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LINEAR MULTILEVEL SHIFT REGISTER SEQUENCES

3.1 INTRODUCTION
The correlation method of dynamic analysis of a 

single input / single output linear system using two - level 
shift register m-sequence ( pseudorandan binary sequence ) 
as test perturbations has been discussed in the previous 
chapter. In practice, most systems or in general non-linear 
and multi-variable. However, because of several advantages 
associated with the crosscorrelation technique, a search for 
suitable test signals for implementing the crosscorrelation 
principle to the identification of nonlinear and multivariable 
systems has been necessitated. In this connection, the 
multilevel pseudorandan sequences have been found to be 
superior to the orthodox 1 two—state* m- sequences in sane 
respects, and their practical realization has also been 
shown to be quite feasible. ( Zierler 1959, Elspas 1959, 
Gyftopoulos and Hooper 1964, Briggs and Godfrey 1966, Simpson 
1966, Godfrey 1966, Gardiner 1966, Clarke and Godfrey 1967, 
Hooper and Gyftopoulos 1967, Selway and Bell 1968, Chang 1968, 
Rydin and Hooper 1969, Ream 1970, Kerlin 1971, Barker 1970,72).
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For instance the investigation by Godfrey (1966) proves that 
the use of 3-level m-sequences reduces the number of cross­
correlation experiment required to determine the impulse 
response of the linear channel of a system with an amplitude 
nonlinearity. The recent works of the researchers as mentioned
in the above references further emphasis£the usefulness of

\multilevel pseudorandom sequences. Early contributions in 
this area by SSierler (1959), Elspas (1959), and Hartmanis (1959) 
deal, respectively, with the mathematical formulations of 
multilevel (i.e. p-level) sequences, their generations using 
linear circuitry and use in sequential coding networks.

In view of their superiority over the binary sequences, 
this chapter is devoted to the development of the theory of 
multilevel linear shift register sequences and to the practical 
generation of these sequences by means of binary logic elements. 
Specifically the content of this chapter is as follows s

In Section 3.2 the working of an autonomous linear multi­
level feedback shift register is explained and the meaning 
and classification of the p=nary characteristic delay polynomials 
of the above shift register and the sequence it produces, are 
stated. Section 3.3 gives a brief account of the elements that 
comprise the autonomous multilevel network. Section 3.4 
advances the ideas concerning (i) generating function and
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(ii) C^-transform, which are introduced in Chapter 1, to the 
present p-nary situation and describes procedures for evaluating 
null sequences that are associated with all the groups of delay 
polynomials, classified in Section 3.2. Section 3.5 considers 
the problem of determining the delay polynomial that corresponds 
to a given p-nary null sequence. Section 3.6 states some of the 
useful properties of p-nary shift registers and their sequences.
In Section 3.7, a number of methods for finding the p-level shift 
register connections for providing delayed versions of the basic 
m-sequence are described. Here, firstly, the presently available 
techniques for the delay generation for the binary case are 
extended to the general p-nary case. Secondly, a new method of 
finding a shift register connections for the delayed version is 
described that is based on the concept of generating function 
associated with the p-nary sequence under consideration. In 
Section 3.8 a structural property of p-nary m-sequence is 
broughtforth, which helps to determine as to whether a given 
p-level linear shift register sequence is pseudorandom or otherwise 
In Section 3.9, an attempt is made to describe the generation of
pseudorandom signals, based on m-sequences corresponding to

/

GF(p = 2ra, m an integer), by means of binary logic elements, 
which is successfully experimented.

The analysis upto Section 3.8 is limited to multilevel 
linear shift registers, which remain stable in 'p' states, p 
being a prime integer.
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3.2 WORKING OF AUTONOMOUS LINEAR MULTILEVEL FEEDBACK SHIFT
REGISTER

Consider a general autonomous network shown in Fig. (3,1), 
where no input is present except a clock-pulse of period t # 

Bach of the rectangles labelled, D , BJ> is a 
multistable delay-element or shift register which delays 
the variable on which it operates by a time period equal to 
V If fco is ch°sen as the standard to egress the amount of 
time delay, each delay element or shift register causes a 
delay of one unit. Thus a delay of r units, Dr, may be 
obtained by connecting r.identical elements in series as 
shown in the figure. The number of stable states of each 
shift register is assumed to be the same and equals a fixed 
prime value 'p' which remains the same for all devices 
comprising the autonomous network. At periodic intervals 
determined by the master-clock, the contents of D. is 
transferred into D.+r The time of operation is,the same 
regardless of the number of delay elements. In the absence 
of the feedback-path { Fig. 3.1 ), the series string of 

P-nary shift registers gets emptied by the end of nth clock- 
pulse. However, outputs of some of the n-registers may be 
fedback into the first register through a feedback logic 
device to keep the autonomous network active. That is, leads 
from some of the n-delay elements feed into a logic device
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which provides input to the first delay-element. These 
delay elements are called the stages of the multilevel 
feedback shift register. If n-stages are employed, the 
feedback shift register (fsr) is then said to be of degree n. 
The content, at any instant of time, of the n stages is 
called the state of the fsr, which may be thought of as a 
p-nary number. Evidently, the maximum number of distinct 
possible states of such a feedback shift register is pn. On 
the application of a train of clock—pulses, the network 
undergoes, from its initial state, a cyclic succession of 
states, the number of which depends on the feedback logic 
and initial state. Thus a p-nary sequence of certain periods 
may be realized at the output of each stage.

If C » (cq, c^, c2 ... ) represents the p-nary periodic 
output sequence of the feedback logic device shown in Pig.(3.1) 
the autonomous multilevel shift register may be described 
by the equation s

f( ajEC* a2D2C, .... a^e) = C ..........  (3.1)

The eqn. (3.1) is thus seen to characterize the 
sequential behaviour of the p-nary shift register and is 
accordingly called as its 1 characteristic equation '. However, 
if the feedback logic may be expressed in the form s

f(a^DC, a2D G, a^I^C) = (a^D 4* a^D2 ■♦•..+ a^D11) C
where the coefficients *a^' may assume any of the p values in
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the modular field of integers (0, 1, 2, ..., p-l ), an<a 

where the symbol *+' denotes the 'modulo-p addition' ;

the autonomous network shown in Fig. (3.1) is called
/

'linear1'. Thus for a linear systort, the characteristic 

equation takes the form s

C « (axD + a2D2 + ... 4- a^D11) C (Mod.-p addition)

• • • ■ (3. 2)

In accordance with modulo-p arithmetic, stated in the 

Section 3.3, the characteristic equation of the multilevel 

feedback shift register may also be expressed as :

[(p. - 1) ♦ ajD 4* a2D2 4* ... 4- a^DPjc = 0

This appears in the closed form s 

n
L+*a*Dx] C = o

i J ••• ... ...
i=0

where aQ = (p r l).

(3.3)

(3. 3a)

The egression within the brackets in eqn. (3.3), 

which is composed of characteristic delays acting on the 

p-nary variable C is called • Delay-Polynomial1 of the 

linear p-nary shift register, and may be represented as F(D) *

F(D) (p - 1) + a^D + a2D2 +
* • * (3.4)

)
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The delay polynomials that describe the sequential 
behaviour of the linear multilevel shift registers may be 
classified, based on their factorable features as s

A : Primitive delay polynomials,
B s Irreducible but non-primitive delay polynomials,
C t Factorable delay polynomials.
Referring back to the multilevel shift register of 

Fig. (3.1),under the linearized conditions, any signal 
flowing through the network is capable of being, at each 
instant of time, in any one of the p~stable states represented 
by the digits 0, 1, 2, ..., p-1. Since modulo-2 logic is used 
in the feedback path, the state represented by 'n zeros' 
becomes a trivial one. Thus the maximum number of the distinct 
possible states now becomes pn - inhere n is the degree of 
the feedback shift register. Furthermore, the presence of 
identical unit-delays (p-stable shift registers) signifies 
that the change over of one stage to another j* is instantaneous. 
The operations performed by the system on the signals flowing 
through it constitute linear operations of delay, mod-p 
addition, and mod-p multiplication by a constant scale factor 
over the modular field of integers 0, 1, 2, ..., p - l. A 
brief account of these three kinds of operations will now be 
given before proceeding to the analysis of the multilevel 
feedback shift registers and their sequences.
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3.3 DELAY-ELEMENTS AND MODULO-P LOGIC
The autonomous network discussed here is composed of 

arbitrary interconnections of three kinds of elements, 
namely, (a) Unit delay elements, (b) Modulo-p adders, and 

(e) Modulo-p multipliers. The symbols used for these 
elements are shown in Fig. (3.2a,b,c).

As each delay element or shift register causes a delay 
of one digit period, the term 1 D^C ' means that the 

variable C is delayed by i digits by allowing it to flow 
successively through I delay elements. The digit period is 
determined by the frequency of the master-clock, which 

activates the feedback shift register.

The modulo-p addition and modulo-p multiplication 
correspond to the usual arithmetic addition and multiplication 

followed by the removal of all multiples of p. The table 

below illustrates this aspect.

Table 3.1 s
mod-p addition_____ mod-p multiplication

P - 3,+ 0 1 2 p — 3, * 0 1 2
0 0 1 2 0 0 0 0
1 1 2 0 1 0 1 2
2 2 0 1 2 0 2 1

P » 5,+ 0 1 2 3 4 p =* 5, . 0 1 2 3 4
0 0 Ij 2 3 4 0 0 0 0 0 01 1 2 3 4 0 1 0 1 2 3 4
2 2 3 4 0 1 2 0 2 4 1 3
3 3 4 0 1 2 3 0 3 • 1 4 2
4 4 0 1 2 3 4 0 4 3 2 i
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3.4 ANALYSIS OF SEQUENTIAL BEHAVIOUR OF LINEAR 

MULTILEVEL SHIFT REGISTERS

This section describes two methods to derive analytically 

the sequential behaviour of the linear multilevel ( i.e. p-nary ) 

shift register from a,knowledge of the shift register logical

structure. The- first method utilizes the relationship between
‘ !

the shift register logical configuration and.the generating
4

function associated with its cycle : structure. The method is 

accordingly called as ' generating function method •. The 

second method makes use of the - transform and associated 

linear recurrence concept ( discussed in Chapter l with 

reference to linear binary sequences ). These procedures are 

quite analogous to those considered in the binary situation 

in Chapter l. However, the analysis of sequential behaviour of 

p-nary shift registers is considered here separately, because 

of the reason that the structural properties of the p-nary 

feedback shift registers C p > 2 and prime ) differ from the 

structural properties of the corresponding binary sequences (p=2).

3«4»1 Use of generating function concept for the evaluation of 

null sequences associated with a given p-nary delay 

polynomial

x Referring to the linear autonomous p-nary nth degree' 

feedback shift register shown in Fig. (3.1), it is seen that 

eventhough no input is present, the presence of feedback paths 

permits a steady state output with any nontrivial initial state.
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This unforced steady state response, C, of the network is 
that for which OOH C equals zero, where F(D) is the p-nary 

characteristic delay polynomial of the autonomous network.
This natural response C is hence called a null sequence 
associated with the delay polynomial F(B). The null sequence 
of a delay polynomial is thus periodic with a period N which 

depends on the system configuration and initial state. A delay 
polynomial may have several distinct null sequences. These 
null sequences are also called the solutions of the polynomial 
F(D).

It is of present interest to extend the classic idea of 
generating function to the penary situation to obtain all the 
null sequences of a given delay polynomial.

