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SEQUENTIAL BEHAVIOUR OF AUTONOMOUS 
LINEAR BINARY FEEDBACK SHIFT 
REGISTER

1.1 INTRODUCTION

Considerable interest has developed during the 
past two decades in the binary feedback shift registers. 
These devices are capable of generating cyclic sequences 
possessing statistical properties which closely 
approximate those of binary random jfcbise. (Golomb 1955, 
Huffman 1956, Green 1958, Young 1958, aierler 1959, Campbell 
1959, Bell 1960, Scholefield 1960, Heath 1961, Tyryn 1961, 
Corran and Cummins 1962, Roberts 1963, Shiva Shanker 1963, 
Bernfield 1964, Chow 1964, Tsao 1964, Briggs et al.
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1964-65, Kramer 1965, Davies HpT 1966, Everett 1966,
Godfrey 1966, 67, 68, 69, 70, Anna Tomescu 1970, and so 
forth). Such, apparently random^but deterministic/^equences 

may be used, therefore, in place of this noise) and the 
results which are thus obtained are much more accurate 
than those obtained using binary noise. The ease and 
simplicity in generating and processing the sequences are 
further responsible for this development. Initially, much 
of this interest pertained to the use of the sequences in
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the following areas s

(i) Simmulation of noise in a repeatable manner 
(Kramer 1965).

(ii) Synchronization of telemetry codes (Barker 1953, 
Gilbert 1960).

(iii) Improvement of power content of radar signals
without deterioration of their power ( Siebert 1956, 
Skewart 1959).

(iv) Communication systems ( Price and Green 1958 ).
(v) Automatic error - correction circuits (Huffman 1956, 

Green and San Soucie 1958).
(vi) Counting and frequency division (Eldert 1958, Heath 

1960).
(vii) Random number generation (Johnson 1959).

More recently, and to an appreciable extent, this 
interest has shifted top control system applications, 
particularly in the area of system identification. (References 
related to this field are given in the Chapters 2, 3, 4, 5 

and 6, where the subject is dealt with ). These binary 
sequential networks are also of theoretical significance 
to the study of more general sequential networks.

This chapter is concerned with the theoretical analysis 
and experimental verification of the sequential behaviour
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of autonomous linear binary feedback shift register. At 
first, the functioning of a feedback shift register (fsr) 
is presented. A brief account of the linear feedback 
function 'modulo-2 addition'is then given. The meaning and 
classification of the characteristic polynomial of the 
above shift-register sequence ( also known as null - 
sequence, Huffman 1956 ) and of the shift - register which 
produced it, are stated. Methods are then described to 
evaluate all the possible null sequences associated with a 
given characteristic polynomial irrespective of its 
factorable features. The' problem of determining the 
characteristic polynomial corresponding to a given null 
sequence is also studied. Useful properties of the 
characteristic polynomials and their associated null 
sequences are discussed, some in detail. The maximum length 
linear binary null sequences ( also knoxm by such names as 
pseudorandom binary sequences, m-sequences or simply chain 
codes) and the nonraaximura length binary sequences are 
generated, and many of their properties verified. In 
addition, mention is made of the principal areas of application 
and advantages of the binary feedback shift register 
sequences.

1.2 FUNCTIONING OF AN AUTONOMOUS BINARY FEEDBACK SHIFT
REGISTER
A general block diagram of an autonomous binary feedback
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shift register is shown in Fig. l.l. As seen, there is no 
input present except a clock pulse of period tQ. Each of the 
rectangles labelled D^, ... Dq is a binary storage
element ( flip-flop, position on a delay line, or other 
memory device ), which delays the variable on which it 
operates by a period tQ. If tQ is chosen as the standard to 
express the amount of delay, each storage or delay element 
causes the delay of one unit or one clofck-pulse period. Thus, 
a delay of n units, Dn, may be obtained by connecting n 
identical delay—elements in series as shown in the figure.
The number of stable states of each storage element is 
assumed to be ' 2 ', which remains to be the same for all 
devices comprising the autonomous network. At periodic 
intervals determined by the master—clock, the contents of 
is tfcansferred into The time of operation is the same
regardless of the number of elements in the system. In the 
absence of the feedback logical path, the series string of 
binary delay elements gets emptied by the end of nth clock- 
pulse. However, the system can be kept active by feeding back 
outputs of some or all of the n-delay elements into the first 
delay element through a feedback logic device. That is, leads 
from some or all of the n—delay elements feed into a logic 
device, which provides input to the first delay element.
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These storage or delay elements are called the 'stages' 
of the system. If n stages are employed, the system or the 
feedback shift register { abbreviated as 'fsr* ) is said 
to be of degree n. The content at any instant of time of 
the n-stages is called the 'state* of the fsr, which may 
be thought of as a binary number. Clearly, the maximum 
number of distinct possible states of the n—stage fsr is 
2n ( the binary numbers 00 .... 0 to 11 .... i). On 

application of a train of clofck - pulses, the feedback 
shift register undergoes, from its initial state, a cyclic 
succession of states, the number of which is dependent 
upon the nature of 'feedback function' and the initial 
state of the fsr. Thus, a binary sequence of certain period 
may be realized at the output of each stage of the shift 
register.

In brief, an autonomous binary feedback shift register 
of degree n is a device consisting of n consecutive binary 
storage positions, which shifts the contents of each position 
to the next position down the line, in time to the regular 
beat of a clock ( or other timing device ), this process 
being kept active by feeding back the states of certain or 
all of the n storage el orient s into the first storage element
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by means of a two-state logic- device. Hence, the 
feedback shift register may be understood as a sequential 
network or sequence generator which provides a cyclic 
sequence containing some well-defined basic number of 
binary digits. The following example illustrates the 
above idea t

Example 1.1

Consider the four-stage shift register with the 
feedback function espresed as

f(DC, d2C, d3c, d4c) « (dc.d2c)(d4c)*

+ (dc.d2c)* (d4c)

whereby * + » represents the logical OR function, 
and the symbol * stands for the binary complementation.

The 4th degree fsr with the specified feedback 
function is depicted in Fig. 1.2. Table l.l shows the 
various possible cyclic outputs realizable from the 
given fsr with different initial states.
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Table l.l

Description of state Stage number of fsr
of the fsr ,---—----r------r

<i) Initial state (first initial 
setting of the fsr)
Second state
Third state
Fourth state
Fifth state
Sixth state
Seventh state
Eighth state
Ninth state
Tenth state

1
0
1
1
0
0
1
1
1
1

11 1
111
Oil
10 1
110
Oil
0 0 ' 1
loo
110
1 1 1 ,

Repeats

(ii) Initial state ( second 
initial setting of the 
fsr )
Second state 
Third state 
Fourth state 
Fifth state

0 0 O.i
a 0 o 0
0 1 0 0
0 0 l o
0 0 0 1

Repeats

(iii) Initial state ( third
initial setting of fsr )
Second state
Third state

0
1
0

1
0
1

0
1
0

1 
0 
1Repeats
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The content of Table 1.1 reveals that essentially 
three cyclic sequences ( excluding the all zero 
sequence), namely, 101100111, 0100, and 01, are 
realizable from the given fsr with the initial states 
•1111', *0001', and *0101'respectively.

Hence, the feedback function and the initial state 
determine the cyclic output from a feedback shift ' 
register. In the following section the meaning of the 
'linear feedback function' known commonly by the name 
'modulo-2 addition', and a few of its important 
properties are enumerated.

1.3 M0DUL0-TW0 ADDITION AND ITS PROPERTIES

If C = (c£j , c^ t ) represents the binary
periodic output sequence of the feedback logic device 
shown in Fig. 1.1 ( i.e. the input sequence to the first 
stage of the system ), the feedback shift register may 
be described by the following equation s'

f(DC, D2C, . . . , DnC) = C .. .. ..(1.1)

The eqn. (l.l) is thus seen to characterize the 
sequential behaviour of the fsr and is accordingly called 
as its 'Qharacteristic-Equation'.
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However, if the feedback logic may be expressed in 
the form s

f(DC, D2C, .... DnC) = (a;L DC ® a2D2C © ... © a^C)

.... (1.2)

where each of the consfcants aj. is either 0 or 1, 
and where the symbol © denotes addition modulo-2 ( that is,
1 for odd sums and 0 for even sums), the autonomous network 
of Fig. l.l is called 'linear1. Accordingly, the fsr 
under consideration is called 'linear feedback shift register' 
Such a linear shift register is depicted in Fig. 1.3. Linear 
shift registers are linear in this standardized sense.
However, the underlying arithmetic is not that of the real 
or complex numbers, but of the field of two elements 0 and 1, 
operating modulo-2. It should be noted here, that a value 
of *1' for any feedback coefficient a^Cl & i & n), means 
that the corresponding output is connected to the raodulo-2 

logical adder, and likewise, a value of '0* for any 
coefficient means that the corresponding stage output is 
not fedback.

The binary logical operation 'modulo-2 addition' has, 
some of the properties of both 'addition' and 'substraction' 
as shown in Table 1.2 below s
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Table 1.2

Logical Multi­
plication

LogicalAddition Modulo-2 
Addition

. 0 1 4* 0 1 © 0 1

0 0 0 0 0 1 0 0 1
1 0 1 1 1 1 1 1 0

Evidently, the modulo-2 addition is the same as 
the ’Not - equivalent ' logical operation. The 
practical realization of the binary not-equivalent 
circuit is discussed in section (1.9.2).

Some properties of 'modulo-2 addition

The following theorems are important in connection 
with the operation of modulo-2 addition. Here, C , C2, ^ 
are to be treated as variables having a value of either 
a '1* or a 'O'.
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1. C © C © ... © C
2. C © C © ... © C
3. C^© C2 © C3 ©......

4. ^ © c2 © c3 © .....

5. Cl©C2 = C2©Cl
6. {C± © C2) © C3 = ©

=s 0, Even number is added.
= C, odd number is added.
= J>, if an even number of

the variables C^'C2'5 **
have the value 1.

=1, if an add number of hhe 
variables C, C3
have the value 1.

, Commutative property of ©
(C2 . c3) - c • c2 • C3
Associative property of ©.

7. C C © C C_ = . C.(C_ © C_), Distributive
x x i a property of © with

Multiplication.
8. ® *~2 = C3 •

C± © C3 = C2 and 
C2 © C3 » c and
C1 ® C2 ® C3 - 0

The following example is meant to illustrate the 
sequential behaviour of an autonomous linear binary 
shift register with modulo-2 feed back.

Example 1.2

Consider the three - stage shift register shown in 
Fig. 1.4, where the modulo-2 sum of 1st and 3rd stages 
provides input to the 1st stage.
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The feedback function is thus given by s
f (DC, D2C, D3C) = (DC © D3C)

Assuming the initial state of the linear fsr as 111, 
the succession of states is as follows -

Table 1.3

State of the fsr
i

Stage of the
1 2

fsr
3

Initial state ' 1 1 1 1 © 1 = 0
Second state 0 1 1

enters 1st 
stage

Third state 1 0 1
etc.

Fourth state 0 1 0
Fifth state 0 0 1
Sixth state 1 0 0
Seventh state 1 1 0
Eighth state 1 1 1 Repeats

The cyclic sequence obtained from any stage is .... 
1010011 ... and has a period of 7 digits. In fact, the 
sane sequence ( in this special case ) would have been
generated by the fsr had any other initial state been'

*

assumed with the exception of all-zero initial state. The
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all-zero initial state represents trivial solution as 
the chosen linear feedback function, namely modulo-2
addition, is ineffective to all-zero state of the fsr.

/
It is ■worth noting here, as long as the feedback 

operation is restricted to modulo-2 addition (i.e. 
multiplication is not permitted),the shift register is 
is a linear device and must be expected to obey the 
usual laws of linear devices, e.g. the law of superposition.

1.4 maximal and nqnmaximal shift register sequences

The sequence obtained from the autonomous linear 
feedback shift register is seen to depend on both the 
feedback connections and on the initial loading of the 
shift register. This leads to a grouping of the so 
generated sequences into two categories.

(i) Maximum - length sequences 
Cii) Nonmaximum — length sequences.

The grouping depends on the length or period of the sequence. 
This maximum length or period of the sequence depends on 
the number of stages incorporated into the feedback shift 
register. Each storage element, being bistable, can store 
®®ly two distinct ihformations. Since the shift register 
contains n such storage elements,there is a total of 2n



different possible states ( informations ) and of all 

these could be generated the sequence length would be 2n 

digits. However, with modulo-2 addition operation, the all­

zero state must be excluded. Hence, the largest possible 

period for a linear binary n-stage shift register is 

(2n - 1) digits. If an output sequence has a period 

Ns (2a - 1) binary digits, the sequence is called a 

maximum length binary sequence1 ( abbreviated as m— sequence) 

And, any output sequence of length less than the mg-srimnrp 

period is accordingly called as 'nonmaximum length binary 

sequence.1

The maximum-length binary sequences are also known 

by such names as pseudorandom binary sequences, chain-codes 

and some less frequently used terms.

The nonmaximal binary sequences are, likewise, also 

called as short sequences or short chain-codes.

Now, the sequential behaviour of the linear fsr may 

be described by means of what is called 'characteristic

delay polynomial', the meaning and classification of which 

now follows.
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1.5 characteristic delay polynomials and their null-sequences

1*5.1 The characteristic polynomial of an fsr

The describing equation for the autonomous linear 
shift register of Pig. 1.3 may be written as s

(alD 0 a2°2 ® •••• • = C ......... (1.3)

whereby C = (cq,c1#c2....  ) represents the binary periodic

output sequence of the feedback logic device (i.e. input 

sequence for the 1st stage of the fsr)# and where each of 
the coefficients ' a^‘ ( 1 £ i £ n ) is either l or 0 
depending on whether the corresponding stage is connected 
to the feedback logic device or otherwise.

In accordance with the modulo-2 arithmetic, stated in 
brief in section 1.3, the eqn.(1.3) may also be written as s

( 1 ® alD ® ■a”2 ® ••• * •nBp> c - 0 ....... (1.4)

where I = D is the identity operator.

