4 b + ab + ap?+ 003 + p? 255
4 a + D + op?+ p3 &+ p? 55
4 b + D + o2+ D3 4 p* 55
4 + BD 4+ D%+ w3 + p? 953
4 b + ab + D%+ 03 4+ p% 955

-q—-—-—---—-u-——o--—.-‘-—-!-——-——--————-—nn

2

5 a + 00 + ap® & w¥ 4 p* 4105 1023

. 3.9.2 Statement of the problem

Consider now aﬁz—stage 4-level shift register shown in
Fig. (3.6 ). The characteristic equation of the shift
register may be written as :

(a -+ D + Dc = o (3.50)

The corresponding recurrence relation is given by :

¢ = b Ceyy ¥ P Crun cen cee (3.51)

Assuming the initial state,‘ck+1, °k+2' of the shift

register as ' ¢ b ! . the succession of states in the register
are as follows :



Table 3. 8

Descrip- State numbers

tion of 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
sequence

Output of
stage 1

° 0,e0
stage 2 b a . b b 18] a 1 a a 0 1 b 1 1 ’

Let C represent the basic 4-level m-sequence of the 2-stage
shift register ( i.e. input to stage 1 ). Let x(t) be the signal
corresponding to the m-sequence C, The present problem is to realize

the signal x(t) by means of a binary shift register.

1.9.3 Generation of 4-level m-sequence signal using binary logig

Let the GF(4) elements 0, 1, a, b correspond with the analogue

levels as under @

GF(4) elements - Corresponding
' analogue level
0 ~1.5
1 -0.5
a +0.5
b +1.5

The selected analogue levels are symmetrical about zero.
Under the circumstances, the 4-level signal x(t) may be thought of
as an analogue sum of three binary component signals, say, xi(t),

xz(t) and xé(t) as shown below &



Let us suppose that the states 1 and 0 in the
component binary signals xl(t}, xz(t), and x3(t) are maintained

at analogue levels 4+0.5 and ~0.5 respectively, i.e,

,\ Corresponding
GF(2) elements analogue level
1 4 0.5

0 - 0.5

Here, it is important to bear in mind that these binary
levels ( 40.5 and -0.5 ) of the component signals xl(t), xb(t)
and x,(t) are different from the levels of the quarternary (e 4-led)
m-sequence signal x(t), namely ( -1.5, =0.4, +0.5, +1.5). ‘

A

Under the circumstances, the GF(4) elements 0, 1, a, b

may be expressed in terms of GF(2) elements, 0 and 1 as under :

GF(4) elements GF(2) elements
0 = Analogue sum : (O + O + 0)
1 Analogue sum : (0 + 0 + 1)
a Analogue sum : (1 4+ 1 + 0)
b

= Aanalogue sum : (1 + 1 + 1)

Making use of the correspondence between GF(4) elements
and GF(2) elements mentioned above, the 4-level m-sequence
signal x(t) is written below as an analogue sum of these

component binary signals xl(t).(xb(t) and x3(t) :
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ggﬁgggent Succession of states in the binary signal
signal 1 2 3 4 5 6 7 8 910 11 12 13 14 15, ..
xl(t) 1 1 0 1 0 1 1 0 0 1 0 0 0 1 1, ees
x, (t) 1 1 0 1 0 1 1 0 0 1 0 0 0 1 1, ves
x5 (t) 11 0 0 1 06 0 0 1 1 1 1 0 1 0, vus
3

x(t)= ¥ x&(t) b b 0 a1l a a 0 1 D1l 1 0 b a ...
i=1

Therefore, the problem of generatlng the 4-level signal

x(t) settles down to that of generating the sbove specified

component signals. A close look at the content of the above

table reveals .that the signals x,(t) and x,(t) are identical and

the signal x,(t) is merely the signal %, (t) delayed by ten

digits. Thus, the formulation of 4-level m-sequence signal

settles down to the problem of generating the signal xl(t).

--———--—

The sequence x, corresponding to the signal xi(t) is of

period equal to 15 bits. Further1—it describes 2% - 1 nonzero

states of a 4-stage mod-2 feedback binary shift register.

Hence, it is possible to generate the signal xi(t) with the help

of a binary shift register with suitable mod-2 feedback.

In Chapter 1 ( Section 1.7,2 ) it has been shown that it is

possible to find the logical configuration of the shift register

3‘7%'0 vidl e eARTﬁfé‘!ﬁ}'«"t’f fﬂ{}nafim‘aj
tnde, Consideration is 'ﬁr;m;#w over 6/“[4)} e K

o Ko 4 level Sl H- ofyid}v

LV )\'}/A

thdcined desovibes M-y (m:inlz{?&r) Adrs Hned &z‘nmy Nk bers.
) ‘ .