The theory states that a generating function G(x) may be
' ' V,

associated with the null sequence of a delay polynomial F(D). 
An explicit expression for G(x) in terms of F(D) and the 
initial state of the corresponding shift register has been 
well developed for the binary case ( Chapter l.eqn. (1.14) ). 
This means, given the polynomial F(D), ( i.e. the logical 
structure of the p-nary shift register ) and the initial state, 
the corresponding G(x) and hence the null sequence ( cycle 
structure ) can be evaluated. For this purpose, an expression 
for G(x) befitting the p-nary case will be at first developed 
in terms of the initial state, and the polynomial F(B) of the 
shift register.
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Consider a p-nary sequence C represented by the 

successive terras ( cQ, c^, ... cr ) as the logical output of 
the mod-p adder { i.e. input sequence to the first stage ) 
of the shift register of Pig. (3.1). We may associate a 

generating function G(x) with the sequence C and write s 

ooG(x) =* s erx ... ... (3.5)
r=0 .( The sign + stands for mod-p addition) 

Prom the configuration of the shift register and 

nature of feedback, any term cr in the sequence G is a 
raodulo-p sum of the contents at the (r - l)st state. Hence,
the entire sequence C satisfies a linear recurrence relation 
of the form s

Cr “ + ^Vr-i , ••• ••• (3.6)

Where the coefficients, 1a^' may assume any value in 

the modular field of integers 0, l, 2, .... , p-l.>

Assuming the initial state of the feedback shift 
register as (c^, c _ , ..., c ) and substituting for c , 
eqn. (3.5) may be reduced to the form s

G(x) =

where

n-i+ h b.x1 
i=0 1

n
■ » a^x 

i=l x
n-jfaj= A ai+Jc-i,

( * - 1 in the denominator 
stands for mod-p subtraction )

... (3.7)

* J 4 n - 1.
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In accordance with the modulo-p arithmetic, stated in
brief in Section 

n-l
4> zj

i«0G(x) =s —» ...-

3.3, Q(x) may be written as 

(p-1) (b^1)

fTbT x (3.8)

with aQ Cp - l), and I = D° a 1 as the identity operator 
®id the symbol D corresponding to a delay of i digits.

Farther, the given p-nary shift register may be activated 
from any of the pn- 1 nonzero initial states. In case, the 
initial state is :

C-1 “ c-2 “ ••• * ci«n = °' c-n = 1/ 
then, G(x) reduces to its simple form as s

% «n(P "G(x) as —............ xF(D) X ••• ... (3.9)
Thus, in case the initial state and the logical structure 

of the shift register is specified, it is possible to find G(x) 
and hence the p-nary null sequence ( cycle structure ) generated 
toy the multilevel feedback shift register. The period of the 
null sequence evidently depends on the initial state and the 
type of the delay polynomial of the shift register.

The sequential behaviour of the p-nary feedback shift 
register is studied here by classifying the delay polynomials, 
that characterize the sequential behaviour, as under s
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A s Irreducible and primitive delay polynomials
B s Irreducible and nonprimitive delay polynomials.
C s Factorable delay polynomials.

If the given polynomial is primitive, the theory 
states that the period of its null sequence is maximum and 
equals (pn - l) digits. Such a sequence is called a maximum 

length p-nary null sequence. Thus for a given primitive 
polynomial, the null sequence yielded by the corresponding 
generating function describes all the pn - 1 distinct p-nary 
states of the shift register and constitutes the complete 
solution of the polynomial.

However, if the given polynomial is irreducible but
nonprimitive, with any assumed initial state, the generating
function describes a null sequence of nonmaximal lengthUpn - l 
digits ). As a result, a given polynomial of this class, will
have several null sequences. But the theory states that an 
irreducible polynomial exhibits sequences of equal period.
If is a null sequence of the polynomial and is of period N , 
the (p - 1) / null sequences of the polynomial constitutes 
the complete solution of the polynomial. To realize the set of 
sequences other than ( already obtained from G(x) ), we may 
proceed as follows -

We may consider a new initial state that is not described 
by the first sequence C^, and repeat the method to arrive at
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the second distinct null sequence C2„ This procedure may he 

continued until, the (p — l) / distinct null sequences 

are obtained. Such a method involves a lot of computation. A
better method than the above is to make use of the following 
theorem s

If F(D) is a linear p-nary nth degree delay polynomial 
of an autonomous shift register, and if a sequence C of
period N is a null sequence of F(D), then the sequences, C^, 
given by -

Ci ( G + k D^C ) (modulo-p addition) ... (3.10)

where q is an integer in the range l to N, and k is a scalar 

multiplier in the range 1 to p-1, describes all the null 

sequences associated with the given polynomial.

Therefore, for permissible values of k and q, describes 
null sequences of F(D). However, with only certain values of 
k and q , we realize distinct null sequences. Whether a 

selected set of k and q gives a new null sequence may be seen 
by carrying out the mod-p addition of the sequences C and k D^C 
for the first n digits and examining the resulting n digit 

p-nary number. If this has already appeared in the first 
sequence (say), no new sequence will be obtained. If not, 
another distinct sequence C2 (Say) of F(D) results from the 
mod-p addition. This procedure may be persuaded till all the
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(pn - l) / distinct null sequences are realized. Normally 
k may be assumed to be unity, and q varied in the allowable 
range. To facilitate quick evaluation, it may be noted from 
eqn. (3.10) that any linear (mod-p) combination of null 
sequences of a polynomial is again a null sequence of the 
polynomial. This means, if and Cg are two null sequences 
of F(D), then

Cj “ ^ klCl + k2C2 ^ • •• (mod-p addition).. (3.11)

where k^ and kg are integers in the range 1 to p - 1 describes 
null sequences of the polynomial F(D). Thus, new sequences can 
be formed from the linear-combination of the already obtained 
sequences.

Suppose that the given polynomial F(D) is factorable.
In such a case, F(D) exhibits null sequences of different 
periods depending upon the nature of its factors. However, 
all these sequences can be evaluated by first obtaining a 
null sequence (say) from the generating function G(x) of 
eqn. (3.8) and then utilizing the expressions (3.10) and (3.11).

Thus, it is possible,by this generating function approach, 
to evaluate the complete set of null sequences of a given delay 
polynomial irrespective of the class into which the polynomial 
falls. Furthermore, the sequences obtained by this method
indicate whether the given polynomial is primitive, or irreducible 
but nohpriraitive, or factorable (mod-p).



s243:

An example, under each class of the polynomials, is 
given below s

Example 3.1 : (A case of primitive polynomial )

Consider the quadratic, quinary - delay polynomial 
given by —

F(X>) = 4 + 2D + 2D2, (p = 2, p = 5, mod-5 addition)

it is desired to find all the null sequences of the polynomial.
Assuming the initial state as 101 * the corresponding 

generating function, from eqn. (3.9), is s

G(x) 2(5 - l)
"o ^ » ( since a

4 4* 2D * 2 IT
x (2 + 4D 4* 2D2 + 2D3 + 3D4 + D6 + 2D7 + D8 

+ 4D10 + 3D12 + 013 + 3D14 + 3D15 + 2D 

+ 3D19 4- 4D20 + 4D21 + D22 4- 2D24 + 4D

* 2)

+ D
16 -f 4D18

25+ ...)
Hence, the null sequence C of F(D) is given by -

c m 2 2 3 0 1 2 11 4 0 3 1 3 3 2 0 4 3 4 4 1 0, 2_4 ..fete.

Clearly, the sequence C is cyclic with period H = 24(=52 -l) 
digits. Since the sequence C describes all possible nontrivial 
states of the quadratic, quinary shift register, we have 
obtained complete solution for the given polynomial. The 
polynomial is evidently a primitive one (mod-5).
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Example 2 s ( A case of irreducible and nonprimitive 
polynomial )

Consider the delay polynomial written as :
S*(D) = 4 + 3D + D2 ( mod-5 addition )

It is desired to find null sequences of F(D).

With initial state *01*, the generating function G(x) 
from ecpi. (3.9) is »

nf..\ _ (l) • (4)
ixi m ~~~ 2— x ' ’ t since p » 5 and a„ = 2 )4 + 3D + Dz 2

= x(I + 3D + 3D3 ■* 4D4 + 4D6 + 2D7 + 2D9 + D10
+ D12 + 3D13 + ... ).

Hence, the null sequence Cj of F(D) is s
^*1 8 1 3 034042021 0, 13... etc.

The sequence C1 of period ^ = 12 ( 52 - 1 ) digits and 
hence is a nonmaximal sequence. To obtain other solutions of 
F(D), we now utilize egression (3.10)s With k = q = 1, we get 
the second distinct null sequence C2 as under s

C1 8 13 034042021 0, ... (repeats)
* 01303404202 1, ... (repeats) 

e2 s 1 4 3 3 2 4 4 1 2 2 3 1, ... « (mod-5 addition)
Sequences C± and of period 12 digits, describe all 

2the (5 — l) — 24 distinct states of the 2nd degree quinary
shift register and thus constitute the complete solution of F(D). 
Since their periods are equal, F(D) is irreducible & nonprimitive.
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Example 3 * (& case of factorable polynomial)

Consider the delay polynomial given by s

F(D) = 4 + 4D + 2D2 , (mod-5 addition)

It is desired to find null sequences of F(D).
With the initial state 01, the corresponding 

generating function G(x), from eqn. (3.8)gives the sequence 

C1 given by s

C1 8 — 1 °' 2-1 ••• etG
From eqn. (3.10), with k = q = 1, we get a second 

distinct sequence C2 of F(D) as s

C2 “ ^Cl + “^l^ ** 204 1, ... of period 4 digits.

Utilizing expression (3.11), all the rest of the 
sequences of F(D) are determined and written below :

Cl+C2 
C2 + 03

4301, ... of period 4 digits.

« 1 3 4 2,.., »• »* m

s 3 3 3 3 ... “ 1 *'
* 0 3 2 4, ... " 4 »•

s 1111... » 1 •
s 4 4 4 4 ... ‘‘ i **

s 2 2 2 2 ... « i «
X period of sequences C.^ to Cg = 24 =(52 - X)digits, and 

the set of sequences to Cg constitutes compute solution of HJ>).

'8

C2 +C4 
C2 +C5 
C4 + C6 

C5 +C7
°9 - CS + C8
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3.4.2 Use of C^-transform for the evaluation of null 

' sequences of a given polynomial

In this section, the use of Outran sf orm and 
associated linear recurrence ( as discussed in Chapter 1 ) 
is emphasized in • evaluating all the null sequences of a 
given delay polynomial, that describes the sequential 
behaviour of the linear p-nary nth degree feedback shift 

register shown in Pig. (3.1).

The characteristic equation of the autonomous linear 
shift register is given by :

n iI- +if0 aiD J c = o (mod-p addition)

i.e. [F(D)J c = o
where a± may assume any integer in the modular field 
(0, 1, 2, ... p - l) and aQ = (p - 1).

To find the null sequences of the polynomial p(D), 
similar to the binary case, we define a transform termed as 
^“transformed, as below :

« ( dJc > ■
• • •

where the symbol is stands for the transform of the
J'th delayed version of the variable C, and (k and j) 
integers.

(3.12)

are
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Utilizing C.^-transform, the characteristic equation 
of the linear shift register may be written as s

°k ” alck+l + a2=k+2 + ' •' • + anck+n • • addition)
... (3.13)

Or,using modulo-p arithmetic,
°K+n+l “ boGk+l + bA+2 + *** * kn-A+n ** (3,l4)

(p - aA)
where = -------- , (l^i^n-l) (mod-p reduction)

°n
The linear recurrence stated in eqas. (3.13) and (3.14) 

•may be utilized to evaluate all the null sequences of a 
given polynomial. If the polynomial is primitive - mod-p, 
for any nontrivial initial state, the sequence resulting 
from the above recursion algorithm will be seen to be of 
period (pn - l) where n is the degree of the polynomial. 