Since the system is binary, for it to be of nth 
degree, the coefficient 'a^' must necessarily be unity.
Hence, eqn. (1.4) becomes s

( 1 # alD • a2°2 • •••• • C - 0 .... (i.5)
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Clearly, the above eqn. (1.5) characterizes the 
sequential behaviour of the feedback shift register and 
is accordingly called* as its 'characteristic-equation. •

Now, the expression within the brackets in eqn. (1.5) , 
which is composed of characteristic delays acting on the 
variable C, is called 'characteristic delay polynomial of 
the feedback shift register, and is represented by F(D). 
Accordingly, the characteristic delay polynomial or simply 
the delay polynomial F(d) may be written as s

F(D) - (I © axD © a2D2 © ... ® ... (1.6)

In closed — form, F(D) appears as s 
nF(D) = © x a^D1 , with aQ = ajj = 1, 

i=0

where the symbol * © ' before summation indicates that 
it is 'addition modulo-2'.

1*5.2 Null-sqauence of a delay polynomial
*

Referring back to the autonomous libear shift 
register of Fig. 1.3, it is seen that even though no input 
is present, the presence of feedback paths permits a 
steady state output ( with any nontrivial initial state ).
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This unforced steady state response, C, of the fsr is 
that for which £f (D)] C equals zero. This natural response 
C is hence called a null sequence of the linear shift 
register or of the delay polynomial F(D) that characterizes 
its ( the fsr's ) sequential behaviour.

In brief, the output sequence of an autonomous 
feedback shift register represents its null sequence. If 
this output sequence is of maximum length ( section 1.4 ), 
it is called ‘maximum length null sequence (mins) 1 or 
maximum length sequence or simply m-sequence.
'Pseudorandom binary sequence', and 'chain-code' are the 
other names, frequently referred to, of this mins.

The null sequence of a delay polynomial is thus 
periodic with a period N which depends on the shift register 
logical configuration and its initial state. A delay 
polynomial may have several distinct null sequences. These 
null sequences are also called the solutions of the 
polynomial P(D).

Classification of delay—polynomials

Broadly speaking, the characteristic delay polynomials, 
that describe the sequential behaviour of the feedback shift 
register, may be classified based on their factorable features.
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( in the modulo-2 sense ) into three groups as under s

(A) Primitive and irreducible delay polynomials
(B) Irreducible but nonpromitive delay polynomials
(C) Factorable delay polynomials.

{A) Irreducible and primitive delay polynomials

A delay polynomial is said to be irreducible and 
primitive, modulo-2, if and only if,

(i) The polynomial is irreducible, i.e. it has no 
factors ( modulo - 2); and

(ii) The polynomial of degree n is not a factor of 
DK ® 1 for any K <£ 2n - 1.

Clearly, the solution of an irreducible and primitive 
delay polynomial of degree n is of period 2n - 1 digits 
and is therefore a maximum length null sequence.

To illustrate this idea of 'irreducibility and 
primitiveness' of a characteristic delay polynomial, the 
following example is given.

Example 1.3
Consider an irreducible and primitive binary delay 

polynomial of degree 4 given by s
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F(D) = I © D 9 D4

The irreducibility of this polynomial can he 
demonstrated by attempting to divide into it each possible 
polynomial of degree 3^ or less. Further, it can also be 
verified that the given polynomial is not a factor of 
D 9 I for any K * 2 - 1.

Hence, the given polynomial is an irreducible and 
primitive modulo-2 of degree 4.

Now, the characteristic equation of the corresponding 
x feedback shift register is :

[f(d)J c = o
i.q. ( I 9 D 9 D4)C = 0

where C is the null-sequence associated with the given 
polynomial, representing here the input-sequence to the 
1st stage of the autonomous linear fsr.

The logical configuration of the 4-stage fsr is 
depicted in Fig. 1.5.

Assuming any non-zero initial state, the succession 
of states in the fsr is given below.
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Table 1.4

State number of the fsr Stage number of the 
fsr
12 3 4

First (initial) state 1 1 1 1
Second state 0 1 1 1
Third state 1 0 1 1
Fourth state 0 1 0 1
Fifth state 1 0 1 . 0
Sixth state 1 1 0 1
Seventh state - 0 1 1 0
Eighth state 0 0. 1 1
Ninth state 1 0 0 1
Tenth state 0 1 0 0
Eleventh state 0 0 1 0
Twelfth state 0 0 0 1
Thirteenth state 1 0 0 0
Fourteenth state 1 1 0 0
Fifteenth state 1 1 1 0
Sixteenth state 1 1 1 1

(Repeats)

The cyclic succession obtained from any stage is

..... , 101011001000111, __
and has a period of 24 - 1 = 15 bits. The same sequence

would have been generated had any other initial state been 

assumed with the exception of *0000'.

Clearly, all possible different 4-digit states are 

encountered in the above null sequence of period 24 - 1
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(here n = 4) bits. Hence, the solution of an irreducible 
and primitive binary delay polynomial of degree n is 
always a maximum length null sequence of repetition 
period 2n - 1 bits.

The irreducible and primitive binary delay polynomials 
upto degree n = 8, some of which are treated in the 
later sections of this chapter, are given in tabular form 
below. An exhaustive list of irreducible polynomials, upto 
degree 30, indicating those which are primitive, may be 
found in Peterson (isei).

Table 1.5 s

Degree of Irreducible and primitive " Period of the
F(D), n Polynomial p(D) n^ll sequence in bits

2 I ® D ® D2

3 I ® D ® D3
3 I ® D2 ® D3

4 I ® D $ D4
4 I ® D3 ® D4

5 I ® B ® D2 ® D3 ® D5
5 I ® D ® D3 ® D4 ® D5
5 I ® D ® D3 ® D4 ® D5
5 I ® D2 ® D5

15
15

31
31
31
31
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(Table 1.5 continued)

Degree of Irreducible and primitive Period of- the null
F(D), n polynomial, F(D) sequence in bits

5 I 9 D2 9 D3 9 D4 9 D5 31
5 ■ . I 9 D3 9 D5 31

6 I 9 D 9 D6 62
6 I 9 D 9 D2 9 D5 9 D6 63 
6 I 9 D 9 D3 9 D4 9 D6 63 
6 I 9 D 9 D4 9 D5 9 D6 63 
6 I 9 D2 9 D3 9 D5 ® D6 63 
6 I 9 D5 9 D6 63

7
7
7
7
7
7
7
7
7
7

I 9 D 9 D7 127
I 9 D 9 D2 ® D3 9 D7 127
I 9 D 9 D2 9 D2 9 D4 9 D5 9 D7 127 '
I 9 D 9 D2 0 D3 9 D5 9 D6 9 D7 127
I 9 D 9 D2 9 D4 9 D5 9 D6 9 D7 127
I 9 D 9 D2 9 D5 9 D7 127
I 9 D 9 D3 9 D5 9 D7 127
I 9 D 9 D3 9 D6 9 D7 127
I 9 D 9 D4 ® D6 9 D7 127
I 9 D2 9 D3 9 D4 9 D7 127
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(Table 1.5 continued)

Degree of Irreducible and primitive Period of the nullF(D), n polynomial,' F(D) sequence in bits

7 I © D2 © D3 © D4 © D5 © D6 © D7 127
7 I 9 D2 9 D4 © D6 9 D7 127
7 I 9 2 5 6 7© IT 9 D ® IT 127
7 I 9 D3 »D7 127
7 I 9 3 4 5 7® IT © D3 © 127
7 I 9 _4 „ _7D ® D 127
7 I 9 D4 © D5 © D6 © D7 127
7 I 9 _6 » J7D © D 127

8 I 9 D 9 D2 © D3 © D4 © D6 © D8 255
8 I 9 D © D2 © D3 © D6 © D7 © D8 255
8 I 9 D » D2 © D5 © D6 © D7 © D8 255
8 I 9 D © D2 © D7 © D8 255
8 , I 9 D © D3 © D5 © D8 255
8 I 9 D © D5 © D6 © D8 255
8 I 9 D © D6 © D7 © D8 255
8 I 9 D2 © D3 © D4 © D8 255
8 I 9 D2 © D3 © D5 © D8 255
8 I 9 D2 © D3 © D6 © D8 255
8 I 9 D2 © D3 © D7 » D8 255
8 I 9 D2 © D4 © D5 © D6 © D7 © d8 255
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(Table 1.5 continued)

Degree of 
F(D), n

Irreducible and primitive 
polynoraial, F (D)

Period of the null 
sequence in bits

8 I » D2 » D5 » D6 9 D8 255

8 I $ D3 9 D5 9 D6 9 D8 255

8 I 9 D3 9 D5 9 D7 9 D8 255

8 I 9 D4 * D5 9 D6 9 D8 255

(B) Irreducible but nonprimitive delay polynomials

An irreducible but nonprimitive, modulo-2,delay 
polynomial means that -

(i) The polynomial has no factors ( raodulo-2 ), but
(ii) the polynomial ( of degree n ) is a factor of DK # I 

for some value of K 2n - 1.

Irreducible but nonprimitive delay polynomials occur, 
in general, whenever the maximal period for a given n ( = 2n - l) 

is nonprimitive ( Table 1.6 ). These are also called as 
'nonmaximal irreducible polynomials'.

Evidently, the solution of an irreducible but nonprimitive 
polynomial of degree n is of period less than the maximum of 
2n - 1 digits. This situation readily implies that a non­

maximal irreducible polynomial exhibits several solutions.
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However, it may be noted that all these different solutions 
are of the same period. In otherwords, irreducibility is 
sufficient to insure that all the nontrivial solutions 
( null sequences ) be of equal length. The following 
examples clear these concepts.

Example 1.4

Consider an irreducible but nonprimitive binary 
delay polynomial of degree 4 given by s

F{D) = ! I J D * D2 » D3' « D4 )

The irreducibility of the above polynomial can be 
demonstrated by attempting to divide into it each possible 
polynomial of degree 3 or less. Further, it can also be 
verified that this polynomial is a factor of D5 9 I.

Thus, the given polynomial is certainly irreducible 
but nonprimitive, modulo-2.

The characteristic equation of the corresponding fsr
is :

{ I 9 D 9 D2 ® D3 9 D4) C = 0

where C ( as before ) is the null sequence of the polynomial 
» and represents the input sequence to the first stage 

of the autonomous fsr as shown in Fig. 1.6.
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Assuming different initial states, the solutions 
of the above polynomial are tabulated below s 

Table 1.6

State - Number Stage Number 
1 2 3 4

First { first initial setting
of the fsr ) l l 

Second state 0 1 
Third state 1 0 
Fourth state l l 
Fifth state l l 
Sixth state l l

1 1
1 1
1 1
0 1
1 0
1 1 Repeats

First ( second initial setting
of the fsr ) l 

Second state 0 
Third state 0 
Fourth state ' 0 
Fifth state i 
Sixth state l

1 0 
1 1 
0 1 
0 0 
0 0 
1 0

0
0
1
1
0
0 Repeats

First ( third initial setting
of the fsr ) 10 

Second state 0 1 
Third state , o 0 
Fourth state i o 
Fifth state o 1 
Sixth state i o

1 0
0 1
1 0
0 l
0 0
1 0 Repeats
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Wow, the sura of the periods of the above three 
distinct sequences equals 15 ( = 24 - l ). &s these 
three sequences namely, lino, 00110 and 01010, together 
describe all the possible 24 - 1 nonzero states of the 
given 4th degree fsr, they represent the complete solution 
of the given irreducible but nonprimitive delay polynomial.

The important conclusions worthy of mention here are 
the following s

(i) An irreducible and nonprimitive polynomial 
exhibits several null sequences.

(n) The period or the length of each null sequence 
is less than the maximum of 2n - l digits, n 
being the degree of the polynomial.

(iii) All null sequences are of equal period.
(iv) The r length of all distinct null sequences 

equals 2n - l digits.

The table below gives the irreducible but nonprimitive
delay polynomials upto degree 8, some of which are treated 
later in this chapter.
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Table 1.7

Degree of 
F(D), a

Irreducible and Nonprimitive 
Polynomial F(D)

Period of the nuL 
sequence in bits

1 I ® D 1

4 I ® D © D2 ® D3 ® D4 5

6 I ® D ® D2 ® D4 » D6
21

6 I ® D2 © D4 © D5 » D6
21;

6 I ® D3 ® D6
9

8 I ® D ® D2 <| D3 ® D4 © D5 ® D8
85

8 I ® D 9 D2 ® D3 ® D4 ® D7 ® D8
51

8 I • D ® D2 9 D4 ® D5 9 D6 ® D8
85

8 I ® D ® D2 ® D4 ® D6 ® D7 ® D8
17

8 I ® D ® D3 ® D4 ® D8
51

8 I ® D ® D3 ® D4 ® D5 ® D6 ® D8
85

8 I ® D ® D3 ® D4 ® D8
85

8 I ® D ® D4 ® D5 ® D6 ® D7 ® D8
51

8 I ® D ® D5 ® D7 ffi D8
85

8 I ® D2 ® D3 ® D4 ® D5 ® D7 ® D8
85

8 I ® D2 ® D3 ® D4 ® D6 ® D7 ® D8
85,

8 I ® D4 ® D5 ® D7 ® D8
51

8 I ® D3 ® D4 ® D5 ® D8
17

8 I ® D3 ® D4 # D5 ® D6 ® D7 ® D8
85



(C) Factorable delay polynomials
A factorable delay polynomial ( modulo - 2 ) is one 

which is reducible into two or more irreducible polynomial 
( modulo-2 ). Accordingly, the null sequences of the 
factorable polynomial depend on the nature and degrees of 
its factors.