N\



that generates a given binary sequence by means of the

_ generating function concept.

Assuming the initial state of the binary shift \
register as ' 0 0 ... 1 ', it has been shown that thg
generating function associated with the sequence x, is’
related to the delay polynomial of the corresponding shift
register by the‘foliowing equation ( Egn. 1.15 repeated

below ) -
I
I T

vhere G(x) and F(D), respectively, represent the generating
function and the delay polynomial of the sequence under

consideration.

Since the sequence is periodic, we need to consider
only one period of the sequence, and write the generating
function associated with the sequence of present interest,
namely, x1 as -

G, (x,) z(I+D+D2+D3+D5+D7+DS+D11)

(mod-2 addition)
With the help of eqgn. (1.15) written above, the delay

polynomial F(D) of the sequence X, ( i.e. the feedback
connections of the binary shift register generating the

sequence x, ) is ¢

[F(D)] . S = ( I%:D+D4) X ..(m§d~2
"1 Gl(xi) ‘ 1 addition)
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Thus, the component sequence x, may be generated directly
by means of a 4-stage binary feedback shift register, wherein
the modulo-2 sum of the contents of first stage and fourth
stage provides input to the first stage. Thg table below shows

the succession of states in this binary shift register.

Table 3.2

Description State number in the binary shift register
of sequence 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15,...

‘;‘;‘;g‘;t;f 010 110 o\ 100 0 1 1 1 1,...
b 1010110010 0 0 1 1 L.
e 1101011001 0 0 0 1 1.
zgigz :o 0 1.1 0 0 1 0 0 0 1 i 1 1 0 1,...

From the content of the above table, it is clear that the
sequence X, ( with the chosen initial state of the binary shift
register ) is available at the output of stage 4. The sequence

X, corresponding to the component signal zé(t) is the same as the



sequence X,. Further the sequence X, corresponding to the
component signal xa(t) is the sequence Xy delayed by ten
bits. Hence, it may be obtained by modulo-2 sum of shift,

third and fourth stage outputs as shown below -

10

X3 = D xl
* ’ " ‘
= Dlo(D4xl), Xy represents input to stage 1
" (Fig.3. )
= (0+034+0YH x T
1

To realise the signals corresponding to the component
- sequences X,, X,, X; we need to transﬁonn the states 1 and 0’
to the levels +0.5 and -0.5 respectively. and the analogue
sum of the so obtained signals xl(t), x,(t) and x,(t)
provides the desired 4-level m-sequence signal x(t).
Fig. (3;57§3 details thelpractical scheme of generating the
said multilevel signal x(t). The so generated 4-level
m-sequence signal together with component signals is shown in
Fig. (3.8%a) (Photographs).

Thus it is possible to‘genefate 4-level pseudorandom
signals, derived from their corresponding m-sequences, using
a single binary feedback shift regisfer unit, The method
becomes more effective in saving components as the period of
m-sequence increases. In general, psesudorandom signéls over

GF( p = 2, m an integer) can be easily generated using this
technique.
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Fig.3.8 t Experimental set up for the generation of
15-bit 4-level m-sequence signal



Fig.3.9

@)
(b)
©
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=
15-bit 4-level m-sequence signal x(t)’\§r_.
Component binary signal X~Nt)
Component binary signal Xjtt) m X~Nb)

Component binary signal x3(t)



Fig.3.10*(a) 15-bit 4-level m-sequence signal x(t)
(b) Component binary signal x*(t) * x~(t)
(c) Component binary signal x3(t)
{d) Clock signal



Fig-3.111 (a) 4-level m-sequence signal x(t)
(b) Clock signal



3.10 SUMMARY

In this chapter, the theory of multilevel linear
feedback shift register sequences has been developed in some
depth. Methods are presented to derive the sequential
behaviour ahalytically from the knowledge of the given
multilevel shift register logical structure. Attention %Lss
also giveh to the synthesis problem of realizing a given
cycle structure. Furthermore, a quick method of firnding the
multistable feedback shift\register connections for providiné
delayed replicas of the basic m-sequence is advanced, making‘
use of generszting function concept. & few of the most important
properties of the multilevel sequences are discussed. Also, a
structural property of linear p-nary shift register sequences
is broughtforth, which is useful in detemmining as to whether
a given p-nary sequence is pseudorandoﬁ or otherwise. and, an
attempt is made to describe generation of pseudorandom signals
corresponding to m-sequences over GF(p = 22) with the help of

binary logic elements, which is successfully experimented.

In the %@%gﬂéhapter, the problem of hulti—input,/ mﬁlti -
output system identification with pseudorandom test signals

(binary as well as multilevel m-sequehce signals ) by means of

correlation method w1ll be discussed.