However, as pointed out in the previous sub-section, for 
irreducible nonprimitive, and factorable polynomials, many 
null sequences exist. To evaluate the complete set of the 
distinct null sequences, we may have to either repeat the 
above recursion algorithm with proper selection of initial 
states of the corresponding shift register, or resort to 
applying the expressions (3.10) and (3,11). A case of 
primitive polynomial is illustrated in the following 
example by the C^-transform and linear recurrence approach.
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Example 3.4 s ( A case of primitive polynomial ) 
Consider the characteristic equation of a second degree 

ternary feedback shift register given by *

(2 + 20 + D2) C = 0 (mod-3 addition)

The 6^-transformed version of the above equation from 
expression (3.14) becomes :

°k+2 ~ * °k+l (mod-3 addition)

or
~ °k+l + °k+2

Considering the set of terms {c^, c^) as representing 
the initial state (01) of the shift register, we may write 
all c^'s for k > 2, using the recursion formula (3.14), as
follows s 

With k 
k 
k 
k 
k 
k 
k 
k

1 s c.
2 s c,

4 s c£
5 * a.
6 s c,
7 * c,

8

8 s 110

" C1 + C2
" C2 + C3
* C3 * C4
SC4+C5
“ C5 * c6 
= cg + c?
= c? + c8

c8 + c9

0 + 1 
1+1 
1 + 2 
2 + 0 
0 + 2 
2+2 
2+1 
1 + 0

1
2
0
2
2
1
0
1

(mod-3 addition)

Since the last two c's ( i.e. cg and c1Q ) represent 
the initial state *01', we stop persuading the recursion
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The null sequence of the given polynomial is, therefore,

C 1 2 2 0 2 1
(Cg C»J • • * •

where C represents the input sequence to the first stage of 
the shift register. Since the null sequence C obtained 
above describes all the distinct nonzero states of the given 
quadratic ternary feedback shift register, we have obtained 
complete solution for the given delay polynomial, which is 
evidently a primitive modulo-3.

3.5 DETERMINATION OF THE DELAY POLYNOMIAL FROM ITS NULL - 
SEQUENCE

This section deals with the determination of the delay 
polynomial from its null sequence, which need not be maximal. 
Three methods are discussed here for this purpose. The first 
method determins the polynomial by mere examination of the 
given sequence and it is accordingly called * direct method.'
The second method utilizes the relation between the delay 
polynomial and the generating function associated with the 
given sequence. Lastly the third method is based on the 
C^-transformed and recursion algorithm stated in last section.

3.5.1 Determination of p-nary delay polynomial by direct method
Let C = (cQ, c1# ... cr), be the given null sequence of 

period N, associated with a linear p-nary nth degree delay
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polynomial F(D), whereby |F(D)~| G = 0 stands for the
characteristic equation of the corresponding feedback shift 
register. To find F(D) corresponding to a given maximum 
length p-nary sequence C, we may proceed as follows s

Consider two consecutive states of the system such that 
in the first-state, (say reference state), all p-nary digits 
except one are zero. Let f6‘ be the p-nary value of the first 
digit in the next state of the shift register as shown below -

Two consecutive Stage number of shift register
states 1 2 ... i (i+1) . . . (N-l) N
Reference state 0 0 ... ci 0 ... 0 0
Next state c1 0 ... 0 ci ... 0 0

Now, c* is the modulo-p sura of the contents of several 
of the stages at the first state. We may, therefore, write 
the following equation in this case s

c' = ajLci (3.15)
where a^ is the coefficient of D1 in the delay polynomial 
F(L), and ( i £. i & n ) . Since c' and c^ are known from the 
given sequence, the p-nary coefficient a^ may be found.
Thus, by considering n pairs of such consecutive states of 
the shift register, it is possible to evaluate all the p-nary 
feedback coefficients ax, a2, ... an of the required delay• • •



: 25l:

polynomial F(D).
•The method assumes the occurrence of n states in the 

given p-nary sequence C, in which all digits except one are 
aero. This limitation poses no problem, since every p-nary 
m-sequence exhibits (p - l)n states, each containing (n - 1) 
aeros and a non-aero digit. However, if a nonmaximal null 
sequence is given, which does not describe the said n states 
then, the generating function method or the C^-transform 
method must be utilized to determine the polynomial. An 
example by direct method now follows -

Example 3.5 : ( A case of m-sequence )

Consider the m-sequence C, given below, for which the 
corresponding delay polynomial is to be determined -

C* 20212210222001012112011100, ...

Clearly, the sequence C is ternary ; i.e. p = 3. Its 
period, N = 26 digits. As the sequence describes all the 
possible nonzero ternary states of a 3rd degree shift 
register, the degree of the corresponding delay polynomial 
is 3. .

Thus, the polynomial may be expressed as s
F(B) = 2 + ajD + a2D2 + agD3 .. (p = 2)

To determine the coefficients a^ a2 and a3, the 
following states are considered :
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Stage number of shift register
Two consecutive 
states For a^ For a2 •For a3

1 2 3 1 2 3 1 2 3

Reference state; 2 0 0 0 1 0 0 0 1
Hext state 0 2 0 1 0 1 2 0 0

MaKing use of eqn. (3.15), the coefficients a^, a2, a^ are 
found to be -

a^ = 0, a2 =* 1 and a3 = 2

Therefore, the delay polynomial corresponding to the 
given ternary m-sequence is s

F(D) = (2 + D2 +'2D3) .

It may be possible to apply this direct method and 
determine the polynomial of a certain nonmaximal sequence, 
despite the fact that it does not describe the required 
n states, each having (n - l) zeros and a nonzero digit. 
However, in such a case, the solution to the problem will not 
be unique. This is illustrated by the following example s

Example 3.6 s ( A case of nonmaximal null sequence )

Given the null sequence C as -
G* 200 10 0, ... (repeats)
It is required to find the corresponding delay polynomial

F(D).
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The sequence C s 200100,... is ternary, i.e. p = 3. Its 
period N = 6 digits. This means the given sequence is 
nonmaximal, since 3n - 1 ^ 6 for any n. Further, in view of 
the fact that N = 6, the degree of the ternary shift register 
must be atleast 4, i.e. n = 4.

We may, therefore, represent the required polynomial as -
F(D) = (2 + a^D + a+ a^D^ + a^D4), ( since p = 3 ).

In the given sequence, there are two distinct states, each 
having (n - 1) zeros and a non-zero digit. From these two 
states, two of the four feedback coefficients may be determined. 
As shown below, the other two coefficients can also be obtained 
by suitably choosing the consecutive states.

Two consecutive Stage number of shift register
states For al For a3 For a^ & a4

1 2 3 4 1 2 3 4 1 2 3 4
Reference state 0 1 0 0 0 0 1 0 1 0 0 2
Next state 0 0 1 0 2 0 0 1 0 1 0 0

Making use of eqn. (3.15), the coefficients are as 
follows -

3.2 = 0, = 2 and a^ + 2a4 = 0 ( mod-3 addition)
i.e. a^ = a4 ** 1 

OR
a^ = a4 = 2 , since p = 3

Hence F(D) « (2 + D + 2D3 + D4)
OR' .= (2 + 2D + 2D4 + 2D’).
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3.5.2 Use of generating function in determining the p~nary 
delay polynomial from its null sequence

Prom the analysis of Section (3.4.1) , the generating 
function G(x) associated with the null sequence C of a linear 
p-nary nth degree shift register is related to the delay 
polynomial of the register by the eqn.(3.9 ) , which is 
rewritten below for convenience -

Assuming the initial state as -
C-1 = c-2 = = ei-n = 0 and c-n = lf

auCp - 1)
G(x). *
Each cycle of the null sequence of the polynomial F(D) 

as described by the generating function G(x) ends with the 
assumed initial, state appearing in the reverse order, (i.e.
0 0 .. 0 1 as 1 0»C. * . 0 0) . Hence, we may find the polynomial 
F(jD) from its null sequence C from the above equation, where 
G(x) is now written after arranging the given sequence C such 
that it ends with a 1 followed by (n - l) zeros, in view of 
the above assumed initial state. The method is applicable to 
maximal as well as nonmaximal sequences. Two examples, one
concerning an m-sequence and the other concerning nonmaximal 
sequence, are illustrated below.

a
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Example 3.7 s ( A case of maximal polynomial )

Given the null sequence C as - 
Cs 20211012, ... repeats 

It is required to find the corresponding delay polynomial F(D).
The sequence C is ternary i.e. p = 3. Its period is 8 

digits. Further, the sequence describes all the 32 - 1 
nonzero states of a second degree shift register. Thus, the 
degree of the delay polynomial corresponding to C should be 2.

Hence,
F(D) = 2 + ajD + a2D2.

Further,arranging the given sequence such that each 
cycle ends with a 1 followed by n -» l s* a zero, C appears as *• 

Cs 12202110, ... (repeats)
Since the sequence is cyclic, we need to consider only 

one period. Thus the generating function for the cycle 
written above reads as s

G1 (x) = x ( I 4- 2D + 2D2 + 2D4 4* D5 4 D6 )

and from eqn. (3.9 ), the delay polynomial corresponding to 
C is s

F(D) '= (2 4- 2D 4- 2D2).
To check the results, it may be verified that - 

LF(D|c = 0( i.e. all zero sequence )
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Example 3.8 : (A case of nonmaximal sequence)

Given the null sequence C as - 

Gs 200100, ... etc.

it is required to find the corresponding polynomial F(D).

The sequence C is here ternary ? i.e. p = 3. Its 
period is 6 digits. Hence, the degree of the required 
polynomial should be at least 4, i.e. n = 4. Further, in 
this case, any permissible values of k and q will not yield 
a null sequence with n - l = 3 zeros. However, we can still 
solve the problem with the help of the general egression 
for generating function given in equation (3.S) of Section 
4.1. repeated below -

G(x)
n-i
S3i=Q (P 1) b. D3

•L

F(D) x

F^x)
= 'Tod”1 lsay)

Here Pjix) is of degree £ <n - i) and P(3£) is of degree n. 
Hence we may write -

G(x) « dQ + dax + d2x2 + ... + drxr + ... etc. 

Considering only one cycle of the null sequence, we have - 

Gl(x> - % + + a2x2 + ... + dN_1xEr“1 ... <3.16)
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Expanding the general egression for G(x) in eqn. (3.8)-

o 2* «i. C ,i=i 1 -1

dl - <bi + n-l n‘ A + *1

b2 * + b„(a, * a,2)0 2

and d_ b + > r
r-i
if0 a^-i<3i WhSre do = bo 

we now proceed to solve the present example

(3.17)

Sequence given = 2 0 0 1 0 0,

Writing the generating function of the sequence for one 
period, we get -

G!<x) = (2 + x3)

Comparing the coefficients of G^x) = (2 + x3) with the 
coefficients of G^s) glven ln eqn. (3.16), „e see that -

ao =, 2- ai - °- a2 = 0, a3 = x, a4 = 0 ana d3 . 0 

As already pointed out, the null sequence gives by 
G<X) With 016 condition in reverse order.
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Thus the initial state in this case is as shown below ;

e « 2 o o i o o, ...

C~4 c-3 C-2 C-1

Substituting the initial conditions in dr, r = 0 to 2, 
we get the following equations s

a3 “ 2
2a^ + a4 = 0

2ala4 * ^a2 4 ai^a3 ~ ® (mod-3 addition)

Solving the above equations in accordance with mod-3 
arithmetic, the required polynomial is s

FX(D) = 2 + D + 2D3 + D4 (with &1 = a4 = l)

OR
*2(D) = 2 + 2D + 2D3 + 2D4 (with a2 = a4 = 1)

3.5„2 cy-transform and its use in determining the delay 

polynomial from its null sequence.-;

This sub—section is meant to develop the procedure for 
finding the delay polynomial from a given null sequence making 

use of C^-transform and associated linear recursion algorithm.

Let C = *ci/c2' ••• CP» be the given null sequence of
period N, associated with a linear p-nary nth degree delay 
polynomial F(D), wherebyj>(D)J C . o stands for the 
characteristic equation of the corresponding shift register.
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From the analysis of Section (4.2), the transformed 

version of the characteristic equation (3.2 ). may be written 

in either of the forms stated below -

ck = alck+l + a2ck4'2 * * * * * anck+n * * * (3.13)

^n+l = Vk+i + hl%.+2 + *** * 'bn-lck4‘n * * C3.14)

where b. = ) / / * j *
J ah

Further, it is obvious that for this type of formulations, 

if the set of terms (c^ , c^ , ... , c]c+n ) represents the 

present state, then it is possible to formulate both past and 

future states of the shift register with the help of the 

recursion formulae stated above. To find the polynomial F(D) 

corresponding to a given null sequence, we may, therefore, 

consider n states of the shift register, and write the 

corresponding n equation with the help of eqns. (3.13) and (3.14). 