To illustrate the nature of null sequences of 
factorable polynomials, the results obtained for the 
polynomials in the following cases :

(i) Polynomial with nonrepeated factors only
(ii) Polynomial with repeated factors only, and

(iii) Polynomial with repeated and nonrepeated factors, 
are given in tabular foim below s

Table 1.8 ( Polynomial with nonrepeated factors )
F(D) = I ft D2 ft D3 ft D4 '

= (I ft D) (I ft D «* D3)

Characteristic equation of the corresponding fsr is :

(I ft D3 ® D3 ft D4) C sa o, where C is the
null sequence associated with F(D).
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Table 1.8 (continued)

State number 
of the fsr

stage Number of the 
fsr
12 3 4

Remarks

First state (first 
initial setting of the
fsr) l l l i 1st null sequence

of F(D). With
Second state 1111 period N = l bit.(repeats) 1
First state (second 
initial setting of fsr) 1
Second state 0 
Third state l 
Fourth state l 
Fifth state 0 
Sixth state 0 
Seventh state 0 
Eighth state l

0
1
0
1
1
0
0
0

0 0
0 0
1 0
0 1 2nd null sequence
. 0 of F(D) with

period N = 7bits. 11 2
0 1
0 0(repeats)

First 1 state (Third 
initial setting of 
fsr)
Second state 
Third state 
Fourth state 
Fifth state 
Sixth state 
Seventh state 
Eighth state

110 0 
1 1 10
0 111
1 o 11
0 10 1
0 0 10
10 0 1
110

3rd null sequence of F(D) with 
period N3= 7 bits

0(repeats)

period of all distinct null sequences of F(D) * N = N +N
= 1 + 74-7=

3
15
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Table 1.9 s ( Polynomial with only repeated factors ) 
F(D) = ( I $ D 9 B2 )2

Characteristic eqn. of fsr s ( I ® D ® D2)2C = Q where C 
is the null sequence of F(D).

State number stage number of fsr Remarksof the fsr 1 2 3 4
First state (1st -
initial setting of 
fsr) 1 1 1 1
Second state 0 1 1 1
Third state 0 0 1 1
Fourth state 1 0 0 1

1st null sequence of F(D) with
Fifth state 1 1 0 0 period = 6 bits
Sixth state 1 1 1 0
Seventh state 1 1 1 1(repeats)
First state (2nd
initial setting of fsr)1 0 0 0
Second state 0 1 0 0
Third state i 0 1 0
Fourth state 0 1 0 1

2nd null sequence of F(D) With
Fifth state 0 0 1 0 period N2 = 6 bits
Sixth state 0 0 0 1
Seventh state i 0 0 0(repeats)
First state (3rd ini­
tial setting of fsr) l 1 0 1
Second state
Third state 0

i
1
0

1
1

0
1 3rd null sequence of F(D) withFourth state i 1 0 1 period N_ = 3 bits

Period of all distinct sequences of F(D) = N = N1 + 4- N,
= 6 + 6 + 3 = ;
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Table 1.10 ( Polynomial with repeated and nonrepeated 
factors )

F(D) > (I ® D ® D2)2 ( I ® D )

Characteristic equation of the corresponding fsr:
F(D) C B (I ® D © D2 ® D3 ® D4 ® D5) C =0

State number Stage number of fsr 
12 2 3 4 5 Remarks

First state (1st initial
setting of the fsr) l l i
second state 11 1

1
1 (repeats)

1st null 
sequence of F(D) of 

period
1 bit

First state (2nd initial
setting of the fsr) 00 
Second state l o 
Third state l i 
Fourth state 0 1 
Fifth state o 0 
Sixth state o 0 
Seventh state o 0

0 0 1
0
0
1
1

0 0 2nd null0 0 sequence of
0 0 F(d) of period

N0 = 6 bits1 0 2
Oil
0 0 1(repeats)

First stage (3rd initial 
setting of the fsr)
Second state 
Third state 
Fourth state 

" Fifth state 
Sixth state 
Seventh state

0 0 0 
1 0 0 
0 10 
10 1 
0 10 
0 0 1 
0 0 0

1 0
0 1
0 0 3rd null
0 0; sequence of, 0 F(D) of

period
0 1 N3 = 6 bits
1 0- (repeats)
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(Table 1.10 continued)

State number Stage number of fsr
1 2 3 4 5 Remarks.

First state (4th initial
setting of the fsr) 0 0 1 0 0 4.^11 r»ul 1Second state 1 0 0 1 0 sequence of
Third state 0 1 0 0 1 F(D) of
Fourth state 0 0 1 0 0 period N^=3bit

First state (5th initial 
setting of the fsr) 0 0 1 1

(repeats)

1
Second sstate7 1 0 0 1 1 5th dull
Third state 1 1 0 0 1 sequence ofF(d) of periodFourth state 1 1 1 0 0 Ng. = 6 bits
Fifth state 1 1 1 1 0 O
Sixth state 0 1 1 1 1
Seventh state 0 0 1 1 1(repeats)
First state (6th initial
setting of the fee 0 1 1 0 1 6th null
Second state 1 0 1 1 0 sequence of
Third state 1 1 0 1 1 F(D) of period 

= 3 bitsFourth state 0 1 1 0 1 6
- (repeats)
First state (7th initial 
setting of the fsr) 0 l
Second state i o 
Third state i i 
Fourth state i i 
Fifth state o l 
Sixth state i o 
Seventh state o 1

0
1
0
1
1
1
0

1
0
1
0
1
1
1

1 
1 
0 
1 
0 
1 
1(repeats)

7th null 
sequence of F(d) of period 

= 6 bits

length of all distinct null sequences of F(D), N = Z N.= 31
i=l 1



Properties of delay polynomials and their null sequences 
are detailed in a later section. Some points worthy of, 
mention at this juncture are as under s

(i) A factorable polynomial has several null sequences.
(ii) The periods of its different null sequences

depend on the nature and the degrees of its factors.
(iii) The null sequences of its factors are also null 

sequences of the original polynomial.
(iv) The period of the null sequence of a factorable 

polynomial could even be less than the degree of 
the polynomial.

(v) sc length of all of its distinct null sequences 
equals 2n - 1 bits, n being the degree of the 
polynomial.

1.6 METHODS OF EVALUATING NULL SEQUENCES OF A DELAY POLYNOMIAL

In the previous section, the nature of null sequences of 
a delay polynomial is studied. This section develops methods 
to obtain all possible null sequences, analytically, of a given 
delay polynomial irrespective of its factorable features. For 
this purpose two methods are developed. In the first method, 
the classic idea of 1 Generating Function * is utilized to 
determine the null sequences of the given polynomial and hence 
it is called*Generating Function Method*. In the second method
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a transform denoted as 1 - transform 1 is. introduced by
making use of which a ' linear recurrence ' is developed 
for evaluation of the null sequences. Truely speaking, these 
two methods are quite interrelated, and hence cannot be 
called distinct. However, the approaches differ. The delay 
polynomials are considered under three groups s

(&) Primitive polynomials
(B) Irreducible but nonprimitive polynomials
(C) Factorable polynomials.

1.6.1 Evaluation of null sequences of a delay polynomial by 
’Generating Function Method*

Consider the binary sequence C represented by the 
successive tferms (0Q , cx , .... cr, ... ) as generated at 
the input terminal of the first stage of the linear feedback 
shift register as shown in Fig. 1.3. The theory states that, 
one may associate a 'Generating Function* G(x) with the null 
sequence 6 and write :

ooG(x) = 9 x: cr xr ( • © ' indicates modulo-2
r-0 addition ) ..... (1.7)

From the logical feedback provided in the shift 
register of Fig. 1.3, any term cr in the sequence C is a 
modulo-2 sum of the contents at the ( r - l )-st state.
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Hence, the entire sequence C satisfies a relation of the 
form :

ner « 9 xz ai cr - i ** ** (1.8)
i=l

where the coefficient . «2.....^ are all l's
and 01 s, and do not depend on n and where = 1 as the 
fsr is binary and of nth degree. )( Addition, of course, is 
modulo-2 ). Such a relationship is known as linear 
recurrence and any sequence C which satisfies eqn. (1.8) is 
called a linear recurring sequence.

The initial state of the fsr may be thought of as

C—1# c—2* C—3 * * *•* 1 c_n • • •• (1.9)

Substituting for cr in the eqn. (1.7) s
oo nG(x) = ® s S a4 c ,xr

r=0 i=l i r-i

n oo= © zi=l
a^ x1 XT

r=Q
a xr-i

4 • • • • ■! A
n= $

i=l
ai ^ ( c_A x"1 9 ... 9 c_1 x-1

® 2T cr xr ) .. (l.io) 
r=0
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The above equation may be expressed as,
® £ a, x1 (c , x"1 ® .... ® c 1 x”1) 
i*=l 1 _1

n i1 © s a, x1
i=l

This expresses G(x) entirely in terms of the initial 

conditions c_^, c_2* * c_n, and the feedback coefficients

al' a2' *** ' an* In fact' the denominator of eqn. (l.11) 

is independent of even the initial condi/dtions.

G(x) may be written in closed form as :

M—1 •© r b. x1
i = o 1

G(x) = ------- r----—
11 i10* a, x1
i=0 x

where
n-j
S
i=l

ai+j c-i 0 j n-1

(1.12)

Because of the properties of modulo-2 gates (i.e.

1 ® 1=0), the algebraic difference between plus and minus 

disappears. Therefore G(x) may be conveniently expressed as

G(x) = (-

n-l
£
i=0

b. w 
x

with I = D° = i as the identity operator and symbol D 
corresponding to a delay of i digits as already poin-

nx a^ D i=0 x
) x , (1.13)

pointed out.
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Identifying the denominator of eqn. (1.13) with the 
characteristic delay polynomial F(D) stated in eqn.(1.6),
G(x) appears s

n-1 .s b.D1 
i=0 1

G(x) =(—----- ------ ) x ... ... ... (1.14)
F(D)

Further, the given binary fsr may be activated from 
any of the 2n - 1 nonzero initial states. For simplicity, 

assuming the initial state as

C-1 = c-2 = ** “ i-n 5=0 and c-l = lf 

G(x) reduces to its simple form as s

1G(x) = (--------  ) x , ( since a_ = 1 ) ...(1.15)F(D) ^

Thus, in case the initial state and the delay 
polynomial of the feedback shift register are specified, 
it is possible to find null sequence(s) associated with 
the polynomial. The period of the null sequence evidently 
depends on the initial state and type of the polynomial.

Group A s Primitive Delay Polynomials

As seen in the previous section, if the delay 
polynomial is primitive, the period of its null sequence 
equals 2n-l‘ digits. Such a sequence is called maximum 
length null sequence or simply m - sequence, abbreviated as
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* mins '. Thus for a primitive polynomial, the null sequence 
yielded hy the corresponding generating function, with any 
nonzero initial state, describes all the 2n - 1 distinct 

binary states of the linear fsr, and constitutes the 
complete set of null sequences of the polynomial. Persuading 
the method with any other nonzero initial state merely 
produces a delayed replica of the sane sequence. These ideas 
are illustrated by means of the following example.

Example 1.6 s (A case of maximal polynomial)

Suppose that it is desired to find all the null 
sequences of the maximal or primitive polynomial given by s

F(D) = I ® D3 ® D4

Assuming the initial state as ' 0001 ' of the 
corresponding fsr, the generating function from eqp.(1.15) is :

G(x) = --L- x(I ® O'3 ® u)

- x( I ® D3 ® D4 ® D6 ® D8 ® D9 ® D10 ® D11
® D15 ® D18 ® D19 ®............ (1.16)

Hence, the null sequence of F(D), C, is s 
c 1 1(D°), (HD1). 0(D2), 1<D3), 1(D4), 0(D5), l(D6) , 0(D7),

lto8). 1 CD9) , 1(D10),1(D11),0(D12),0(D13),0(D14),1(D15),...
* 100110101111000, 100110101111000, ... repeats.
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Clearly, the sequence C is cyclic with period 
N s= 15 = 24 - 1 digits. As C describes all possible 
nontrivial states of the 4th degree binary fsr, we have 
obtained complete solution for the given polynomial. Indeed, 
the solution itself indicates that the polynomial is a 
primitive, modulo-2.

The following table, showing the successive states, 
helps to derive some properties of the null sequence as 
obtained by the generating function method.

Table 1.11

Description 
of null 
sequence

State number of the fsr
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15i••t

Output of
1st stage 0 1 0 0 1 1 0 1 0 1 1 1 1 0 0,...

Output of
2nd stage 0 0 1 0 0 1 1 0 1 0 1 1 1 1 0# • • §

Output of
3rd stage 0 0 0 1 0 0 1 1 0 1 0 1 1 1 If • • •
Output of4th stage 1 0 0 0 1 0 0 1 1 . 0 1 0 1 1 I#...

Input to
1st stage 1 0 0 1 1 0 1 0 1 1 1 1 0 0 0, ...

repeat

Properties of delay polynomials and their null sequences 
are stated in a later section. Some points worthy of mention
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here are as under s
. With initial state ' 0001 ', the null sequence C, as 

described by the generating function G(x), starts with 
digit l and appears as the input sequence to the 1st 
stage ( Table 1.11 ) in accordance with the assumption.
Further, the initial state ' 0001 1 appears in the sequence 
C at the end of the cycle in its reverse order, as ' 1000 *. 
This property may be made use of to (l) determine the delay 
polynomial from a given null sequence with the help of 
equation (1.15) and (2) to regulate the succession of 
digits in the sequence at any stage of the system.

Group B s Irreducible but non-primitive Polynomials

In the case of the irreducible and nonpromitive poly­
nomial, the situation is somewhat different. Here, due to 
its nonpromitive feature, with any nonzero initial state, 
the generating function G(x) gives a null sequence of 
nonraaxiraal length. As a result, such polynomials possess 
several null sequences or solutions. But, it is verified 
earlier (Section ) that an irreducible polynomial

exhibits sequences of equal period. This means each 
solution describes equal number of states of the corresponding 
fsr. If the first sequence, (say) , given by G(x) is of
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period N^, the total number of distinct sequences of the 
polynomial F(D) then equals 2n - 1 / N^. This set of 

sequences, say , thus constitutes the complete solution 
of the given polynomial. The set of sequences may be 
realized in two ways as under :

(i) & new initial state that is not described by the
first sequence '/C^ may be considered, and the 
eqn. Cl.l4) may again be utilized to arrive at 
the second sequence. This method can be continued 
till the 2 - 1 / sequences are obtained. Such
a procedure obviously involves a lot of 
computation.