Since the states are known, the coefficients a,, a„, ... a_ of
1 2 ii

the polynomial can be evaluated. JVn example by this method is 

given below :

Example 3.9 : ( A case of maximal sequence ) N

Given the null sequence C as - 

C : 12202110, ...

it is required to find the corresponding delay polynomial F(D).
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The sequence is ternary (p = 3), Its period is 
8 digits. This means that the system is of second degree 
(32 _ 1=8). We may, therefore, represent the required 

polynomial as -

F.(D) = (2 + ajD + a2D2)

This means the characteristic equation of the system
is :

(2 + a^ + a2D2) C 

OR
a^D 4* a2D (mod-3 addition)

The (^-transformed version of the above characteristic 
equation is -

“ alck4-l * a2ck+2

If , c2 ( i.e, Cj^^, and with k = 0) represent the
present state of the system, then the following equations 
may be written -

co = + a2c2 (mod-3 addition)

c = a,cn + a0c,-1 1 o 2 1
If the initial state is considered as c^ = 0 and 

c2 = 1, then from the given sequence we see that cq = l and
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= 2. Substituting these values we get - 

= 2 and a2 = 1.

Thus the delay polynomial corresponding to the given 
ternary sequence is -

F(D) = (2 + 2D + D1 2)

Cfc”transform and associated linear recurrence is 
thus seen to be quite a convenient tool to solve gHcfo 
problems.

3.6 SOME PROPERTIES OP p-N&RY DELAY POLYNOMIALS AND THEIR
NULL SEQUENCES

Prom the results of the analysis so far carried out 
in the present chapter and what appears in the literature 
( references have been stated in the introduction of this 
chapter ), some useful properties of p-nary delay polynomials 
and their null sequences are stated in this section.

(1) Polynomials of several types exist for every 
positive modulus p and n, the degree of the linear p-nary, 
shift register and these may be classified based on their 
factorable features as s

A t Primitive polynomials 
B « Irreducible and nonprimitive polynomials 
C s Factorable polynomials.
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(2) & polynomial F(D) of degree n has a complete set of 

• null sequences if and only if an and aQ are prime to the

modulus p, where F(D) is given by :

F(D) = + S a.D1 

i=0 1

(3) The smallest positive integer k such that the polynomial 

F(D) divides D - 1 is called the period of the null sequence 

of F(D).

(4) & polynomial F(D), with coefficients in Galois Field 

GF(p) is primitive over GF(p) if the smallest nonzero integer N 

such that F(D) divides - 1 is S = pn - i, where n is the 

degree of F(D). The division is performed modulo-p.

This statement implies that primitive ( mod-p ) polynomial 

of degree n has only one null sequence of period pn - i digits. 

Since the largest possible period of the null sequence of a 

linear p-nary n-stage shift register is pn - i, the null 

sequence of a primitive polynomial is the maximum length null 

sequence. Accordingly the primitive polynomial is also known by 

the name 'maximal polynomial.' Table 3.2 below lists some 

maximal polynomials for p - 3, 5 upto n = 5, some of which have 

been treated in this chapter.

(5) The number of maximal polynomials for given degree n and

modulus-p is , MpCn) = rf(p“ - 1) / n , where *(*) is the Euler

phi function defines by 0 (k) - the number of integers < k which 

are relatively prime to k.
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Table 3.2 3
n iForm of F(D) s x a,D , withi=0 1 aQ = p - 1.

Degree Maximal polynomial Period in.
of F(D) , digits
n F(D)

2 2 4 2D 4“ D2 8
2 2 4 D 4» D2 3

3 2 4 D2 4- 2D3 26
3 2 D 4* 2D3 26
3 2 :4 2D + D2 + 2D3 26
3 2 4 D + 2D2 4* 2D3 26

4 2 4 2D3 4 D4 80
4 2 4 D 4- D4 80
4 2 4 D3 4 D4 80
4 2 4 2D 4 D4 80
4 2 4 2D 4 2D2 4 D3 4 D4 80
4 2 4 2D 4 D2 4 D3 4 D4 80
4 2 4- 2D 4 2D2 4 2D3 4 D4 80
4 2 «$. D 4 D2 4 2D3 4 D4 80

5 2 + 2D2 4 D3 4 D4 4 2D5 242
5 2 4* 2D 4 2D3 4 2D4 4 2D5 242

Example : Consider a 4-stage ternary shift register such 
that 0(34 - 1) = 80. 0(80) = 32. Dividing iy this by four, the

number of maximal polynomials (for n = 4) is 8.
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(6) An irreducible but nonprimitive modulo-p polynomial 
is one that has no factors but that it is a factor of DN - 1 

(mod-p subtraction) for some integer N less than pn - 1, n 

being the degree of the polynomial.

Accordingly, the period of the null sequence of an
irreducible nonprimitive p-nary delay polynomial is less than

»the maximum of pn - 1 digits. As such, the null sequence of 

any nonprimitive polynomial is a nonmaximal sequence.

(7) The polynomial iP - 1 divides the polynomial Dn - l 

(without remainder) if and only if m divides n.

(8) If the polynomial F(D) divides Ds - 1, then s is a 

multiple of the period ©f F(D).

(9) The period of an irreducible, mod-p, polynomial of 
degree n is a divisor of pn - 1 and hence is prime to p.

(10) For any mod-p polynomial F(D),
[f(d)J P « f(d*>)

Hence, also .mp m
£f(D)J *= F(iP ) for any integer m.

(11) If k is prime to the modulus p, then, the polynomial 
ItI> - 1 (mod-p) contains no repeated factors.

(12) If F(D) is a prime polynomial of period k, then - 
contains F(D) exactly once as a prime factor (mod-p).

1
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(13) If the period of an irreducible polynomial F(D) 
is k, then the period of [F(D)J J is kpr where p*”1* j ^ pr, 

p being modulus.

(14) a complete set of null sequences of a polynomial 
F(D) of degree n and modulus p defines the polynomial upto ' 

a constant factor prime to p.

( (15) Given a periodic sequence ,C of nonnegative integers 
less than a fixed prime p, then, there exists a unique 
polynomial F(D) (modulo—p) of minimal degree which has C as 
a null sequence, and any other polynomial which has C as a 
null sequence is divisible by F(D).

(16) For every polynomial of degree n, mod-p, the 

length of all its distinct null sequences must equal pn - 1 
digits.

(17) In a p-nary m-sequence, replacing every digit by 

3.hs mod—p complement results in the same sequence, but for 
the phase shift which equals ( pn - 1 ) / 2 digits. The second 
half of any p-nary half m-sequence ( p > 2 ) is the mod-p 

complement of its first half. This of course implies that the 
period of the sequence is even.

(18) For every maximum length p-nary sequence obtained 
from an n-stage p-level linear feedback shift register, there
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exists a related n-stage shift register which will produce 

a reverse sequence. This reverse sequence is the original 
sequence read in the reverse order. The procedure for 
finding the reverse sequence shift register connections is 
as follows s

If an n—stage shift register has feedback connections 
from n, k, in ... etc. with feedback coefficients a^ = 1,

ak ' *** e*"c* • reverse sequence shift register will
have a feedback connections from the same stages n, n - k, 

n - m ... etc. with feedback coefficients 1, a^, ... etc.

(19) For every polynomial of degree n, its null sequence C
satisfies a linear recurrence relation - 

n
cr “ i^1aicr-i (mod-p addition)

where cr is any term in the p-nary sequence Cand are the 
coefficients of the polynomial that lie in the range of 
integers 0 to p - l.

(20) By means of the linear recurrence stated in property 
19£ it is possible to evaluate all the null sequences of a 
given delay polynomial. Alternatively, given a p-nary null 

sequence realizable from a p-level linear shift register, the 
corresponding polynomial can be found using the linear 
recurrence relation.
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(21* Every p-nary null sequence C = ( cQ, c^ ... er#...) 
may be expressed by the associated generating function as -

00 r-G(x) = SC C X r*=0 r

n-1 .* (p-l)b.D1
1=0_______ 1

F(D)

where b. n-j
♦ x; a,. .c . i-1 i+J

X

(22) Given a delay polynomial and the initial stage 
of the corresponding shift register, all its null sequences 
can be evaluated by means of the generating function concept. 
Likewise, the delay polynomial that corresponds to a given 
null sequence can be found with the help of the generating 
function.

(23) The null sequence of a delay polynomial as described 
by the generating function G(x) always ends with the assumed 
initial state of the shift register in its reverse order.

(24) The concept of vector diagram, suggested by Golomb 
(1964) for the binary case, may as well be extended to bv 
the p-nary sequences as outlined below.

A linear, autonomous p-nary nth degree shift register 
may be thought of as a device which takes any input vector
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(‘Tc+l^ °k+2 •**' Cfc+aJand computes am output vector 
(c^, c^, ..., This meams if the set of terms
*ck+l' cic+2' * * *' ck+n^ stands for the present state, then 
the immediate future state is given by the set of terms 
Cc^, c^.^, c,^ 1>.The table below shows tow successors
as well as predecessors are assigned by the multistable 
system assuming the set of terms ck+2'? * * as
representing input vector at the present. The period, of 
the null sequence is taken as ‘K* and p any prime integer > 2.

Table 3.3 s

Stage number
1 2 • • • (n-l) n

ck4'N*fl °k+N+n-2 ck+l3+n-lf1 ‘Tc+K-l 'icHhN • m • Gk*H3+n-3 Gie¥S*n-2
Predecessors • • • • • • • • • m • m • • • 9 * • •

ck*2 °lc+3
• • • •

°k+n ck+n+i
(Present input 
vector) “*‘Ck+l ^+2 • mm ck+h~l ‘ic+n

c. °k+l °k+n-2 ck4n-l
' K

Successors
• • • •

• • • •

• • • •

• • • •

• mm

• • •

• • • •

• • « •

• • • •

• • • *

'Tc-N+S ^-13+4 • • • ck-N+n+1 Ck-3*fn+2
1 . Ck-N+2 ^-N+S ck-N+n

•
c£k-N+n+l
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If the present input vector is represented by the symbol 
ftc+ll ' tben we may depict the contests of Table (3.3) in 

the forroof a diagram, which is called the 'Vector diagram1, as 
shown in Fig. (3.S' ). The following may now be stated with 

reference to this vector diagram s

(a) The cycles in the vector diagram haze no branch points.
(b) Every vector has a predecessor as well as a successor.
(c) Predecessors or successors of vectors are unique.
(d) Distinct vectors have distinct successors.
(e) The second half of the vector diagram is the 

(modulo-p) complement of the first half respectively.

(25) For a given n, every p-nary m-sequence is pseudo­

random in the sense that it satisfies the following three 

randomness properties s

(a) The Balance Property : Every p-nary consists of p-kinds 

of digits (i.e. Os, Is, 2s, ...» (p-l)s )? and is of period 

equal to (p - i) digits. In each period the number of digits 
of every non-zero kind differs from the number of digits of 

zero-kind by i. This implies that each non-zero p-nary digit 
appears (pn *) times and the zero-digit appears ( p11”1 - j.) 

times in each cycle of the sequence.
<W The Bun Property i The total number of runs of a p-nary 

m-sequance equals (p - 1, <p“-l,. These runs are equally distributed
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among all the kinds of digits (including the zero-kind).
Thus each kind has (p-l)pn“Vp = (p-l)pn“2 runs { n > 2 ).

(c) The Correlation Property s For every pr prime, ( p > 2 ) 
the m-sequence is always antisymmetric in the sense that the 
second half of the sequence is the modulo-p complement of 
the first half. This of course implies that the period of 
the m-sequence is even. In mathematical terms, the second 
half of a p-level m-sequence signal X(t) is given hy -

X(t) = - X(t + t)
2 o

where teis the clock-pulse period and N, the period of the 

m-sequence. Thus the second-order auto correlation function 
of a p-level m-sequence C is given hy -

*cc<s> 1 N
I g^Vr+s

2A.pn-1
n S = 0, N, 2N .. .

where

2A.pn-l
pn - 1

A l2 + 22 + 32 4- ... + (

S = N/2, 3N/2, 

elsewhere

The continuous autocorrelation function of the p-level signal 
X(t) is shown in Fig. (2.4-).
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(26) Every p-nary m- sequence exhibits the shaft and 

subtract property which states that for all s £ 0 (mod N = pn_i 
is the period of the m-sequence C ) there exists an integer
w such that -

C a Dsc = DWC , for l s s, w * H - i

(27) Any linear combination of null sequences of a 

polynomial is again a null sequence of the polynomial,

(28) Given an n-stage p-nary linear shift register and 

*“ digits of a required m—sequence# it is possible to
determine uniquely the feedback connections of the shift 

register. 2n digits are required# since n digits are needed 

as an initial condition# and n additional digits are necessary 
to specify uniquely the feedback coefficients.

(29) If a p-nary m-sequence is sampled with f equal to a 

power of p then the same sequence results.

(30) Sampling a p-nary m-sequence with each f in turn,

P**l) — 1# 1 f £ p —2# will produce all p—nary
m-sequences of period pn - l ( each n times ) and no others.

It may be noted that the number of different m- sequences of 
period pn - 1 is n“1.0(pn _ i).

(31) If in any p-nary m-sequence of period pn - l, we 

replace the nonzero terms by zero and zero terms by one, then#
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the resulting binary sequence has period pn - 1 / p - 1 

and is pseudo-noise.

(32) If it is known that a periodic p-nary m-sequence is 

a maximum length sequence for some polynomial, then, it is 
easy to examine the sequence and determine the polynomial 
itself. ( See example 3. & ).

(33) Given the irreducible polynomial -

n .F(D) =s + s a,D (mod-p addition)
_ i=0^ 4Let F^(B) = + 2 a^D , then F. (D) is also irreducible.

1=0
In fact, the sequences of F(D) and F^ (D) are time inverse of 
each other.

(34) pseudorandom signal based on any p—nary m—sequence 
has the definitive characteristic reference phase that is 

uncorrelated with constant and linear signals; a property which 
is useful in system identification by means of crosscorrelation.

A reference phase r(t) of a pseudorandom signal s(t) is a 
translation of s(t) defined by -

r(t) = s(t 4* X) 
with the particular properties

J T
/r(t)dt = o and / t.r(t)dt = o
0 o
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(35) If a p-level m-sequence signal is the input to a 
nonlinear system in which the 2nd order kernal is the only 
even order kernal present, the measurement of the 2nd order 
kernel by crosscorrelation involves only the 4th order 
autocorrelation function properties of the signal.

The 4th order autocorrelation functions are all different 
for different m-sequences of the same period due to the 
existence of linear relationships between members of the 
ra-sequence which are dependent on the characteristic polynomial 
of the sequence. '

3.7 GENERATION OF DELAYED REPLICAS OF LINEAR p-LEBEL MAXIMUM
LENGTH SEQUENCES

It is shown that an m-sequence generated with an n stage 
linear p-level shift register with modulo-p feedback has a 
cycle length of N = pn - i p-nary digits. The autocorrelation 
function of the signal x(t) corresponding to such an m-sequence 
is defined by -

Nt0
*xx* ^ “ it“ f x(t - <e).x(t)dt

where tQ is the digit period.

Where this property is of interest (e.g. System identifi­
cation by crosscorrelation), copies of the same sequence with
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various relative time delays are required. This section 
presents several methods of determining the p-level linear 
feedback shift register connections for providing the delayed 
versions of the basic m-sequence.

It is known that several techniques have been communicated 
for the determination of binary feedback shift register 
connections for delayed copies of binary m-sequences. (S.H.
Tsao 1964, A.C. Davies 1965, 1965, 1968, B.Ireland and J.B. 
Marshall 1968, C.A. Stapleton 1971).

In view of this, the content of this section is divided 
into two parts. As the first part ( Section 3.722) the presently 
available techniques ( references listed above ) for obtaining 
delayed copies of 2-level m-sequences are eat ended to cover 
the more general p-nary ( p > 2 and prime ) situation. (Methods 
1 to 6 discussed below ). As the second part of this section,
( Section 3.7.3) a new method is described to determine the 
p-nary shift register connections for the realization of the 
delayed copies of the basic m-sequence. This new method makes 
use of the familiar concept of the generating function associated 
with the sequence. It will be seen that this method yields 
quick results as the only calculation involved here is simple 
modulo-p addition.
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3.7.1 ( Method 1 ) Direct-Method of obtaining delayed
m-sequences ;

The characteristic equation of an n- stage p level
' \

modulo-p feedback shift register is given by :

C = (axD + a2D2 + .... + 3^)0 ... (3.17)

where C represalts the logical output sequence of the 
modulo-p adder and a^i = 1 to n) ane the feedback 
coefficients.

If c is defined as the basic maximum length p-level 
sequence, then the delayed sequences DC to DnC are readily 

■ available at the respective outputs of the register. It is, 
therefore, required to provide the delayed versions Dn4>1C

H nupto D C where KtQ = (p - l)tQ is the p-nary m-sequence 
repetetion period. (One way of realizing the delayed copies 
of C is to add extra stages to the system. This method, 
although attractive from the view-point of synchronization of 
the various outputs, would be obviously wasteful specially 
where only a small number of selected delayed copies of the 
sequence are to be provided. In such situations, the shift 
and add property of m-sequences leads itself readily to the 
purpose of producing specially wanted delays with the help of 
mod-p adders as discussed below.
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3.7.2 ( Method 2 ) Shift and add property for obtaining
delayed versions

Tsao (1964) has shown that phase delayed versions of 

binary m-sequences can be obtained by means of mod-2 adders 
in conjunction with the sequence generator (fsr) by making 

use of the shift and add property of the maximum length 
linear binary sequences. Since every p-level m-sequence, for 
p prime, exhibits the shift and add property, the delayed 
copies of a p-nary m-sequence may as well be provided utilising 
this property as shorn below -

As before, if C is defined as a reference version of a 
given p-nary m-sequence and DXC is the version of C delayed 

by a time itQ, then the digit-by-digit raod-p sum sequence is s

C + D^C * D^G, i £ 0 and N/2 , k 4 0 ...(3.18]

s D^^C, i s= 0, i, k integers

Now, for a p-level m-sequence generated by the n-stage 
linear shift register of Pig. (3.1 ),

N n(p - l) delayed versions are available from the 
m-sequence generator,

2n ( n - 1 )( p - 2 ) delayed versions from combinations 
2 of outputs of two stages

n(n-l)(n-2) (p - 1 )3 from combinations of outputs 
’ 1 v " 1 1..3 “Qf three stages

and (p - l)n from combinations of all the n stages.
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Thus,
\

N = pn - 1 = S nc (p - l)r ... (3.19)
r=i r

?his serves as a good remainder of how the whole 

gamut of delayed versions can be obtained in the p-nary 
situation. Further it is known that every p-nary m-sequence 
( p > 2 and prime ) possesses an antisymmetric property 
in the sense that the second half of the sequence is the 
modulo—p complement of tne first half. Hence we need only 

to provide the delayed versions from Dn+1c upto DN//2c, and 
the sequences DK/2+lC upto DNC may be obtained by 
the sequences DC to DS/2c in the modulo-2 sense. Hence for 
generating all the delays, ( H/2 - n ) mod-p adders and
( S/2-1 ) mod-p complementators are required, an example by 
this method now follows s

Example s 3.16 .

Given that the characteristic equation of a ternary 
shift register is s

(2 + D2 + 2D3) C = o
• •••

determine the shift register connections for delayed 

sequences.

(3.20)

The given system, being ternary and 3rd degree, generates
an m-sequence of length HtQ = (33 - i)tQ = 26tQ, where t is the 
shift pulse period. °
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Representing the output of the feedback logic device 
by C, the m-sequences DC, d2C and D3C are readily available 

from the ternary shift register.

From the above characteristic equation.
4D*C = (2D + D3)C d9c = (D2 4- D4)C
5D°C = (2D2 + D4)C D^°C = (2D3 4* D6)C

D6C = (2D + 2D2)C D^C = (2D2 + D8)C
d7c = (2D2 4* 2D3)C D12C = (2D 4- D2)C
d8c = (D 4* D3)C O w O II (2D2 4- D3)C

S
(dn/2c)

{ in the above equations ' 4* ' represents mod-3 
addition ).

Thus, ten ( = N/ 2 - n ) mod-3 adders are needed for 
generating delayed versions D4C to D13c. and, twelve ( = N/2-l) 
mod-3 complementators ( which will be merely invertors in case 
the ternary levels are chosen as 1, 0, -l ) are required for 
providing the delays D14c upto D26C.

It may be noted here, with the exception of D3C, d9C,
10_ 12d c and D c, all the rest of the delayed versions upto D13e 

are realized by the first serial addition, and the versions 
5th, 9th, 10th and nth by the second serial addition.

although the method is quite advantageous if only a 
small number of selected delayed copies are required, it has
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the following drawbacks s

1. Each delayed version is obtained by a number of mod-p 

additions & (n - l).

2. Since all the delayed copies are not available in one 

serial addition, synchronization of the various outputs 

will be disturbed due to the finite speed of the mod-J* 

adders and complementators.

So much so, the method is preferable when the required 

delays are rather scattered in teens of their relative delays.

3.7.3 ( Method 3 ) Polynomial long-division technique

Davies (1965, 1968) presented a simple method for 

calculating the linear combination required to give a specified 

delayed version of a binary m-sequence. The method involves 

polynomial long division and is not restricted to short sequences 

The extension of this method to the p-level m-sequence will now 

be considered.

It is evident that any linear combination of m-sequences

of multistable feedback shift register is again an m-sequence

of the register. Hence, any specified delayed version, say 

1cD C, may be written as s

D*C = (kjD 4- + .... + k^D11) (mod-p addition)

where the coefficients (k^ k2 ..., kn ) are again integers 

over the modular field GF(p).

Now, dividing the delay polynomial F(D) of the multi stable 

shift register into D , the following equation may be obtained s
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Dk = F(D).Q(D) + R(D) ... .... (3.23)

where Q(D) is the quotient and R(D), the remainder polynomial 

( with no constant tern ) and of degree less than that of 

F(D).

According to equation (3.3)

[F(D)J C s= o 

Hence,

= [R(D)]C ... .... (3.23)

comparing eqns. (3.22) and (3.24), it is clear that the 

coefficients of the remainder polynomial R(D) are the required 

coefficients to k^, Since the degree of R(D) must be less 

than the degree of F(D).

Examples (3. /? )

Given a 2nd degree quinary system described by the 

characteristic equation t

[F(D)J c = (4 + 2D + 2D2)C = 0 (raod-5 addition)

... (3.25)
fihd an expression for the delayed versioh D9C in terms of 

the outputs directly available from the multistable system.

Let, D9C « (kxD + K2D2)C .............................. (3.26)

How, the division of the above delay polynomial F(D) into 

gD ma? he carried out with detached coefficients as follows s
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422 r
9 8765432
1
1 1 2

4
4

3
4
4
4

2
4
3
3

2
3
4
4

4
4

2
2

power of B

(Division over 
mod-5)

2 4
3 1 (remainder)

Therefore, the remainder polynomial is :

R(D) = 3D2 + D

By equation (3.21)

D C = (D * 3D2)c ( mod _ 5 a<aaition )
which is the required result.