(ii) A simpler method than the above is as follows : 

The theorem below is introduced to facilitate 
the evaluation of all the null sequences of a given 
polynomial :

Theorem 1 s
If C = ( cQ# c^ , ... ) is a null sequence of period

N digits associated with a linear delay polynomial F(D), then 
the sequences G^ described by s

Cj = c ® DJC , ( 1 4 j 4 N ) ........... (1.16)

are also null sequences of the polynomial F(D).
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This may be verified as tuader :

For a given delay polynomial F(D), a null sequence C 
is that for which

fF(D)J C = o

Substituting Cj in place of C , we get 

[F(D)J C. = F(D) [G © DJc]

' = lF(2)j C ® DJ J>(Df[ c 

= 0
Thus, for permissible values of j, Cj describes 

null sequences of F(D). However, only for certain values 
of j, C. yields distinct or new solutions other than the 
already obtained sequence ( using G(x)K Once the complete 
solution for F(D) is obtained, then, persuading the use of 
eqn. (1.16) for other values of 'j' merely gives shifted 
versions of the already obtained sequences. This must be 
true since a binary delay polynomial can exhibit several 
null sequences, but with the * length of all these 
distinct sequences equalling only 2n - l digits ( with
modulo-2 feedback ). An example covering the situation is 
illustrated below s
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Example 1.7 : (A case of irreducible but nonprimitive 
polynomial ).

Consider tbe irreducible and nonprimitive delay 
polynomial F(D) written as s

0F(D) = ( I ® D ® D2 ® D3 ® D4 )

It is desired to find tbe null sequences associated with 
this polynomial.

Witb tbe initial state *0001 1, tbe generating 
function G(x) from equation (1.15) becomes s

«

G(X) = ( ----- —--- -r----- r------ -r ) xI © D ® TF ® D-3 ® D4

= (I®D®D5©D6® D10 ® ... )

Hence, tbe null sequence of tbe given polynomial is s 

cx s 11000, 11000..... repeats;

v

The sequence ^ is periodic witb period equal to 
5 digits, and hence is a nonmaximal sequence. To obtain 
other null sequences of F(D), we now utilize the egression 
(1.16).
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With j = 1, we get the second distinct null sequence
of F(D) as shown below s

Sequence C1 *

1st delayed version 
of C^, DC^

C2 . (C1 © DC^

11000, ......   (repeats)

01100, ......  (repeats)

10101, ...... (repeats)

Similarly, with j = 2, we obtain the third distinct 
null sequence of F(D) as *

t H000, .... (repeats)
°2ci ! 00110, .... (repeats)

c£ = V*Q1 s lino, --- (repeats)

The null sequences CC2, C3 together describe all
4the 2 — 1 nonzero states of the 4 — stage fsr corresponding

to the given delay polynomial? and thus the set of sequences 
( i = 1, 2, and d ) constitutes the complete solution of 

F(D). Since the sequences , C2 and C3 are all of equal 
period and less than 2a - 1, the given polynomial must be 
irreducible and nonprimitive (modulo-2)., Furthermore, here too,



the null sequence given by G(x) with initial state 
‘0001' has this initial state in the sequence at the end of 
the cycle in its reverse order ( s 'H0001, .... )

GROUP C s Factorable polynomials

Next, suppose that the given polynomial F(D) is 
factorable. In such a case, depending on the nature and 
degree of its factors, the polynomial F(D) exhibits several 
null sequences of different periods. However all these 
sequences can be evaluated as discussed below s

For this purpose, factorable polynomials are divided 
into two classes as under s

Class 1 s (a) Polynomials with factors that are nonrepeated 
. primitive, modulo-2.

(b) Polynomials with factors that are repeated 
primitive, modulo-2

Class 2 s (a) Polynomials with factors that are non­
repeated irreducible but nonprimitive, 
modulo-2.

(b) Polynomials with factors that are repeated 
irreducible but nonprimitive, modulo—2

Class 1(a) s Polynomials with nonrepeated primitive 
factors.

Let F(D) be an nth degree delay polynomial having only 
nonrepeated primitive factors. In mathematical terms, F(D) 
may be ejspressed as s
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F(D) = -'7T'- - F. (D) , (mod-2 arithmetic) .. (1.17)i-1 x

where the factors F±(D), i = l to k, are all nonrepeated 
primitive.

. /

Let the degree of the factor -

*1 (D) be nl
*2 «» be n2

and F^ (D) be .

Denoting the periods of the null sequences associated 
with the factors F^D), F2(D), .... , Fj^(D) by ... ,Nfe
respectively, we can write s

ni= 2 - l bits

N2 s= 2 * - 1 bits

n.and Nk = 2 JC - l bits,

as the factors are all primitive (modulo-2).



It is evident that all the distinct null-sequence 
of the nth degree polynomial F(D) under question together 
describe the 2n - 1 different binary n - tuples. Now, this 
complete solution of F(D) may be thought of as a ‘Vector- 
Space’, of binary n-tuples. Since the polynomial is 
factorable, the sets of the n-tuples constituting the null 
sequences of its factors may then be understood as subvector- 
spaces of the whole vector space S. Furthermore, it is 
not difficult to see that the subspaces are disjoint 
and that together they compose the whole space S, as the
factors are assumed to be relatively prime. Any cycle
/started in particular subspace must lie entirely within that 
subspace. Thus, the sequential behaviour of the fsr, governed 
by the polynomial F(D), over the whole space S may be described 
by considering its action seperately over each of the 
subspaces.

In view of the above concept, we may now introduce the 
following theorem, which facilitates the determination of all 
the null sequences associated with the delay polynomial under 
con sideration.

Theorem 2 *

If F(D) is a binary nth degree delay polynomial and is the 
product of k factors denoted by F±(D), i = l to k, all of which
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are nonrepeated primitive modulo-2, then, the following 
set of null sequences constitutes the complete solution 
of the polynomial F(D) s

(i) Null sequences of each of its factors, ( These 
are in all k sequences ), and

Cii) all possible sequences obtained by considering 
the modulo-2 sum of any q ( q = 2 to k ) of
the k-sequences of its factors. The period of 
the so obtained sequence will be the L.C.M. 
of the various periods under consideration.

An example now follows.

Example 1.8 ( A case of polynomial with nonrepeated 
primitive, raodulo-2, factors.)

Consider the 5th degree delay polynomial given by s

F(D) = ( I © D4 © d5 )

It is desired to find all the null sequences of the 
polynomial.

Factorizing the polynomial and comparing with the 
general expression for F(D) stated in eqn. (1.17);

F(D) a ( I 9 D 9 D2 ) ( I ® d $ j)3 )

= ^(D) . F2(D)



degree = 3 respectively, are primitive modulo-2. (Table 1.5)

The null sequences, (say) and C^, of the factors 
F^D) and FgtB) can be determined from the generating 
function G(x), given in eqn. (1.15) as under s

For F^D) s ( Initial state of the corresponding far: 01)

IG(x) = ( ------------- r )
I ® D ®

= ( I ® D ® DI * 3 © D4 * © D6 ® ... etc.)

Hence, the null sequence of F^(D) is s

0^ s 110, 110, .... (repeats) 
n.and is of period ^=2-1= 3 digits.

Similarly, for F2(D) s ( Initial state of the corresponding 
fsr* 001 )

IG(x) = ( ------------- - )
I ® D ®

= ( I ® D ® D2 ® D4 ® D7 ® D8 ® D9

® D11 ® D14 ® etc. )
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Hence, the null sequence C of F (D) is *
« 4b

c2 s 1110100, 1110100, ....(repeats) 
and is of period N2 « 2*2 - i « 7 digits

Further, by theorem 2 ( stated earlier ), adding the 
sequences C± and C2 in the modulo-2 sense, we obtain another 
null sequence, (say) c3# of F(D) as s

g1 * 110110110110110110110 ......

c2 * 111010011101001110100 .......

c3= Cx® C2 * 001100101011111000010.........( repeats )

and is of period »3 * ( l.c.m. of ^ and N2 )

88 21 digits
The X length of the sequences C , c and c of the 

5th degree polynomial F(D) is s

“ - 0*! + N2 + n3) = 3 + 7 + 21 *
“ 31 ( - 25 - 1 )

5 ThS SeqU™eeS °1 ' °2 C3 Aether describe all the 
2 - 1 binary n-tuples of the 5th degree polynomial P(D) and
thus they together constitute its complete solution.
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It is noteworthy here that the sequence exhibits 
certain noise features, which will be discussed later.

i

Indeed any sequence obtained by modulo-2 sum of two or 
more m-sequences ( over their common period ) possesses 
certain noise-characteristics.

In the example cited above, the periods N and H
JL

©fe the sequences and respectively are relatively 
prime. In case and N2 are not prime to each other, then 
the sequence obtained by modulo-2 addition of the sequences 

will be of period equal to L.C.M. of N and N2« In such a 

case, we obtain 15^ ( or »2 ) sequences of length N2 ( or ) 
digits, by applying theorem 2 stated earlier.

The results of a polynomial covering this situation 
are given below :

Example 1.9 : ( A case of a polynomial having non-
repeated primitive factors with periods not prime to each 
other ) ' '

*(D) = ( I ® D3 9 D4 9 D5 9 _6 , D )

-

HII D 9 D2 ) ( I 9 D 9

= ^(D) . F2 (3D)
The null sequences of the factors F1 (D) and are :
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: HO, .... repeats, with period = 3 bits, and

C2 ; 111101011001000, ... repeats, with period
H2 * 15 bits

Clearly, the periods and N2 are not relatively 
prime. Applying theorem 2, we obtain the following null 
sequences ( sequences of length N2 digits since 
divides into N2 ) of F(D) s

C1 s 110110110110110 .... etc.
C2 s 111101011001000, .... etc.

C3“ ci ® C2 * •• (repeats)
---- --------------------------- period = 15 bits

VC1 s 011011011011011 .... etc.
C2 8 111101011001000........ etc.

C4= DC^ C2 s 100110000010011, .. (repeats)
---------- ;--------------------- period M. = 15 bits

V2C1 8 101101101101101 .... etc.

C2 s 111101011001000........ etc.
C5=E>2ci® C2 * °1Q000110100101* (repeats)
------------------------------- period Ng = 15 bits

The r length of the sequences to Cg is s
N = + N2 +HJ{N, = N4 = U5)

= 3 + 15 + 3(15) = 2® - 1 bits
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Glass 1(b) : Polynomial with repeated primitive factors.

Consider a delay polynomial F(D), which is the product 
of repeated primitive factors expressed as s

F(D) = “l . [F2(D)] ... [Fk(D)j

“ . G2(D) ... Gfc(D) (say) ... (1.18)

Let the degree of the factor of F(D)

F1 (D) |»e ^

F2 (D) lie n2
***••*•

............ , and

VD) ^ ”k
Since the factors (D). i = 1 to k, are primitive, their null 
sequence periods become : 

n.Wi ~ ^ - 1, i » l to k.

To obtain all the null sequences of the original polynomial 
F(D), it is at first necessary to find the null sequences of 
the individual terms G± (d) , i *> l to k. To this end, we may 
utilize the following theorem formulated by Golorab (1955).
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Theorem 3 s

If F. (D) is a primitive (modulo-2) delay polynomial
u.and G^(D) = [ F^(D)J , the period of the null sequence

of G^(D) is a multiple e(u^) of the period of F^(D). That 
is, - e(uA) where e(uA) is given by *

ui e<ui>

1 1
2 2

3-4 4
5-8 8 .. etc.

From the knowledge of null sequences of the terms
(25), the null sequences of the terms (D) are determined

sas shown below s

Consider the first term G^(D) - '
Gl‘0) = [Fa(D)] “! .. .. .. (1.19)

The degree of F^D) being n^ G^D) is of degree n^1 = v 

(say). The null sequences of G (D) together describe, ''thus
V *v |in all 2 - 1 binary Vj-tuples. Therefore, the number of

null sequences of G^(D) of period digits is given by *
v2 1

Since, Nr
1 “ ^N1 * /ui is an integer....

and v1 are known, A* can be found.
(1.20)
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Thus, with the help of theorem 3, and equn. (1.20), 
the period and number of null sequences of G^D) can be known. 
However, the sequences are to be determined by means of the 
generating function G(x) and theorem 1.

Likewise, the null sequences of the rest of the terms 
GfiD) can be evaluated.

The following theorem is stated; which facilitates 
the evaluation of all null sequences of F(D) from the 
knowledge of null sequences of its terms G±(D), i = i to k.

Theorem 4 s

If F(D) is a binary delay polynomial expressed as s 

kF(D) = 7T G, (D), 
i=l 1

Gi<D> = hiMfl Ui ,

i'jfD), i = 1 to k, being primitive modulo-2, and
if

G11 # G12 * **•• etc. are the null sequences of G^(D),

G21 ' G22 ' etc* are fche null sequences of G (D),
2• • • • •

• • • • •Gkl ' Gk2 ' •••• ®tc. are the null sequences of G^(D),



*58*

then, the null sequences of the polynomial F(D) are s

(i) the null sequences of all the terms G^(D), i = 1 to k, 
and,

(£i) all possible sequences obtained by modulo-2 sum 
of two or more sequences of the different terms 
Gi ^^ = 1 to h, The period of the sequence so 
obtained equals the L.C.M. of the periods of the 
different sequences that are modulo-2 added.

When two or more sequences have periods that are not 
relatively prime, the delay polynomial F(D) exhibits several 
shorter null sequences instead of a single long null 

sequence. An example now follows s

Example 1.10 s ( A case of polynomial with repeated 

primitive factors.

Consider the delay polynomial given by s 

F(D) = ( I 9 D8 9 D10 )

= (It'D €► D2 )2 ( I $ D Q D3)2

It is desired to find all the null sequences of the 
polynomial.