This method is evidently more simple and systematic and 
carries the distinct advantage that it can be used even for 
every long sequences as the only calculation required is the 
polynomial long division, which is a step by step process, 
readily performed on a digital computer with mod-5 logic.
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'3. 7.4 ( Method 4 ) Polynomial, division method - an alternative
solution

Davies (1968) presented another alternative solution by 
polynomial division technique to the problem of obtaining 
delayed versions. The statement of the problem as applied to 
p-level sequences is as follows s

Given the nth degree polynomial F(D), which generates a 
p-nary m-sequence the objective is to determine the least 
positive integer k satisfying an equation of the form s

Dk - kxD + k2D2 +--- + ... (3.27)

where ^ to k^ are known coefficients from GF(p) and where 
‘ ♦ ' denotes addition modulo-p.

The value of k may be determined by dividing F(D) into 
the right hand side expression of eqn. (3.27), and continuing 
the division until a single term remainder polynomial is 
obtained. This remainder is Dk. However, the division is to 
be carried out by writing the F(D) and the R.H.S. of eqn. (3.27)
in ascending powers of D. The following example illustrates 
this technique. '

Example 3./2
Given that f(d) = 2 + D2 + 2D3 (mod - 3 addition)

and that, D* = D + D3, find k.
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The division of F(D) into (D + D3) in accordance with 

mod-3 arithmetic is as shown below *
12345678 power of D —*~

2 0 12)101 
10 2 1

2 2 (mod-3 division)
2 0 12 

2 2 1 
2 0 12 

2 0 1 
2 0 12 

1
8The remainder is D , so k « 8.

\

It may be noted here that in both the methods 3 and 4 
the whole division is to be performed to obtain the linear 
logic for each specified delayed-version of the m-sequence.

3,2.5 ( Method 5 ) A practical method to determine multi stable
shift register connections for delayed m~sequences

Ireland and Marshall ( 1968 ) described a practical 
method to determine the modulo-2 shift register connections 
for producing delayed ( or advanced ) versions of a binary 
m-sequence. This method will now be considered in relation to 
p-nary m-sequences.

Given that the state ( column, ) vector ( El spas 1959 ) 
of a given feedback multistable shift register is CQ at t = 0,
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then, the state Cj after a time equal to j shift pulses is 
given by s

C.
J

TJC (3.28)
where T is a constant n x n matrix with elements 0, 1,...,p-l, 
modulo-p arithmetic being used to simplify powers and products.

Defining the sense of CQ and Cj as ih Fig.(3.s ) it is 
seen that the length of the basic sequence cn, c^, ..., equals 
N = pn - 1 digits and the sequence cn+j, cn+j+1,... is the 

sequence delayed by (N - j) elements or shifts.

Now' cn+j• which is the first term in Cj is obtained by 
multiplying the first row of with the column vector C . if 
this first row is known, the element cn+j can be obtained.

Let the p-level shift register be set to the initial 
state (100....0). If a matrix 0Q is defined as shown in Fig.(3 
then, the matrix 0j can be esqjressed as

*i " tJ-*j

Hence, tjtj Vo -1 (3.29)

Then, the required first rwo of TJ is given by the product 
of the first row of with the column of 0^ in turn. Since 
the first row of ^ represents the vector cj+n_i (in the reverse 
order), only is to be calculated for a given p-stable
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shift register.

In short, the given multistable shift register is set 
up initially to Cq = (i,00 .... 0)*% and shifted (j+n-i) . 

times. The resulting state vector C^+n ^ written in the 

reverse order a§: a row vector, is then multiplied by 0Q~1,

The product yields finally a row vector, in which all non-zero 

elements (with p-nary values ) give the shift register 

connections necessary to obtain the sequence advanced by j 

shifts. The following example illustrates the technique s

Example 3.12

Given that the characteristic equation of a ternary 
shift 'register is s

CF(E)J C- (2 + D + 2D^)C sa o, (mod-3 addition)

determine the shift register connections for the sequence 

advanced by 14 shifts.

The successive occurence of states is in the given 

shift register is shown in Table

At time t = 0, the state vector ( column ) is s

co = [1 0 0]*
By definition, (Fig. 3.5)
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Hence, 10 2 
0 10 
0 0 1

(reduced as per mod-3 
arithmetic)

For the m-sequence advanced by 14 shifts,
j = 14, Therefore, Cj+n+1 = 1C16 = [l 2 oj

(When written in reverse order) Clg = [0 2 l]

and, ( Ci6.0o_:L) = t 0 2 1 3
16
10 2 0 10 
0 0 1

tO 2 1]

Thus, the mod-3 Siam of the outputs of the second stage 
(multiplied by 2), and the third stage yields the m-sequence 
advanced by 14 shifts, as may be verified from Table 3.

Table 3.4 Succession of states in the shift register

State No, Stage No.
____1___2___3 __

State No. Stage No.
12 3

1 1 v 0 0 14 2 00 0 0
2 0 1 0 15 0 2 0
3 1 0 1 16 2 0 2
4 2 1 0 17 1 2 0
5 1 2 1 18 2 1 2
6 1 1 2 19 2 2 1
7 2 1 1 20 1 2 2
8 0 2 1 21 0 1 2
9 1 0 2 22 2 0 1
10 1 1 0 23 2 2 0
11 1 1 1 24 2 2 2
12 0 1 1 25 0 2 2
13 0 0 1 26 0 0 2

)
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3.7.6 ( Method 6 ) Delayed versions by employing requisite
run-out stages

Recently Stapleton (1971) described an economical means 
of generating delayed binary m-sequences using an extended 
shift-register and an inversion of Davies' method of delay 
generation. The results obtained by this method in the case 
of a ternary drift register are tabulated below s

Table 3. S
.... ~ 2 2Characteristic eqn. of the shift register : (2+D+2D)C

Period of the m-sequence C = 26 digits
Number of run-out stages provided s Two only

5Delayed versions directly available: DC to D C
Form of delayed version, D^C = c k_.Di C (mod-3 addition)

i=l 1

TfDelayed version, DC i

kl
Coefficients of D^C 

*2 *3 *4 k5

D6C 2 2 0 0
/

0
d7c 0 2 2 0 0
d8c 0 0 2 2 0
d9c 0 1 0 1 0
D30C 0 0 1 0 1

2 0 0 0 1
|>12Q 2 1 0 0 0
d13c 0 2 1 0 0

The delayed versions D14C to _26„ D C are mod--3 compliment
of the delayed version DC . .. D»0, Here all the delayed
versions are obtained in one serial addition.
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3.7.7 C Method 7 ) Use of generating function concept for
the determination of p-nary shift register connections 
for delayed m-sequences

an attempt is made in the sub-section to present ^a1- 
simple method to detezmine p-nary shift register connections 
for the realization of the required delayed copies of the 
m-sequence. The method makes use of the familiar concept of 
generating function associated with the m-sequence (Golommb 1967). 
As the only calculation involved here is simple modulo-p 
addition, it can provide quick results.

Before considering the method, it is necessary to 
recall the following four properties of a p-nary m-sequence 
as generated by a linear n- stage p-level feedback shift 
register.

3.7.7. (a) Four Properties of p-nary m-sequences *

1. The m-sequence generated by the n-stage p-level 
feedback shift register ( modulo-p feedback ) is 
cyclic with a period T = pn - l clock pulse intervals.

2. There are pn - 1 phases distinct rti-sequences 
corresponding to each of the pn - l possible nonzero 
initial states of the feedback shift register.

. If an m-sequence C is operated by a polynomial 0(D) 
in D, t with its coefficients over the modular field 
of integers 0 to p - 1 ), a phase-shifted version 
of the sequence C results.

3
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4. For p>x and prime, the second half of every p-nary
in-sequence is the modulo-p complement of the first half.

3.7.7(b) Determination of feedback connections for delayed 
m-seguences

It is a familiar fact.every feedback shift register 
m-sequence C =* {(^satisfies a linear recurrence relation

n
71 aAc ^ 1*1

(3.30)

where ai assumes a value in the modulo field of integers 
0 to p - 1.

A close look at the methods of studying linear recurring 
sequences reveals that a generating function G(x) may be 
associated with the p-level m-sequence as under :

oo0(x) . s ... ... (3.31)
, P=0

Assuming the initial state of the feedback shift register
as t

c-l' °-2' -n
and making use of the linear recurrence stated in eqn.(3.30), 
the generating function G(x) has been shown in Section (3.4.1)
to be of the form : ( eqn. 3.8 rewritten below ) 

G(x)
n-lif0 (p-DhjX1
nai=0 aix

aQ = p - 1,
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where
bj -

n-j
iSi ai+jG-i

MIdentifying the denominator of the above equation 

with the characteristic delay polynomial F(D) of the shift 
register, G(x) may be written as :

G(x) (3.32)

It is apparent from eqn. (3.32) that there exists a 
duality between the characteristic polynomial F(D) and the 
generating function G(x). ( i.e. the m—sequence under 
consideration ). Under the circumstances, the term withifa the 
curly-brackets of the eqn. (3.32) may be made use of to 
determine the p-level shift register connections necessary for 
the realization of delayed versions of the m-sequence as 
discussed below s

With the initial state of the shift register given by

C-1 = -2 “ ....... .. c-n+i = 0 and c_n = l

the generating function G(x) in eqn. (3.32) becomes*
G(x) = ^(P " 1}

F(D) x ••• ... (3.33)

How, if the m-sequence described by G(x) in eqn. (3.33) 
xs considered as the reference sequence C, then, by property 3 
of Section (3.7.7a), the m-sequences described by G(x) in eqn.(3.32)
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under various initial conditions, are merely the delayed 
version of the reference sequence C. This means that the 
term within the curly brackets of eqn. (3.32) acts as a 

' Delay Operator ' on the reference sequence.

This delay operator evidently depends on the initial 
state of the shift register and thus yields a distinct delayed 
version of the m-sequence C with each of the pn - 1 distinct 

nonzero initial states of the register ( property 2 of Sec.3.7.7a)

Therefore, if a relationship between the m-sequence 
described by the generating function G(x) and the initial state 
of the shift register is established, then, by merely 
substituting the initial conditions corresponding to a specified 
delayed sequence, the required delay operator or the shift 
register feedback connections for the generation of the 
specified delayed-version can be readily obtained. This 
relationship can be derived by considering the succession of 
states in the feedback shift register -
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Succession of states in the shift register of Fig.(3.1)

State Mo.
m-sequence of length pn - 1 digits

C DC D^C ... DnC

First state co e-l C-2 G-n

Second state C1 co . C-1 c-n+l

Third state C2 C1 co * * * c-n+2

(pn - 2)th state c^^
cM-2 CN-3 ^-n-l

(M = pn-l)th state Cjg %-i cN-2 ^ - n

since the period of the m-sequence equals.N shift pulse 

intervals, it may he written that :

% - = co

aP i

11 c_

CN-2 = c

cN-n " c-3

It is clear from the above equations that the initial state 

<c_r c-2# * * * * c-n^ of shift register appears at the end of 

the reference m—sequence C (logical output of xaod-p adder of 

Fig.(3.1) in its reverse order.
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Hence, by mere observation of the required delayed sequence, 
the corresponding initial state of the shift register can be 
noted, substitution of which in the curly bracketed tern 
of equation (3.32) directly yields the shift register 
connections for the delay generation.

Specifically, the shift register connections for a 
given delayed version ifici .( n c q < pn - 1 ) are given by

n-1 bi
DqC «[ S ( 7“ ) D1 ] C ... ... (3.34)

i=0

(Curly bracketed terra of eqn. (3.32) ) 
where,

n-j
b| “ ^ ai+j c-i ... ... (3.35)

is evaluated with the initial conditions corresponding to 
the delayed version D^C . Here, the coefficients b^ are to 
be divided by a^ because the elements of the reference 
m-sequence C have been previously multiplied by an ( see 
eqn.(3.33)).

To clear the above ideas, an example is given below : 
Example (3. -/-f )
The characteristic equation of a quinary feedback shift 

register is given as -
0(D)j C *[4 + 2D + 2D2] C = 0 (mod-5 addition)

(3.36)
13Determine the feedback connections for D C.
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As before, comparing the given characteristic equation 
with the general equation (3.3 ), we see that -

n = 2, p = 5 g
I .... (3.37)

ao " 4' al = 2> and a2 “ 2 5

Starting with the initial condition (0 l), the reference 
m-sequence C (logical output of of the raod-5 adder) may be 
written s

G * 242230121140313320434410, .... 
Hence,

D13C 8031332043441024223012114, ....