Comparing the above polynomial with the general 
expression (1.18), we see that s

= [Fj^D)] 1 , P^D) = I © D © D2, and u
2.
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u «G2Cd> = fF2^D3 * • f2^ = 1 • D ® °3 3113 u2

Utilizing the generating function given in equation 
(1.14), the null sequences and C2 of the factors F^D) 

and F2(D), respectively, are seen to he s

>
: 110, 110, .... etc. ; period = 3 digits

C2 : 1110100, 1110100, ... etc. period N2 = 7 digits

By theorem 3, the period / of the null sequence of 
G^D) is s

xi ■ e(u1)IIi

- (2) (3) = 6 digits

From eqn. (1.20), the number of null sequences A 
of G^(D) with period = 6 digits is given by

(2*1 - 1) = + A/x

where v^ is the degree of G^D).

Here, = 4, ^ = 3, and = 6 

Therefore = 2

Likewise, the period of the null sequence of G (D) is
~ M .X2 = elu2)N2 

= (2) (7) = 14 digits
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And, the number of null sequences of G2(D) with period 

X2 equal to 14 digits is given by s

(2 2 - 1) = N2 + ^2

where v2 is the degree of G2(B)

Here, v2 = 6, N2 « 14, and X2 = ' 14

Hence, ^u2 =4.

From the generating function G(x) of eqn.(l.14), the 
null sequence of the polynomial G^ (D) with the initial state 
' 0001 • is $

* 101000, .... (repeats)

and is of period = 6 digits

As /*1 = 2- Gi^ has another null sequence G..12of period 6 digits. This can be obtained by theorem 1 as 
shown below :

^11 * 101000, .... (repeats)

DGn * 010100> .... «

G12 * miOO, .... " ( mod-2 sum of G and DG )
11 XI

Hence, the null sequences of the term G^(D) are $
(i) The sequence $ no, ... of period 3 bits,

(ii) The sequence G^s 1Q1000, ... of period 6 bits
(iii) The sequence G^s m100, ... of period 6 bits
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*uid 3= length of all null sequences of the 4th degree tern 
G^D) is *

N1 * /V'V = 3 + 2(6)
*» (24 - 1) bits

Ih a similar manner, the null sequences of the term 
G2(D) may be evaluated as shown below s

The null sequence of G2(D) described by the generating 
function G(x) of eqn. (1.14) with initial state ‘000001' is s

G :21 10101000100000, .... (repeats)

and is of period « 14 bits

Since yu2 = 4, G2(l>) has 3 more null sequences of
period X2 = 14 digits. These are found by theorem 1 as *

G21 1 10101000100000, .... (repeats)

DG21 8 01010100010000, .... M

G22 8 11111100110000, .... " < G22 = G21 9 “W

G21 8 10101000100000, ___ (repeats)
“Hi ! 00010101000100, .... it

G23 8 10111101100100, .... " (G23 = G21 9 °\l>



62

G21
5D°G21

10101000100000 .... (repeats)

00000101010001,.... "
G24 s 10101101110001,.... ( G24 = G21 21 *

Thus, the null sequences of the 6th degree term G2 (D)

are s
(i) The sequence C2

(ii) The sequence G21

(iii) The sequence G22

(iv) The sequence G23

(v) The sequence G24

1110100, ... of period 7 bits.

10101000100000,

11111100110000,

10111101100100,

10101101110001,

... of period 
14 bits,

... of period 
14 bits,

... of period 
14 bits.

... of period 
14 bits

And ac length of all null 
G2(D) is 8

N2 + /»2l ^ =

sequences of the 6th degree term

7 + 4(14)
(26 - 1) bitd

With the knowledge of the null sequences of the terms 
G^ (D) and G2 (D), we may now find the null sequences of the 
original polynomial F(D) by means of theorem 4 as follows
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By theorem 4, the null sequences of the polynomial 

F(D) are s

(i) The null sequences of the terms G^O) and G2(D), 

and

(ii) The sequences obtained by modulo-2 sum of two or 
more null sequences of G^(D) and (D).

The complete solution to the polynomial F(D),obtained 

in accordance with theorem 4, is given in tabular form 

below s.

Table 1.12 s

Null-sequence Succession of digits Period
of F(D) in the null sequence in bits

„ i

HO, .... etc. 3 

C2 1110100,.. etc. 7 

®11 101000, .. etc. 6 

G12 111100, .. etc. 6

G2l 10101000100000, ... 14 

G22 11111100110000, ... ,14 

G23 10111101100100, ... 14 

G24 10101101110001, ... 14

(continued)
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(Table 1*12 continued)

Mull-sequence of P(D)
Succession of digits in 
the null sequence

Period 
in bits

ci • Gi (* • # OlQlllllOOGOlOOOllOGl,...) 21
ci 9 G21 C # • # 011100111110111100010

100110100011110010110,...) 42
ci G22 ( • • / 001001111010111001000

101110101001010000210,...) 42
ci 9 G23 011001101111111101000

000100100001011010010,...) 42
ci 9 G24 011101101010101100000

001110000011011000111,...) 42
Gu 9 C2, (tv; 010010110101100110001 

111111011000001011120,...) 42
G.,,11 9 G21 000010100000100010001 

010101010000000001000,...)
and

42

G,,11 9 G21 (••# 111101101100101101111 
ooiioioomiioomooo,...) 42

G11 9 Q22 (§ • ; 010111100100100111011 
011101011010100011000,...) 

and
42

G11 9 G22 (* v ; 111010001001001010110 
110000110111001110101,.,.) 42

{ continued )
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{ Table 1.12 continued )

Null-sequence 
of F(D)

Succession of digits in 
the null sequence

Period 
in bits

G11 • G23 {.., 000111110001100011011 
110111010010101001100,..) 

and
42

Gu 0 G23 (*•# 111011001101011111100
011111110101001110000,..) 42

G11 • G24 (••• 000011110100110010011
111101110000101011001, ..)

and
42

G11 9 G24 ( • • 9 111111001000001110100 
011010010111001100101,..)

s

42

G12 9 °2 (• • | 000110100001110010011
011101111010101001000,..) 42

G12 9 G21 (••I 010110110100110110011 
110111110010100011100,..) 

and
42

S12 9 S21 ( * * § 110100010110010100111
100011100110110111110,..) 42

°12 9 G22 ( • • # 000011110000110011001 
111111111000000001100,..)

and
42

G12 9 G22 ( * • # 100001010010010001101 
101011101100010101110,..) 42

( continued }
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(Table 1.12 continued)

Null-sequence of F(D) Succession of digits in 
the null sequence Period 

in bits
°12 9 G23 (.., 010011100101110111001 

010101110000001011000,..) 
and

42

G12 9 G23 (.., 110001000111010101101 
000001100100011111010, ..) 42

G12 9 G24 (.., 010111100000100110001
011111010010001001101,..) 

and
42

G12 9 G24 (.., 110101000010000100101 
001011000110011101111,..) 42

x length of all distinct null sequences of the 
polynomial F(b) ©f degree n = 10 :

N ss 3 4* 7 + 2(6) -f 4(14) + 21 + 22(42)

1023
= 210 - 1

.2(a), * Polynomial with nonrepeated irreducible
bnt nonprimitive factors ( modulo-2 ) s

Let F(D) be /ana mth degree polynomial having only 

nonrepeated irreducible but nonprimitive factors. X F(D) may 
be expressed as s
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kF(D) = 7T f.(D)j=l 3

where the factors fj(D) are all nonrepeated irreducible 
but nonprimitive factors.

Let the degree of the factor

f^B) be m^ ,
f2(D) be m2 ,

and f^tD) be .

Denoting the periods of the null sequences of the
factors f1(D), f2(D) ....  f^(D) by VLy ... ,
respectively, we can write that

f^(D) has a set of ^cycles of period 
M1# which may be represented by 'a^ ,

m2f2(D) has a set of 1 cycles of period
u2

M2, which may be represented by *&2',

..............
and f^(D) has a set of — cycles of period ;

which may be represented by 'A^.', as the factors are all 
irreducible and nonprimitive, modulo-2.
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It is evident that all the distinct null-sequences of 

the mth degree polynomial F(D) under question together 

must describe the 2m - 1 distinct binary ra-tuples. Furthermore, 

all the null sequences should be derived from the null 

sequences of its factors. In view of the situation, the 

following theorem is presented which helps evaluate all the 

null sequences of the delay polynomial tinder consideration.

Theorem 5 :

If F(D) is a binary mth degree delay polynomial and is 

a product of 1c factors, denoted by f.{I>), 1 = i to k, all

of which are nonrepeated irreducible but nonprimitive modulo-2, 

then, the complete set of null-sequences of F(D) are :

Ci) The sets of null sequences Ai# i « l to k, of 

period

of all its factors, where iru and hL are the degrees 
and periods of the factors (D), and

(ii) All possible sequences obtained by modulo-2 sum of 

the null sequences belonging to the different sets 
of sequences A. of its factors.

An example now follows.
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Example 1.11 s ( A case of polynomial with nonrepeated 
irreducible but nonprimitive factors ).

Consider the delay polynomial given by s

F(B) = ( I 9 D2 9 X>2 9 D5 © B6 © D9 9 D10 )

= ( I 9 D 9 D2 9 D3 9 D4 }
{I 9 D 9 D2 9 D4 9 D6 )

* f^D) - f2(E>)

It is desired to find the null sequences of the polynomial F(D).

By means of the generating function G(x) of equation (1.15), 
with initial state '0001', one null sequence of rr^ = 4th degree 
factor f^(D) is s

C11 = 11000* •••• (repeats)

and is of period = 5 digits.
m.2 1 - 1Hence, there are in all ------- = 3 null sequences of

period = 5 digits for f^(D)^ including sequence C .

The other
as written

sequences,
below :

C12 and C13 (say) are found by Theorem 1

C12 - cu ® “u - 10101, ... (repeats)

C13 ■ cu ® - 11110, ... (repeats)
Let the set of sequences ( , C±2 , and C13 ) be denoted
by ,A1'.
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In a similar manner, the null sequences of the 6th degree 

factor f2(D) are determined and written below s

C
C
C

21
22
23

110100110010010100000; ...
101110101011011110000, ...
111001111110110001000, ...

Let the set of sequences ( C^, ^22' 

M0 = 21 digits be denoted by'A0'.

(repeats)

(repeats)

(repeats)

and C22 ) of period

Now by theorem 5, the null sequences of the original 
polynomial F(D) are :

(i) The sets of null sequences and &2 , and
(ii) The sequences derived from modulo-2 summation of

the null sequences belonging to the different sets 
and &2 of its factors f^(D) and f2(D) respectively:.

a The complete solution,so obtained , is written below in 
in tabular form s

Null sequence 
of F(D)

Succession of digits in the 
sequence

null Period
bits

cu 11000, ... 5
C12 10101, ... 5

C13 11110, ... 5
C21 110100110010010100000, ... 21
C22 101110101011011110000, ... 21
C23 111001111110110001000, ... 21

(continued)
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Null sequence Succession of digits in the null Period in 
of F(D) sequence hits

C11 '21

C11 9 G22

C11 C_23

C12

C12 22

(.., 000101010001010010001 
010111110100011000011 
110010111110001100110 
111000101010100101100 
101100000011110111000,...)

(.., 011111001000011000001 
001101101101010010011 
101000100111000110110 
100010110011101111100 
110110011010111101000,...)
001000011101110111001 
011010111000111101011 
111111110010101001110 
110101100110000000100 
100001001111010010000,...)
011111100100111001011 
loooiooiiiiiooiiioiid 
ot iooi loioooioooonoi ; 
101110000111111111010 
000001011001000010101,...)
000101111101110011011 
111000000110000100110 
000011110001101011101 
110100011110110101010 
011011000000001000101,...)

105

105

105

105

105

(continued)
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Null sequence Succession of digits in of F(D) the null sequence Period in bits

G. _ $ Gn_ 12 23 (.., 010010101000011100011 
101111010011101011110 
010100100100000100101 
100011001011011010010 
001100010101100111101,. . ) 105

C13» C21 001001001001100011101 
001111000101111011011 
000011011101001010111 
011011101100101001111 
lqioioooiiiiiomino,..) 105

C13* °22 010011011111101001101 
010101011100110001011 
011001000100000000111 
000001110101100011111 
110000010110100101110,..} 10&

C13» C23 000100000101000110101 
000010001001011110011 
001110010001101111111 
010110100000001100111 
100111000011001010110,..) 105

z length of all the distinct null sequences of 
factorable polynomial F(D) iss

the

>
N « 3(5) * 3(21) + 9(105)

= 1023 bit's 6
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Class 2(b) s Polynomial with repeated irreducible but 
nonprimitive factors ( modulo-2 )

Let F(D) be an mth degree delay polynomial having only 
repeated irreducible but nonprimitive factors (modulo-2) 
esqpressed as :

*<C> = [fjlDlJ 1 . If2(D)J ”2 .. [fk(Dj] ^

- VD) • h2(D) ... ..........  (1.21)

Eqn; (1.21) is similar to eqn. (1.18) except that in 
the present case the factors f^ (D) (i *= 1 to k) are nonpriraitive. 
H^ice theorem 4 can be utilized to find the null sequences 
of the polynomial F(D) stated in eqn.(1.21). The results of 
a polynomial belonging to this class are given below :

Example 1.12 s ( A case of a polynomial with repeated 
irreducible but nonprimitive factors )

Consider the polynomial F(D) given by s
F(D) = ( I ® D2 # Q4 ® d6 # d8j

= ( X » D » D2 » D3 9 D4)2
= h1 (D) (say)

It is desired to find the null sequences of F(D).
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By means of the generating function G(x) of eqn.(1.15), 
one null sequence of h^D) with initial state '00000001' 
is seen to be :

s 1010000000,... (repeats) and is
of period = 10 bits.

The null sequences of f^D) = (I 0 D ® D2 9 9 D^)

are: ( already found in previous examples )

C1± s 11000,...
C12 s 10010,... 

and C13 s 11110,...

By theorem 1 and repetitive application of the generating 
function, the complete solution of the original polynomial 
is determined and written below in tabular form s

Sr.Mo. Null sequence of F(D) Period

1 (1000000010,..) 10
2 (1100000011,..) 10
3 (0010000010,..) 10
4 (1101000010,..) 10
5 (1010100010,..) 10
6 (lOOlOlOlll,..) 10
7 (1000111110,..) 10
8 (1100100001,..) 10
9 (0010110001,..) 10

10 (0110011101,..) 10
(continued)
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Sr.No. Null sequence of F(D) Period in bits

11 (1111111100,...) 10
12 (0110000011,...) 10
13 (0011000011,...) 10
14 (0111010011,...) 10
15 (1110001011,...) 10
16 (1010100111,...) 10
17 (1001100100,...) 10
18 (1011100011,...) 10
19 (0101011011,...) 10
20 (1111110110,...) 10
21 (0100101001,...) 10
22 (1101011001,...) 16
23 (0010011001,...) 10
24 (0001110111,...) 10
25 (10010,...) 5
26 (01111,...) 5
27 (11000,...) 5

2: length of all distinct null sequences of the 8th 

degree polynomial F(D)s

N = 24(10) 4 3(5) 255 bits
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1.6.2. Evaluation of null sequences of a delay polynomial 
by means of * - transform ' method

In the previous section, the generating function is 
made use of to obtain the null sequences of a given delay 
polynomial. It is also possible to find these sequences by 
(^“transform method* as presented in this section. In 

fact, the transform method is not radically different 
from the generating function approach. It just facilitates 
to derive a linear recurrence relation which the autonomous 
bistable feedback shift register satisfies.

Consider the characteristic equation Cl.5) which is 
rewritten below s

n
i=0 ai c

i.e. [F(D)J C = o

0 ('®* indicates mod-2
addition)

.. (1.22)
where F(B) is the delay polynomial, and where a± represent 

the feedback coefficients of F(D) having a value of either a 

1 or 0, with aQ = ajj = l.

To find the null sequences of the delay polynomial F(D), 
we define a transform termed as '(^.-transform1, as s

v [dJ'cJ %-j .. (1.23)



where the symbol “C stands for the transform of the jth 
delayed version of the variable C, and 'k and j* are 
integers.

Utilizing C^-transform, the characteristic eqn.(1.5) 
may be written as :

°k “ al °k4-l ® a2 ck?+2 ® •*** ® °k*fn ** *1,24*

For this type of formulations, if the set of terms,
^ck+l* ck+2/ • * * • » ck4-i^ ’ may he thought of as representing 
the present state of the system, it is possible to ascertain 
the future states of the system by successive application 
of the esspression (1.24). For instance, the immediate 
future state to the present state is given by the set of 
terras s

( °k' °k+l ' ck+2 ' ***' ck+n-l>

Likewise, it is possible to determine the past states of 
the fsr using ^ transform as follows s

Multiplying the characteristic equation by ‘D1 and 
applying (^.-transforms

^Tc+n+l ® an-l ^n ® ••• ® ^+2 = °k+l

i,e* ^n*! “ <^+1 ® aick+2 ® ••• ® ^-A+n ** (l*25)



In accordance with eqn. (1.25), the immediate past state, 
is given by the set of terms ^^+2 ' ck+3' *** * ck+fc+l

, tod successively persuading the procedure, we can obtain all 
the past states of the fsr.

In brief, a linear recurrence, stated in eqn.s(l.24) and 
(1.25) may be utilized to evaluate null sequence(s) of a given 
delay polynomial. If the polynomial is primitive, for any , 
nontrivial initial state/, the sequence resulting from the 
above recursion algorithm will be of period 2n-i, where n is 
the degree of the polynomial. However, as pointed out in the 
previous sub-section, for irreducible but nonprimitive as well 
as factorable polynomial, many null sequences exist. To 
evaluate the complete set of null sequences, we may have to 
either repeat the above recursion algorithm with proper 
selection of initial states or resort to applying the theorems 
1,2,3, 4 and 5 stated earlier* section 1.6.1). Since the 
application of these theorems is already clarified, only the 
use of C^-transform to arrive at a null sequence for the 
three types of polynomials will now be illustrated.

Example 1.13 s A case of primitive polynomial ).
Consider the delay polynomial given by :

I*(D) = (I © D © D3)
It is desired to find the null sequences of the polynomial by
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the use of C^,-transform method.

The 3rd degree polynomial is primitive modulo-2 (Table 1.5). 

The characteristic equation of the corresponding fsr is - 
( I © D © D3) C = 0

The C^-transformed version of the above equation from 
expression (1.25) becomes :

^+3 = °k ® °k+l

Considering the set of terms ( ,c3 ) as representing 
the initial state of the fsr, we may write all c^'s for k > 3 
using the recursion formula (1.25), as follows :

k = 1, C4 = C1 © C2 = 0 © 0 = 0
k - 2, c5 s= C2 © c_ = 3 0 © 1 = 1
k = 3, C6 a C3 © C4 “ 1 © 0 = 1

il •p
* =» C4 © c5 - 0 © 1 = 1

k « 5, C-.8 a C5 © °6 - 1 © 1 = 0
k = 6, C9 = C6 © Cj = 1 © 1 = 0
k = 7, C10 a C7 © c8 = 1 © 0 == 1

Since the last three °kS ( i.e. C8' C9 and C10
the initial state *001', we stop persuading the recursion 
algorithm. The sequence consisting of the successive terms 
^C1 ' c2 * •**• * c7? ••• etc« ) may be thought of as the

$ • • «
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content of a virtual 7 stage system, governed toy the 
characteristic equation :

(I»D®D3)C = 0

The null sequence of the given polynomial is therefore :

G: 111010 0, ...! ! 'I
C7 %........... C1

where C now represents the input sequence to the 1st stage 
of the fsr.

We could have as well obtained this 'C* sequence using 
recursion formula given in eqn. (1.24). The next example, 
a case of irreducible tout nonprimitive polynomial, illustrates 
the use of egression (1.24). Since the null sequence C 
ototained above describes all the distinct nonzero space of 
the given 3rd-degree binary fsr, we have obtained the complete 
solution for the given delay polynomial.

Example 1.14 : ( A case of polynomial that is irreducible 
but nonprimitive, modulo-2 ).

Consider the delay polynomial given by ;

F(D) = ( I 9 B 9 D2 9 D3 © D4 )

Find the null sequences of F(D).

The given polynomial is of degree 4 and is irreducible 
but nonprimitive, modulo-2 (Table 1.6).
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The characteristic eqn. is s
(I ® D ® D2 ® D3' ® D4 )C = 0

The transformed version of the above equation from 
egression (1.24) is :

‘Tc “ 'Tc+i ® c3c+2 ® °k+3
Considering the set of terras ( c^ 

representing the initial state '0001* 
4-stage fsr# we may write all c^s for 
recursion formula (1.24) as follows s

* Ck+4

' ' c3 # c4 ). as
of the corresponding 
k ^ l, using the

c- ® c>

® c, 
0 ® 0

C1 * °2 
0 ® o

°° • =3
1 #0

-1 
1 ®

® c
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Since the set of terras (c_4 , c_3 , c 2 and a ^ 
represent the initial state '0001% the algorithm need not 
be persuaded further.

The null sequence C, consisting of the terras (cQ , c ^ , 
c__2 • etc. ) so obtained, reads as -

s 11000, ... (repeats)
Witn period N^ = 5 ( < 2^ - 1 = 15 ) digits. Clearly

C1 -*-s nob the only null sequence of the given polynomial.
The other null sequences may be obtained by theorem l 
stated in Section 1.6.1.

In a similar manner, the C^, - transform can be made 
use of to find all null sequences of a factorable polynomial.

Thus, the generating function and the Cj,-transform can 
be effectively applied to evaluate all the null sequences
of a delay polynomial, together with the theorems 1, 2, 3, 4 
and 5.

1.7 determination of delay polynomial from its null sequence

This section deals with the determination of delay 
polynomials from its null sequence, which need not be maximal. 
Three methods have been introduced here for this purpose. In
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the first method, the polynomial is determined by mere 
examination of the given sequence. This is hence called 
as'direct method1. The second method utilizes the relation 
between the generating function and delay polynomial 
associated with the sequence. Lastly, the third method is 
based on the C^-transform and the linear recurrence 
developed in the last section.

1,7,1 PeteCoaj-nafcion of helay polynomial by direct method

Let C, represented by the successive terms (c^ , c^, ..,c 
be the null sequence of period N, associated with a linear 
binary nth degree delay polynomial F(D), whereby [F(D)J c = 0 
represents the characteristic equation of the corresponding 
autonomous fsr. To find F(D) corresponding to the given 

sequence C, we may proceed as follows :

Consider two consecutive states of the fsr such that 
in the first state ( say reference state ), all binary digits 

except one are zero. Let c' be the 1st binary digit in the 
immediate next state as depicted below s

Stage Number
1 2 • • • x i + 1 ... H - 1 n

Reference state 0 0 • *« c •X 0 0 0
Next state c' 0 ... 0 Ci ••• 0 0
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Now, c1 is the modulo—2 sum of the contents of several 
of tne stages at the 1st state. Me may# therefore# write the 
following equation in this case :

c' * Hci •* ** •• (1.26)
where ai is the coefficient of D1 in the delay polynomial 
F (D) # written as s

nF(D) = % rr a4Dx
i=0 1

( For the binary nth degree fsr# ao> = = 1 )

Since c' and are known from the given sequence# the
coefficient a.± may be found. Thus# by considering (n - l)
pairs of such consecutive states, it is possible to evaluate
all the coefficients to an_1 of the required polynomial 
F(D).

Evidently, the method assumes the occurance of n states 
in the given sequence C, in which all digits except one are 
zero. This limitation poses no problem in case the sequence 
is of maximum length. In fact# every binary m-sequence 
exhibits n such states.

The method is not applicable to nonmaxiraal sequences as 
these do not describe the required n stetes. In such a situation
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either the generating function method or the C^-transform 
method may be made use of as discussed in Sections(1.72) 
and(l.7.3) respectively.

An example by direct method now follows s

Example 1,15 s ( A case of m-sequence )

Consider the binary m-sequence C given by s

C * 111101011001000, ... (repeats)

It is desired to find the delay polynomial F(D) that 
corresponds to the m- sequence C.

The given m-sequence is of period N = 15 digits and
4describes all the 2-1 nontrivial states of a 4 stage fsr. 

Hence,the corresponding delay polynomial may be expressed 
as :

F(D) = ( I 9 a-jO 9 a^D2 ® a3D3 9 D4)

(since aQ = a4 = l)

To determine the coefficients a^ , &2 a3 of F(D), 
the following states are considered s

For a^ *

Reference state 
Next state(read from sequence-C)

Stage number of fsr
1 2 3 4
1 0 0 0
1 1 0 0
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Making use of eqn. (1.26) s 

1 = (a^)(l)
Hence, a1 = 1

For a0 s

Stage number of fsr
1 2 3 4

Reference state 0 1 0 0
Next state 0 0 1 0(read from sequence C)

Utilizing eqn. (1.26)

0 = <a2)(l)
Hence, a2 = 0

For a-a s

Reference state 
Next state(read from sequence C )

Stage number of fsr
T 2 3 4
0 0 1 o
0 0 0 1

Again from eqn. <1.26) s 
0 - <a3)(l)

Therefore, a3 = 0

The delay polynomial corresponding to the given binary 
m-sequence c of period 15 digits is thus s

F(D) = ( I © D ® D4 )
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The above result may be verified as under $

C s 111101011001000, ...
DC s 011110101100100, ...
D4C s 100011110101100, ...

(1 9 D 9 D4)Cs Ml zero sequence

1.7.2 Use of 'Generating Function' in determining the delay 
polynomial from its null sequence

Let C, represented by the successive terms, (c^, c2, ...cr), 

be the given null sequence of period N, associated with a linear 
binary nth degree delay polynomial F(D), whereby jF(D)] C = 0 

is the characteristic equation of the corresponding autonomous 
feedback shift register.

From the analysis of section (1.6.1), the generating 
function G(x) associated with the sequence C may be written in 
terms of the polynomial F(D) as ( eqn. 1.14 ) s

G(x) = ■

n-1 . i 
(a ac b. u(®i=0 X

F(D) x .. (1.14)(repeated here)
which, for the initial state of '00. 11, becomes

G(x) s f(d) ^ • • »• •• (1.15)
(repeated here)
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Further, it has been pointed in Section (1.6.1) that each 
cycle of the null sequence of the polynomial as described by the 
generating function G(x) starts with 'l* and ends with the 
assumed initial state appearing in the reverse order (i.e.
000.01 as 10.000). In brief, each cycle of the sequence G 
starts with l and ends with (n-l) zeros for the assumed initial 
state '00...1'. Thus, we may find the polynomial F(D) from its 
null sequence C from equation (1.15) where G(x) is now written 
after arranging the given null sequence C such that it ends with 
a 1 followed by (n - 1) zeros. The method is applicable to 
maximal and nonmaximal sequences as detailed in the following 
examples. At times, the given sequence may not contain the 
required n-l zeros. Such special cases are also considered 
below through examples.( Examples 1.17 and 1.18)

Example 1.16 : ( A gase of m-sequence )
Given the maximal length sequence C as :

C : 111100010011010, ... (repeats)
Find the corresponding delay polynomial F(D).

The period of the given binary sequence is 15 digits. 
Further, the sequence describes all-the possible nonzero 
states of a 4-stage feedback shift register. Hence the delay 
polynomial of degree 4 may be expressed as :

F(D) = ( I © a.jE> © a2D2 © a3o3 $ d4 )
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Arranging the sequence C such that each cycle of it 
ends with a 1 followed toy (n - l) zeros, C appears as s

C s 100110101111000, ... (repeats)
Since the sequence is cyclic, we need to consider 

only one period to determine the polynomial that corresponds 

to it.
The generating function for the single cycle considered, 

G1(x) reads from eqn. (1.15) as s

I

or [F(D)] x
[F(B)J X

G1(x)

I ® D3 © D4 ® D6 © D8 © D9 © D10 © D11 ) x

~ ( I © D3 © D4 ) x (toy long division )

Thus,the required polynomial is :

2?(D) = ( I © D3 © D4 )

To check the results, it may toe verified that

j>(D)] C = o
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Example 1.17 : ( A case of nonmaximal length sequence )

Consider the null sequence given by :

C : 10100 ,... (repeats)

for which it is required to find the corresponding delay 
polynomial F(D).