Now, the initial conditions corresponding to the 
del ay ed-version d13g are the last two digits of the sequence 

taken in reverse order i.e..

= 4 and c_2 = l

Substituting these initial conditions in the delay 
operator ( eqn.(3.34 )), we get -

b 4- b,DD13c = -9--.-.1 . (mod-5 addition)

where,
n-i
Si ai+J’ C-i (n > 2)
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Evaluating the coefficients bj and with the help 
of eqns. (3.3#1 and (3.38)

bo - alc-l + a2c-2

- (2) (4) + (2)(1)

= 0 (mod-5 reduction)

bl = a2c-l 

« (2) (4)
“ 3 (mod-5 reduction)

Hence, the delayed sequence D13C is given by s 

r»13« 3__DC- ~DC = 4DG (mod-5 reduction)

Verification ( mod-5 arithmetic )

Ci 242230121140313320434410, ...
DC 1024223012114031332043441, ...
4DC *03133.2043441024223012114, ...

* D13C

It may be noted that in the p-nary case ( p > 2 and 
prime ), it is only necessary to determine the shift register 
connections for delays from Dn<flc to DN^2C ( N = pn - i), as 
the connections for the delayed versions dn^2+1c upto DNC can 

be simply obtained by complementing the connections of the
* w/2copies DC to D C in the modulo-p sense (property 4 of Sec. 3.7.7a).
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The method is quite simple and provides quick results 
as the only calculation involved is simple mod-$ addition.

3.8 A STRUCTURAL PROPERTY OP A p-HARY ra-SEQUENCE

In this section, a structural property of the maximum 
length null sequence of a p-level linear feedback shift 
register is discussed. The analysis presented here answers 

the following questions s
(i) When the null sequence generated by the p-level 

n stage linear shift register is pseudorandom ?

(ii) When the autocorrelation function of a p-nary 
m-sequence, as generated by the linear shift 
register, is >zero ?

\3.8.1 The necessary and sufficient condition for the null 
sequence of a linear p-nary n stage shift register 
to be pseudorandom.

Consider a p-nary m-sequence generated by an n stage 
p-level linear feedback shift register. Let the m-sequenee be 
represented by C as :

c = ^ co' °V **’ ^-1

= ?oiS
of period N = pn - 1, having pn”^ digits for each of the 
p - 1 nonzero kinds, and p11"1-! zeros. Further, the second 

half of the sequence is the modulo-p complement of its first
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half. Thus denoting u = (N - 2)/2,

C = (co' cl* c2* •**

(co' cl' c2' ••• cu' P“co' P-c!# ••• P-Cji.j )

Also, let ‘s* represent any nonzero digit (i, 2, ...,p - l)
with a corresponding analogue level '<£ ».

s
For any delay <e, the value of the autocorrelation function 

of the m-sequence C is given by :

l N0CC< <e) “ N Jf^i ci,+/e ** °^^-l .. (3.39)

Owing to its antisymmetric nature, the autocorrelation function 
^_1: n 1or 2 ^ ^ ^ ® - 1 is the negative of that for 0 & -e £ ^ ~ 3-
when analogue levels of the nonzero digits are adjusted for 2

symmetry. It is, therefore, of interest to consider the value
of the autocorrelation function in the range 0<t <H

2
The right hand side of eqn. (3.39) may be considered as 

the sum of another sequence {e.| , which is formed by shifting 
the sequence {c.$ relative to itself and forming the product 
of the corresponding digits. Hence,

C* Oj| 1X X4* (3.40)
Since the terms of the 

modular field (0, 1, 2, ...
sequence {c^J are integers in the 
P “ l)# a term of the sequence fe.J
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must be formed by the product of any one of the following 

combinations #

(i) (0, 0)

Cii) (0, s)

(iii) (s, s)

Civ) (r, s) r ^ s and r, s = (l, 2,... p-i)

We assume here that the order is unimportant and we need 

not distinguish between, say, (r, s) and (s, r).

Denote the number of occurrances of these combinations as s

Loo<*> = Number of (0, 0)
Los< s- II <0, s)

Lss( c) ss 1) (s, s)

Lrs< => S II (r, s)

These numbers determine the structure of the product 

sequence f J.

Next, we obtain L ( *t:) l ( t:) L ( rO t / . ,
oo' " "os' ^ • ^ss' ^' Lrs' *&) in terms

of the parameters of the sequence by means of deduction method

as follows s

For this, purpose, consider the following four cases 

(i) Modulus p = 3

Number of stages in the shift register, n = 2 
characteristic equation of the fsr s (2 + 2D + d~)c = 0 
where Q is the basic ra-sequence.
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Basic m-sequence C is s
Cs 12202110, .... with period N = pn - 1 = 8 digits

N - 1For any delay ts in the range 0 — , for this ra-sequence
the follox/ing values of Lqo( c) , Log( *;), Lgg( e), I»rg( /t) are 
obtained - ( r,s = 1, 2? r ^ s )

L ( fe) » 0 Xoo j
U ^ = 4 XX For p = 3, n = 2
LssC ^ - 2 X
Lrs( * 2 *

(ii) Modulus p = 3
Number of stages in the shift register, n = 3. 
Characteristic equation of the fsr s (2 + + 2D^)C = 0
where C is the basic m-sequence.

Basic m-sequence C is s
CS0121120111002021221022200 1___

with period N = pn _ i = 26 digits.
JST — 3LFor any delay t: in the range 04C ^ , for this

m-sequence, the following values for L ( t:), L ( 'c), L (OOs os ' ss
brs( <b) are obtained - (r, s = 1,2; r £ s)

oo
os
ss
rs

( 'C) 
( *> 
( /c) 
( t5)

2
12
6

XXXXXX

For p = 3, n = 3

6
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(iii) Modulus p = 5
Number of stages in the shift register, n = 2. 
Characteristic equation of the fsrs (4 + 2D + 2D3)C = 0 
where C is the m-sequence.

Gs 242230121140313320434410, ...
wit|i period N = pn _ i = 24 digits.

For any delay t: in the range 0 ■< e 6 ^ , for this

ra-sequence, the following values for L ( e), L ( c) L {
OO os ss 'Lrs( ^ are obtained - (r, s= 1, 2, 3, 4, r s).

Loo< = 0 I- • jL ( a 4 Yss' ' X
^('c) » 12 X

For p =5, n = 2 /

(iv) Modulus p = 5
Number of stages in the fsr, n = 3.
Characteristic equation of the fsr : (4 4- 3D + 2D3)C = 0 
where C is the m-sequence.

C* 0234140242033430300134432433222 

041323043401131010021331 4 311444 
032 1 4103130221202004211231223 33 
0142320121044240400342241244111,..

with period N = pa _ i = 124 digits.
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For any delay *tj in the range 0 < for this
2

m-sequence, the following values of L ( c), h ( -e), L ( <c),oo os ssLrs( e) are obtained - <r, s = 1, 2, 3, 4, and r / s).

Loo(fc> = 4 *
Loa< *> - 40 *

, „ * for p = 5, and n = 3Lss(t:) =20 J

Lrs< «) = 60 X
In view of the above mentioned results, ( cases li,ii,iii, 

iv ), in general, for any p-nary ( p > 2 and prime ) n-stage 
linear feedback shift register m~sequence of period E = pn - i
digits, the following equations are valid s

For o < * * 33 ~ * ' 
2 and n &

2 < «J £ w

L ( oo -e) - pn-2 - i

L ( OS t;) = 2 £(pn“* - 1) - (Pn-2 - 1)]

L ( SS t:) « (p - 1> Pn-2 '

L ( rs f:) = (pn - 1) - L ( c) - oo Loa<

= (p -1) (p - 2) n-2P

L ( ts) ss

XXXXXX(3.41)
XXXXX

Similarly, for ■& = 0, the folloxriLng equations may be written;

L00( y} = pn_1 - 1 XLos( * Lrs( = 0 X 

Lss( ^ ~ *P-1> ^Pn“X> X (3.42)
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« «For <e = — , likewise , we may write the folio-wing
equations s

Loo< *> = Pn_1 - 1 I
Los( «) = Lss< e) =0 | ... (3.43)

Lrs( e> = (p - 1) (p11-1) I

The results eacpressed in eqns. (3.41), (3.42), (3.42) show 
that Lqo( n), Kos( ts), hgs( <e), and Lrg( <&) are not only independent 
of <c over the chosen interval, but they are completely 
determined by p and n.

Making use of the above results, the autocorrelation function 
of the m-sequence C may be written as s

‘W e) -
i »
— £ C. C. ,N i=0 1 1+ «

5 pn"2(ofJ + cCrs)
N , r £ s (3.44)

s = 1# 2, • • •

where oCr and c£g are the analogue levels of the states r and s 
in the m~sequence respectively.
Now,

eC2
s

l2 + 22 + 32 4.... ♦ (p-1)2

2 [l2 + 22 * 32 + ....
p(p-l) (p+l)

12

+ (

• • •

p-1
2 For a symmetric 

m-sequence signal) 
(3.45)
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And !
oCrs o [ (1) (2) + +(1) (3) +....+ (l)(p-l)

t (2) (1) + (2) (3) +....+ (2) (p-l)
f (3) (1) + (3)(2) *....+ (3) (p-l)
+ ................................ ..

f . ................ ....................
t (P“l) CD + (P-l) (2) + .... + (p-l) (p-2)]

2= [if 2 + 3+ .,. + p-l] - l2 + 22 + 32+ ...+(p-l)2

For a symmetric m-sequence signal, the second half of the 
signal is the negative of the first half.

Hence,
of rs = 0 2 £l2 + 22 * ♦ i^)2]

p(p-l) (p+1) 
12 (3.46)

Substituting the values of d! ‘ and of n in eqn. (3.44), we
S ITS x

obtain

For o < < -N-l

; and for ^ < -e < N ... <3.47)

In view of i eqns. (3.41), (3.42), (3.43) and (3.47), we may 
now state that invariance of Lqq( c) , LQs( '«), Lgs( «) and Lrg>)with 

is the necessary and sufficient condition for a p-level linear 
shift register hull sequence to be pseudorandom.
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Also, from eqn. (3.47), the condition for a p-nary linear 
feedback shift register sequence of period N to have zero 
autocorrelation function for any nonzero ( except for t: = n/2 5 
is s

of 2 = - oC
s rs

Thus,, given a linear p-level shift register sequence, it 
is possible to ascertain as to whether it is pseudorandom or 
otherwise. A3.so, the condition for the sequence to possess 
zero autocorrelation for any nonzero -C ( except for 'C = n/2 ) 
may be verified from eqns. (3.45) and (3.46).

3.9 GENERATION OF PSEUDORANDOM SIGNALS CORRESPONDING TO 
m-SEQUENCES OVER GF(p =» 22)
The fundamental properties of recurrent sequences and 

maximum length sequences over GF(p * 2) have been discussed in 
Chapter 1. In this chapter, so far,the theory of maximum length 
sequences over GF(p > 2and prime) has been developed, but few 
properties have been described in the literature concerning 
p = ra being an integer. ( Balza et.^al. 1970, Sierler 1959, 
Godfrey et. al. 1968, Power and Simpson 1970, Brown 1969,
Simpson and Power 1970, these include application of 4-level or 
almost a periodic sequences in system identification ).

In the present section, a simple method is presented for 
generating 4-level pseudorandom signals, derived from their 
corresponding m-sequences, using a single binary feedback shift
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register unit. The method, becomes more effective in saving 

components as the period of the m-sequence increases.