The period of the given binary sequence is 5 digits.
This means, it is a nonmaximal length sequence, since 
2 1 ^ 5 for any n. Further, for n & 3, the possible longest

nonmaximal sequence is of period 4 digits. Hence, the minimum 
value of the degree of F{D) corresponding to the given null 

sequence C should be 4.

Hence, F(D) may be written as :

E(D) = ( I © a-jD © a2D2 © a3D3 © D4 )

However, with this information, we cannot proceed further 
to determine the polynomial because the null sequence C does 

not have n - l _ 3 zeros as required by the present method.
To make the current method applicable, we now utilize the theorem l 

stated in section (1.6.1), which states that:if

If C is a null sequence of period I of a delay polynomial 
F(D), then, the sequences Cj described by

cj - c © dJc , i*j*N
are also null sequences of the polynomial F(D).
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Hence, with j=2, we get another null sequence (say) of 
the polynomial F(D) as under s

C s 10100, ... (repeats)
D2C s 00101, ... ( '* )

cx- e ® d2c 8 10001, ... ( ** )

Since both C and are the null sequences of the 
required polynomial F(D), and that the sequence C± contains 

^ zeros, we may rearrange it in accordance with the 
requirements of the present method, and find the corresponding 
polynomial F(D) as follows s

Original sequence C s 10100,... (repeats)

Arranged sequence s -11000,... ( « )

How, considering a cycle of the arranged sequence C , 
the corresponding generating function G^x) may be written 

as s

.G^x) = ( I 9 D* )

Making use of eqn. (1.15), and recalling that the 
desired polynomial F(D) is of degree 4, we get -

* = < r-f-o > *
= (1 9 D $ D2 9 D3 9 D4 ) x

x Thus, F(D) = : ( V 9 D 9 D2 © D3 9 D4 ).
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Example 1.18 s ( H special case of nonmaximal length 
sequence )

Given the null sequence C as -

C : 10100101,... (repeats)
It is required to find the corresponding delay polynomial F(D).

Here, the given binary sequence is of period 8 digits 
and hence is nonmaximal because 8 2n - 1 for any1 n. Further 
the degree of the required polynomial should be atleast 5 
( i.e. n- 5 ) since for n & 4, the longest nonmaximal 
sequence is of period 7 digits only.

Further, in this case, any permissible value of j in 
theorem l will not yield a null sequence of F(D) with n - 1 = 4 
zeros. However, we can still solve the problem with the help 
of the general expression for the generating function stated 
in eqn. (1.14) and repeated below for convenience -

“i1 v1Gtx) = ( ~ °— ,
F(D) '

F (x)
* * F(x) * *say*

Here F^x) is of degree < n - 1 and F(x) is of degree n. Hence, 
we may write s

G(x) = dQ © d2x © d2x2® .., drx ® ... etc.
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Considering only one cycle of the null sequence, the 
generating function G^x), therefore, is s

Gl^ = d0 • dix ** d2x2 •-- • x*"1,
.. Cl.27)

where N is the period of the given null sequence. 

Expanding eqn. (1,14),.we see that -

n® s a,c . i=l 1 -1 '

b, ® b a. = ol
n-l
si=l

s2 = b2 ® b1#1 ® b0(a2 » ai2) ,

and dr = br » .JQ ar-idi where do = bQ -

With the help of eqn. (1.27), we now proceed to solve the 
present example -

Sequence given s 10100101,...

Writing the generating function (x) of the sequence for
one period s

hS,(X) = < I ® x2 * xS ® x7 ) ... ... (128)
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Comparing eqns. (1.27) and (1.28), we see that - 

dQ = a2 = d5 « d? = i ^

and = d3 - d4 - d6 . 0

As already pointed out, the null sequence given by G(x) 
ends with the initial state in the reverse order. Thus, the 
initial state in this case is as shown below -

c * 1010010 1, ...
C-5 C-4 **• cli

Now, , ,
5

a_ ~ ® 2jC i = i
i*=l 1 -1

i.e. aic_t • a3c_3 o 1

Hence, a.^ ® a3 = l ....... (i)

Nextly,

dl = ® ai+1 c.i • £ a1c_1 . 0

On simplification, the above equation leads to s

a2 • a4 = ai --- .... < ii )

Similarly,
5 2 5—1S2 “ ® « ai+2c-i ® «j. »

i=l
from which we get, a, © a.

5ai+lC-i ® (a2 ® ^ alc-t

© ag = 1, .....( iii )
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From eqns. ({i)# (ii) and (iii), the values of the feedback 
coefficients of the required delay polynomial are determined 
and written below s

(i) al = a4 * 1#
OR

and a2 ~ a3 = 1

(ii) Ii<0 a3 0*II = 1, and a^ =

However, the condition (ii) is seen not to satisfy the 
equation s

' I>(D)] C = 0, where C is the given sequence.

Hence, the polynomial F(D) corresponding to the given 
null sequence is *

F(D) = ( I ® D 9 D4 0 d5 )

It may be verified that -

C f(d)3 C = ( I ® D ® d4 ® d5)C = 0.
Thus, by means of the generating function concept, it is 

possible to determine the delay polynomial from its null sequence, 
no matter whether the given sequence is of maximum length or 
otherwise.
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1. *7.3. C.^-transform and its use in determining the delay

polynomial from its null-sequence

This sub-section is meant to develop the procedure 

for finding the delay polynomial from its null sequence 

mailing use of C^-transform and associated linear recurrence 

stated earlier.

Let C, represented by the successive terms (e , c , ...c ), 

be the given null sequence of period N, associated with a 

linear binary nth degree delay polynomial F(D), whereby 

[F(D)j C = 0 stands for the characteristic equation of the

corresponding autonomous linear f sr.

From the analysis of section (1.6.2), the (^.-transformed 

version of the characteristic equation (1.5) may be written 

in either of the forms stated belowi linear recurrence 

relationship given in eqns. (1.24) and (1.25).)

= VTc+l ® a2ck+2 9 ••• 9 ••• <1*24)

°k4n+l = VTc+l 9 ai°]c+2 9 *** • ^-l^+n (l*25)

(repeated here)

Further, it is seen that for this type of formulation, 

if the set of terns (c^ ,c^+2 ,... , c^) represents the 

present state, then, it is possible to formulate both past
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and future states of the fsr with the help of the above 
recursion formulae. To find the polynomial F(D) corresponding 

to the given null sequence, we may therefore consider 
(n-l) states of the fsr, and write the corresponding (n~l) 

equations with the help of either eqn. (1.24) or (1.25).
Since the states are Known, the feedback coefficient s a^ to 

can k® evaluated. ( a0 = = 1 ). The following
example illustrates the technic of finding the delay 
polynomial from its null sequence by means of transform 
and the linear recurrence.

Example 1.19 s ( & case of maximum length sequence )

Given the null sequence C as -

C s 1000011100110111110100010010101,... (repeats) 
it is required to find the corresponding delay polynomial F(D).

The period of the given binary sequence is 31 digits. 
Further, the sequence C describes all possible non—zero 

states of a 5-stage fsr. Hence the corresponding delay polynomial, 
which is maximal, should be of degree 5, and may be written as s

F(D) = (i 9 ajD 9 a 2D2 9 a3D3 9 a4D4 9 D5)

Hence, the characteristic equation of the corresponding 
linear shift register is s
rmj C = ( I » alD . a2D2 • ^3 9 9 D5 ,0 = 0
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The C]c-ransformed version of the above characteristic 

equation is s

°k = alck+l ® a2ck+2 ® a3Ck+3 ® a4°k+4 ® °k+5

If =1 ' =2 ' =3 ' c4 3013 c5 < *-a- V! ■ ^+2 • — <W 

with k = 0 ) represent the present state of the fsr, then 

the following equations may be written s

co - al°l ® a2c2 • a3c3 ® a4C4

C-1 = al°o • a2cl * a3C2 ® a4c3
C-2 " alC-l * a2C0 ® a2cl ® a4c2

C-3 = alc-2 * a2°-l • a3c0 ® a4c

If the initial state is considered as ( arbitrarily chosen )

C1 = c2 = c3 = c4 “ 0 c5 = i,
then, from the given null sequence we see that *

°o “ 1' C~1 = lf c_2 * 1* c_3 = o, etc.

Substituting these values in the above eqns. and solving 
for the feedback coefficient, we obtain -

al = a2 * a4 = 1 a®®1 a3 = 0
Hence, the delay polynomial that corresponds to the given 

null sequence C is j

PCD) - ( I 9 D .• D2 © D4 0 D5 )
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Example 1.20 s ( A case of nonmaximal sequence )

Given the null sequence C as s

C s 100001111101010011000,... . (repeats)

find the corresponding delay polynomial.

The given binary sequence is of period 21 digits. This 
means that the sequence C is nonmaximal, since 2n - 1 # 21 
for any n. Further, the fact that the period of the longest 
nonmaximal sequence realizable from an fsr of degree £ 4
is 7 digits, implies that the polynomial corresponding to 
the given sequence C should be at least of degree 5, and 
masr be expressed as s

F(D) = ( I • axS • a2D2 9 a3D3 9 a4D4 9 D5 )

As shown in the initial state ( contained in given null 
sequence ) as -

®x ~ ®2 s ^3 =s ^*4 a 0t and Cj- — l,

the binary values of the terms cQ, c y c 2 and c 3 may be 
read from the given sequence as -

Co = °-l " c-2 “ c-3 - !•

Further, the following equations for the above
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terras can be written by means of the linear recurrence 
stated in eqn. (1.24) - ( on substituting for terras c^ to c5 )

co - c5 =

C-X = al = 1

c_2 = al ® a2 “

°-3 ‘ al ® a2 ® a3 = 1

Solving for the feedback coefficients, we obtain

c^l *“* 1, and a^ ^3 ^4 ” s 0.

Therefore, the delay polynomial that corresponds to 
the given sequence C is -

F(D) = ( I © D © D5 )
<8

To check the result, it may be verified that s
[F(D)J C = (i©d©d5)c = o

Tbe C^-transform and associated linear recurrence
is thus seen to be quite a convenient tool to solve such

isproblems. It should be noted here that the method^applicable
only when the given null sequence contains at least 2n — 1
digits, since n digits are needed as an initial condition
and (n-l) additional digits are necessary to specify uniquely
which of. the stages of the corresponding fsr are to be fedback 
besides the nth stage which is always fedback.
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1.8 PROPERTIES OF DELAY POLYNOMIALS AND THEIR NULL SEQUENCES

From the results of the analysis of sequential behaviour 
of autonomous linear binary feedback shift register so far 
carried out in this chapter# and what appears in the 
literature in somewhat scattered and disjointed form ( the 
pertinent references are already stated in the introduction 
of the present chapter), useful properties of the 
characteristic delay polynomials and their null sequences are 
given in this section.

Here, as previously stated, F(D) is the characteristic 
binary delay polynomial of degree n as defined by eqn.(1.6), 
and C is its null sequence of period N in digits satisfying 
the relationship s

[f(d)J c = o,

which is the characteristic equation of the corresponding 
autonomous linear binary feedback shift register.

1. Characteristic delay polynomials of several types 
exist for the positive modulus p = 2, and these may be
classified, based on their factorable features { modulo-2 ) as

*(A) Irreducible and primitive polynomials
(B) Irreducible and nonprimitive polynomials
(C) Factorable polynomials.
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2. Every delay polynomial has a complete set of 
distinct solutions or null sequences.

3. The period of the null sequence H of a delay
Npolynomial F(D) is the smallest integer for which I ® D 

is divisible by F(D).

Example s

F(D) « I ® D2 ® D4 

I ® D2 ® D4 ) I ® DN (iJ ® D2

I • D2 ® D4
2 4 N® D* ® D

D2 ® D4 ® D6

If 33 = 6, the remainder of this division equals 0 ; 
hence 6 is the period of F(D) = I ® D2 ® D^.

4. A polynomial F(D), with coefficients in Galois Field 
GF(p = 2), { p is a prime integer ), is irreducible and
primitive over GF(p = 2) if the smallest nonzero integer 33 
such that F(D) divides I ® is N = 2n - 1, where n is the 
degree of F(D). The division is performed modulo-2.
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Thus, an irreducible and primitive polynomial means that s

(i) The polynomial has no factor (modulo-2),
(ii) The polynomial ( of degree n ) is not a factor of

Nf nD ® l for any integer N < 2 -1.

The statement implies that an irreducible and primitive 
polynomial of degree n has only one null sequence of period 
2-1 digits, and the 2-1 nonzero binary n-tuples appear 
in this sequence before it repeats. Since the largest possible 
period for a linear binary n-stage fsr is 2n - 1, the null 
sequence of the primitive polynomial is called ’maximum 
length null sequence (mins)'.

Accordingly, the irreducible and primitive polynomial 
is also called 'maximal polynomial'.

5. A polynomial is irreducible but nonprimitive (modulo-2) 
means that s

(i) The polynomial has no factors, but
(ii) The polynomial is a factor of DN $ i for some 

integer N « 2n - l, ( n is the degree of F(D).)

This statement and property (3) imply that an irreducible 
but nonprimitive polynomial has several null sequences, each 
of which is of period less than the maximum of 2n - l digits. 
These sequences are hence called nonmaximal null sequences.
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However, the irreducibility of the polynomial insures 
that all its null sequences be of the same period.

6. The factorable polynomial (mod. 2) is one that is 
reducible into two or more irreducible polynomials. The 
period and number of null sequences of a factorable polynomial 
depend on the nature and degrees of its factors. The null 
sequence of the factorable polynomial could even be of 
period less than the degree of the polynomial.

7. From properties (3), (4), (5) and (6), it follows
that:

(i) The null sequence of the binary polynomial, 
irrespective of the class to which it belongs, 
is of period N 4 2n-l,

(ii) The necessary, but insufficient, condition that 
the period of the null sequence of a polynomial 
of degree n to be 2n-l digits is that the poly­
nomial be irreducible.