^ Poiay polynomial generating 4-level m-sequence 

It is well known that a maximum length sequence of 
period p - 1 digits is obtained from such a recurrent 

relation as - ( ' + ' stands for mod-p addition )

Vtc + al°k+l + a2ck+2 + •" + an-ick+n-i+ VTc+n = 0 • •13 

where ^ and ^ belong to a Galois field of p elements, and

(aQ +, «jD + a2B2 + ...+ an_jBn“1 + anDn) R = o ... (3.49)

is the characteristic equation of the corresponding linear 
shift register. Here the symbol D-* is the algebraic delay 

operator, the effect of which is to delay by j digits the 
variable ( m-sequence C ) it operates on. The term within the 
brackets of eqn. (3.49) is known as the characteristic delay

polynomial, which must be primitive to realize maximum length 

sequence.

For the case of p = 4, which is considered in this section, 
the elements of GF(p = 4) may be designated as (0, l, a, b).
The additional multiplication rules over GF(4) are stated in
Table 3. 6 . A list of primitive delay polynomials over GF(4) 
is given in Table 3.9 .

48)
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Table 3. 6
Addition over GF(4)

+____ 0 lab
0 0 1 a b
1 1 0 b a
a a b 0 1
b b a 1 0

Multiplication over GF(4)

. 0 1 a b
0 0 0 0 0
1 0 1 a b
a 0 a b 1
b 0 b 1 a

Table 3.? Primitive polynomials over GF{4)

Degree of Primitive Period in
polynomial polynomial digits

n F(D)
3 a + D 4*

D2 4*
D3 63

3 b ♦ D 4* D2 4*
D3 63

3 a + bD 4«
D 2 4*

D3 63
3 b 4- aD 4- D2 4-

D3 63
3 a 4- D + bD2 4-

D3 63
3 b 4- D 4-

aD2 4-
D3 63

4 a + aD 4*
aD2 4*

D3 + D4 255
4 b + bD 4-

bD2 4*
D3 4*

D4 255
4 b 4- bD 4-

aD2 4-
OD2 4*

D4 255
4 a 4- aD 4-

bD2 4-
OD3 4-

D4 255
4 a 4- bD 4“

0D2 4-
aD3 4*

D4 255
4 b + aD 4- o U to 4-

bD3 4-
D4 255

4 a 4" bD 4-
D2 4*

OD3 4* D4 255
(continued)
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Degree of 
polynomial 

n
Primitive 
polynomial 

' F(D)
Period in 
digits

4 b 4 aD 4* a2 4 3oD 4 D4 255
4 a + aD 4* aD2 4- 0D3 4 jj4 255
4 b 4- bD 4» hD2 4 OD3 4 D4 255
4 a 4 hD 4- bD2 4- OD3 4 D4 255
4 b + aD 4- aD2 4- OD3 4 D 255
4 a + D 4- OD2 4* D3 4 D4 255
4 b 4* D 4- OD2 4- D3 4 D4 255
4 a 4* bD 4* D2 4- bD3 4 D4 255
4 b 4- aD D2 4- aD3 4 D4 255
5 b 4 OD 4- bD2 4- aDl3 4 D4 4. D5 1023
5 a 4* OD + aD2 4* bD»3 4 D4 4 D5 1023

5,9,2 Statement of the problem

Consider now a 2-stage 4-level shift register shown in 
yig. (3. 6 ). The characteristic equation of the shift 
register may be written as s

(a + D + D2)C = 0 ........... (3.50)

The corresponding recurrence relation is given by s
'Tc “ b 'ic+i * b *^+2 ••• (3.5l)
Assuming the initial state, 'c^, c^* of the shift

register as ' a b ' , the succession of states in the register 
are as follows *
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Table 3. 2

Descrip­
tion of 
sequence

State numbers
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Output of 
stage 1 a b b 0 a 1 a a 0 1 b 1 1 0 b,..

Output of 
stage 2 b a , b b 0 a 1 a a 0 1 b 1 1 0,..
Ihput to 
stage l b b 0 a 1 a a 0 1 b 1 1 0 b a,..

Let C represent the basic 4-level m-sequence of the 2-stage 
shift register { i.e. input to stage 1 ). Let x(t) be the signal 
corresponding to the m-sequence C. The present problem is to realize 
the signal x(t) by means of a binary shift register.

1»9*3 Generation of 4-level m-sequence signal using binary logic
Let the GF(4) elements 0, 1, a, b correspond with the analogue 

levels as under s

GF(4) elements

0
1
a
b

Corresponding 
analogue level

—l. 5 
-0.5 
4-0.5 
4-1.5

The selected analogue levels are symmetrical about zero.
Under the circumstances, the 4-level signal x(t) may be thought of 
as an analogue sum of three binary component signals, say, x^(t), 
x2{t) and x^Ct) as shown below :

l
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Let us suppose that the states 1 and 0 in the
component binary signals x^t), 
at analogue levels +0.5 and -0.

GF(2) elements 

1
\

0

x2(t), and x^Ct) are maintained 
respectively, i.e.

Corresponding 
analogue level

+ 0.5
- 0.5

Here, it is important to bear in mind that these binary 
levels ( +0.5 and -0.5 ) of the component signals x^(t), v (+) 
and x^Ct) are different from the levels of the quaternary (i-e 4~kvtL) 
m-sequence signal x(t), namely ( -1.5, -0.5, +0.5, +1.5).

Under the circumstances, the GF(4) elements 0, 1, a, b 
may be expressed in terms of GF(2) elements, 0 and l as under :

GF(4) elements GF(2) elements

0
1
a
b

= Analogue sum 
= Analogue sum 
= Analogue sum 
= Analogue sum

(0 + 0 + 0) 
(0 + 0 + 1) 
(1 + 1 + 0) 
(1 + 1 + 1)

Making use of the correspondence between GF(4) elements 
und GF(2) elements mentioned above, the 4—level m—sequence 
signal x(t) is written below as an analogue sum of these 
component binary, signals x^t), x2(t) and x^t) :
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Component
binary Succession of states in the binary signal
signal 1 2 3 4 5 6 7 3 9 10 11 12 13 14 15, ..

Xi(t) 1 1 0 1 0 1 1 0 0 1 0 0 0 1 1/ • • •
x2(t) 1 1 0 1 0 1 1 0 0 1 0 0 0 1 1, ...
x3Ct) 1 1 0 0 1 0 0 0 1 1 1 1 0 1 0# • • •

3
- * x. (t) b b 0 a 1 a a 0 1 b 1 1 0 b H# * * •i=l 1

Therefore, the problem of generating the 4-level signal 
x(t) settles down to that of generating the above specified 

component signals. A close look at the content of the above 
table reveals,that the signals x^t) and x2(t) are identical and 
the signal x^t) is merely the signal x^t) delayed by ten 

digits. Thus, the formulation of 4—level m-sequence signal 

settles down to the problem of generating the signal x^t).

Generation_of the binary signal x^(t) s

The sequence ^ corresponding to the signal ^(t) is of 
period equal to 15 hits. Further/ it describes 24 - 1 nonzero 

states of a 4-stage mod-2 feedback binary shift register.
Hence, it is possible to generate the signal x^t) with the help 
of a binary shift register with suitable mod-2 feedback.

In Chapter l ( Section 1.7.2 ) it has been shown that it is 
possible to find the logical configuration of the shift register

lyt to 41A ■&< cAarCieAy/'sJic Ixjmwi<&( 4-~ ttyd

Cum dev CoK'&iAt ration is O'vev -Kc a.

> desert Lz* 2^-1 (h~ tn 6/k\/)ry Hum Levs.



that generates a given binary sequence by means of the 
generating function concept.

Assuming the initial state of the binary shift 
register as 1 00 ... l 1, it has been shown that the 
generating function associated with the sequence x^ is 
related to the delay polynomial of the corresponding shift 
register by the foliowing equation ( Eqn. 1.15 repeated 
below ) -

G(x) F(D)x
where G{x) and F(D), respectively, represent the generating 
function and the delay polynomial of the sequence under 
consideration.

Since the sequence is periodic, we need to consider 
only one period of the sequence, and write the generating 
function associated with the sequence of present interest, 
namely, x^ as -

G1(x1) « ( I + D + D2 + D3 + D5 + B7 + D8 + D11 )
(mod-2 addition)

With the help of eqn.(l.15) written above, the delay 
polynomial F(D) of the sequence x.^ ( i.e. the feedback 
connections of the binary shift register generating the
sequence ) is *

[!« ^ ■ ( I + D + D4 ) .. (mod-2
addition)
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Thus, the component sequence may be generated directly 
by means of a 4-stage binary feedback shift register, wherein 
the modulo-2 sum of the contents of first stage and fourth 
stage provides input to the first stage. The table below shows
the succession of states in this binary sijift register.

/

Table 3.3

Description 
of sequence

State number in the binary shift register
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15,...

Output of 
stage 1 10110 01 000 1 1 1 1 0 ,...

Output of 
stage 2 0101100100 0 1 1 1 1,...

Output of 
stage 3 1010110010 0 0 1 1 1,...

Output of 
stage 4 1101011001 0 0 0 1 1,...

Input to 
stage 1 0110010001 11 1 0 1,...

From the content of the above table, it is clear that the 
sequence ( with the chosen initial state of the binary shift 
register ) is available at the output of stage 4. The sequence 
x2 corresponding to the component signal x2(t) is the same as the
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sequence Further the sequence x3 corresponding to the 
component signal x^t) is the sequence x1 delayed hy ten 
bits. Hence, it may be obtained by modulo-2 sum of shift, 
third and fourth stage outputs as shown below -

10Xj » D X

Dl° (D4X* j #

(D 4* D3 4- D4) x*

*Xj represents input to stage 1
C

To realise the signals corresponding to the component 
sequences x^, x2# x3 we need to transform the states 1 and 0 
to the levels 4*0.5 and -0.5 respectively. &nd the analogue 
sum of the so obtained signals x^t), x2<t) and x3<t) 
provides the desired 4-level m-sequence signal x(t).
Fig. (3.7) details the practical scheme of generating the 
said multilevel signal x(t). The so generated 4-level 
m-sequence signal together with component signals is shown in 
Fig. (3.Staid (Photographs).

Thus it is possible to generate 4-level pseudorandom 
signals, derived from their corresponding m-sequences, using 
a single binary feedback shift register unit. The method 
becomes more effective in saving components as the period of 
m-sequence increases. In general, pseudorandom signals over
GF( p = 2ra, m an integer) can be easily generated using this 
technique.
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Fig.3.8 t Experimental set up for the generation of 
15-bit 4-level m-sequence signal



Fig.3.9 (a) 15-bit 4-level m-sequence signal x(t)^
(b) Component binary signal x^t)

(c) Component binary signal Xjtt) ■ x^t)

(d) Component binary signal x3(t)

n 
Mw
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Fig.3.10*(a) 15-bit 4-level m-sequence signal x(t)
(b) Component binary signal x^(t) * x^(t)
(c) Component binary signal x3(t)
{d) Clock signal



Fig.3.Ill (a) 4-level m-sequence signal x(t) 
(b) Clock signal
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3.10 SUMMARY

In this chapter, the theory of multilevel linear 

feedback shift register sequences has been developed in some 

depth. Methods are presented to derive the sequential 

behaviour analytically from the knowledge of the given 

multilevel shift register logical structure. Attention isc 

also given to the synthesis problem of realizing a given 

cycle structure. Furthermore, a quick method of finding the 

multistable feedback shift register connections for providing 

delayed replicas of the basic m-sequence is advanced, making 

use of generating function concept. A few of the most important 

properties of the multilevel sequences are discussed. Also, a 

structural property of linear p-nary shift register sequences

is broughtforth, which is useful in determining as to whether
{

a given p-nary sequence is pseudorandom or otherwise. And, an 

attempt is made to describe generation of pseudorandom signals 

corresponding to m-sequences over GF(p = 22) with the help of 

binary logic elements, which is successfully eaqperimented.

In the ildsfcfXhapter, the problem of multi-input./ multi - 

output system identification with pseudorandom test signals 

(binary as well as multilevel m-sequence signals ) by means of 

correlation method will be discussed.