(iii) Every maximal polynomial is necessarily irreducible
every irredttcible

8. For every polynomial, the * periods of its distinct 
null sequences equal 2a-l digits.

9. If the two states of an m-sequence are +1 and -1, then 
the number of zero crossings is 2n“^.
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10. P©r an n-stage fsr, there are exactly 0 (2n -l) / n
maximal polynomials, where 0(h) is the Euler* s phi function 
and is defined as the number of positive integers less than 
1c, and relatively prime to h including 1.

This statement is proved by Eierler (1959) who shows 
that since the characteristic polynomial of an m—sequence 
must be a minimum polynomial of a primitive (N = 2n—l)th 

root of unity, and since there are exactly 0( 2^—1) / n 
different equations of degree n that are minimum equations
of primitive Nth root of unity, the above statement must be 
true.

Example s
Let n be equal to 7. We wish to find the value of 

0(2 - 1) _ 0(127). Since every integer less than 127 is
relatively prime to 127, there are 126 integers less than 

and prime to 127. Therefore, 0(127) = 126. Dividing this by 
7, shows that there are 18 maximal polynomials for n = 7 
( This may be verified from Table 1.5 ).

The integer 0(h) may be calculated, depending upon 
whether k contains factors or is prime. If k is factorable, 

then , 0(h) ■= h • (q± ~ ±) / where ^ are the prime factQrs
of k. If k is a, prime number, then 0(k) = k - l.
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11. No delay polynomial having even number of feedback 
coefficients of value 1 ( excluding an# which is always 
unity for the binary n— stage fsr ) can produce an m—sequence.

This becomes obvious if the polynomial is solved 
for its null sequence with an * all-1' initial state. With an 
even number of feedback coefficients, the digit fedback will 
always be 1, so that the resulting sequence will be all ones 
with a period of one. As the sc periods of all distinct 
sequences of the polynomial must be 2n-l, the longest sequence 
is atmost (2 -2). Hence the statement is true.

12. For every n, there exist two maximal polynomials, 
which possess null sequences that are time-reverse of each 
other. The reverse sequence the original sequence read in 
the reverse order.

If an n-stage fsr has feedback connections from stages 
a, k, m,.. etc., the reverse sequence fsr will have feedback 
connections from stages n, n - k, a - m, etc.

13. For every polynomial of degree n, its null sequence C 

satisfies a linear recurrence relation s

nxi-1 aicr-i
where cr is any term in the sequence o, and a1, the coefficients 
of the polynomial having a value of either a 1 or a 0. ( a^ 1 )
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14. By means of the above linear recurrence; given a 
polynomial, it is possible to evaluate all its null sequences. 
Alternatively, given a null sequence realizable from an fsr 
of degree n, the corresponding delay polynomial can be found 
using the linear recurrence relation.

15. Every null sequence C, represented by the terms 
<co * •••* cr... ) may be expressed by the associated
generating function as -

G{x>

where b.

oo* sr c x « r=0 r 
n-i

9 s a,c . i-1 i+J -1

n-1 i as b.D1 
, i=0 1 .----------)x

I*(D)

16. Given a delay polynomial and the initial state, all
its null sequences can be evaluated with the help of the 
generating function concept. Likewise, the delay polynomial 
corresponding to a given null sequence can be determined.

17. The null sequence of a polynomial as given by the
generating function G(x) always ends with the presumed initial 
stage appearing in its reverse order.

18. The linear recurrence relation stated hnder property 13
leads to the concept of vector diagram, that can be used to 
describe the sequential behaviour of the linear shift register.
as outlined below :
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18. The linear recurrence relation indicates that an 
n-stage fsr can be described as a device which takes any 
input vector ( c^ , °2 ' * * * • cn ^ computes an output 
vector ( cQ, c^, ... cn_^). Hence, the sequential behaviour 
of any linear fsr can always be represented by means of a 
vector diagram showing all possible input and output vectors.

Such a vector diagram WWW WCXCH?

given by

cr-l ® cr-2 ® cr-3 ® cr-4

is depicted in Fig. 1.7.

With reference to this vector diagram, the following 

conditions are equivalent s
lU) Cycles in the vector diagram have no branch points,
(ii) Every vector has a predecessor as well as a successor,

(iii) Predecessors of vectors, when they exist, are unique,
(iv) Distinct vectors have distinct successors.
(v) The feedback relation c

rcan be decomposed into s 
F(°r-1' ---  , cr_n+1 ) ® c

F(cr-i t • • • 9 r-n)

r-n
19. If c — (cq , c^ , c^ , ... ) is a null sequence, which 
need not be maximal, of period H associated with a delay 
polynomial, then, the sequences given by :



F/G. 1-7 : VSCTO/2 D/AG#AM Of F.f.JE. W/TH

l /A/£A£ #£C(/£#£NC£
Cr = ct_, 0 c>.2 0 cr,3 ® ct_4
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Cj = C ® D^C , 1 A j 4 N

are also null sequences of the polynomial.

This means, the modulo-2 sum of any two null sequences 
of a polynomial is also a null sequence of the polynomial.

20. If F(D) is a factorable delay polynomial of decree

n expressed as s 
k

F(D) = 7T F, (D) , i=l 1
where the factors F±(D), i = i to k, are all irreducible and 
primitive ( mod-2 ), then, the complete set of null 

sequences of F(D) consists of s

(i) The null sequences of its factors, ( These are in 
all k-sequences), and

Cii) all possible sequences that can be obtained by 
considering the modulo-2 sum of any q(q = 2 to k) 
of the k sequences of its factors. The period of 
the resulting sequence equals the L.C.M. of the 
periods of sequences under consideration.

21. If F.(D) is any primitive or irreducible delay
polynomial, and G^D) = [f^d)! a , the period of the

null sequence of G^(D) is a multiple e(u^) of the period N 
of F^ (D). That is, = e(u^)N^, where e{u^) is given hy -

tti ______eCu^)
1
2

1
2

3-4
5-8

4
8 etc.
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22. If F(D) is a delay polynomial of the form :

k
F(D) « 7T G.(D),i*=l 1

and Gi(D) « fFi(E»](i; , i.itok,

^(D) being primitive polynomials ( modulo-2 ), and if,

GU * Gi2 ' •••• etc* are the null sequences of 
the term G^(D),

G2i * G22 * •*•• etc. are the null sequences of 
the term (D),

..... and
®ki , ®k2' • * • • ®tc. are the null sequences of the 

term G^D),

then, the null sequences of the polynomial F(D) are s
i

(i) The null sequences of all the terms G. (D), i =s l, 2, .,k, 
and

(ii) all possible sequences obtained by modulo-2 sum
of the terms G^(D), i = 1 to k. Here, the sequences 
that are modulo—2 added should be of different terms 
Gi W period of the resulting sequence equals
the L.C.M. of the different sequences that are 
modulo-2 added.

23. If F(D) is a delay polynomial of degree m , and is 
the product of k factors, denoted by f^ (D), i = l to k
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all of which are nonrepeated irreducible but nonprimitive 
modulo-2, then the complete set of null sequences of F(D) are s

(i) The sets of null sequences , i = 1 to k, of 
miperiod 3.--.-—I of all its factors, where roi and

are degree and period of the factor f^(D) ; and

(ii) all possible sequences obtained by modulo-2 sum of 
the null sequences belonging to the different sets 
of sequences of its factors.

24. The null sequence of a factorable polynomial could be
of period even less than the degree of that polynomial.

>

25. For a given n, every binary m-sequence is pseudorandom 
( i.e. pseudonoise ) in the sense that it satisfies the 
following three randomness properties *

(i) The balance property s In each run of the binary m- 
sequence, the number of ones differ from the number 
of zeros by 1.

(ii) The run property * Among the runs of ones and zeros 
in each period, (a pseudorandom sequence is never 
strictly aperiodic, though the period may be 
indefinitely long due to deterministic generation 
device ) one half of the runs of each kind are of 
length 1, one fourth of each kind are of length two, 
one eighth are of length three, and so on as long as 
these fractions give meaningful number of runs.
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(iii) The correlation property s If a period of the 
m-sequence is compared, term by term, with any 
cyclic shift of itself, the number of agreements 
differ from the number of disagreements by 1.

The auto-correlation function 0QQ(t) of an 
m-sequence C of +ls and -Is of period N digits is 
defined as s

^CC ^ ^ ^ 1 ®5 ^ Vi+f1
= 1 if V m 0 
= -1/N if t/ 0

where cr is the rth term in the sequence C and where 
is the phase shift of the sequence.

measures the amount of similarity between the 
sequence and its phase shift. The two-valuedness of 
the autocorrelation function is of considerable 
importance in itself.
Example s

Consider the m-sequence C with period N = 31 bits:

C • 1111100110100100001010111011000,(repeats)
There are £6 Is and 15 zeros, which is adequate to 
satisfy the randomness property - (i).

Of the 16 runs, half have length one, and one-fourth 
have length two, one eighth have length three and 
one-sixteenth have length four.Randomness property -(ii) 

The autocorrelation is 1 in phase and -1/31 out .of, 
phase. 'Randomness property-(iii).
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26. If C is an m-sequence of +is and -Is and G* is the 
same sequence in which -Is have been replaced by Q.s, the 
crosscorrelation function 0CC*(e) has the form shown in 
Fig. 1.8.

Here, C(t) = | C(t) + l

so that the coosscorrelation function 0CC* ( * ) is -
T^cc* <e > - + 25" /c(t)at

For an m-sequence,
T/ C(t)dt = t , digit period 

0 °
since the number of +ls exceeds the number of -is by one in 
the period T = HtQ . Thus -

0CC*(«) « I r^cc(e) + ]

Hence, the statement follows from the well-known value of 
2 *;

27. If an m-sequence of Is and Os is added, modulo-2, to
the same sequence delayed by rtQ, the resulting sequence is 
the original sequence C delayed by stQ, where r and s are 
integers in the range 1 & r, s ^ 2n - 2, n being the
degree of the delay polynomial F(D).



\
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Thus,
Dre © C = (Dr ® I)C . Dsc

where D is the delay operator which introduces a delay of 

tQ( digit period ), I is the identity operator (i.e. IC = C) 

and ® denotes addition modulo-2.

Example s
Consider m-sequence C generated from a 3-stage fsr 

with feedback from stages 2 and 3 s

Sequence C s 1H0G10,...
, BC s 0111001,...
(delay by t )

DC © C=D5C s 1001011,...

28. If C is any binary sequence of Is and 0s and C1 is 

defined by the equation —

C' = ( D 9 I )C
the sequence C' will have a 1 in each position corresponding 

to the start of a run of is or 0s in C, and 0 otherwise.

This property may be verified from the example cited 

just above.

'29. If s± is the value of s for r - l in the property 27

above, then , for an m-sequence C of a polynomial F(D) of 
degree n, (sx - l)tQ is equal to the forward time displacement
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from the start of the run,of (n - l) zeros to the start 
of the run of n ones in C, i.e. if C starts with n ones, 
D 1 C starts with (n-l) zeros.

30. Given an n-stage fsr, and (2n - l) digits of a 
required maximum-length sequence^,it is possible to determine 
uniquely the feedback connections. (2n - l) digits are 
required, since n digits are needed as an initial condition, 
and (n — 1) additional digits are necessary to specify 
uniquely which of the , stages are to be fedback, besides the 
nth stage which is always fedback.

31. Every m-sequence exhibits the 
property!

following structural

When an m-sequence C of period N is multiplied 
by any of its phase shifted versions, there occur exactly

L ( Z.) o '

N + 1—4  number of (1 - l) pairs ,

N - 3
—“— number of (a - o) pairs ,

9X1(1 L(C> “ ~~~2.* number of (0 - l) and (1-0) pairs.

Evidently, L^ts), Lq(u), l(^) are independent of
the phase shift . Hence, invariance of L () and L ( ■«.)

X o
for any nonzero t may be said to be the necessary and

/
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sufficient condition for a sequence to be of maximum 
length ( i.e. for it to be called a pseudorandom sequence )

32. An m-sequence ( pseudorandom binary sequence ) 
possesses a perfect analogy to a cyclic difference set .

A difference set ( Hall 1956 ) is defined as a set 
of 1c integers with the following property —

If the differences between all possible combinations 
of two of the k numbers are formed, followed by modulo-e, 
then all integers between l and e - l occur exactly times. 
Integers e, k and t) are called the parameters of the 

- difference set.

According to the structural feature of the m-sequence 
stated under property 31 above, there are exactly digit 
pairs in state 1 ( and digits apart ) within one period, 
for any , 't £ Q. Translated to the number set, this means 
that there are exactly L^( i , j ) pairs for which s

(di - d.) (mod. H) - « , t M o (mod N)
where di# dj (i fi j) are the members or elements of the 
m-sequence.

33. Changing the signal levels ( signal being the 
continuous version of the sequence ) associated with the two 
states in an m-sequence signal to any values, the result is
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again an m-sequence signal. Proof of this property follows 
from property 31, whereby 1^ (•£ ), and Lq( ^ ) have no 
reference to the signal-levels.

Frcaa this it also follows that the complement of an 
m-sequence is also an m-sequence.

34. Sampling an m-sequence by a sampling period of r digits, 
where r is relatively prime to the period of the sequence, 
leads to an m-sequence. This is because the autocorrelation 
for 'D of the resulting sequence is identical to the auto­
correlation for r * of the original sequence.

From this, it follows that the time inverse of an 
m-sequence is also an m-sequence.

35. If it is known that a periodic binary sequence is a 
maximum length sequence for some polynomial, then it is easy 
to examine the sequence and determine the polynomial itself.

Example :
Consider the sequence with a period of 15 digits given

below s
111100010011010,...
In it, there are certain to be four places where all 

but one of the four successive digits are zero. The digits
immediately following each of these groups are the coefficients 
al , a2 » a3 a4 the polynomial given by _
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I © ajD 9 a2D2 © a3I>3 © a4D4

Fran the examination of the above sequence it follows 
that the required polynomial is s

( I © D3 © D4)

36. A duality between polynomials and their null sequences
can be found by dividing I by the polynomial in question.

»

Example s
Dividing the' 3rd degree polynomial I © D © D3 into I -

j_ . 3 = I © D © D © D © D7 © D3 © D® © © D^4 ©
I © D © D

= (I © D © D2 © D4)(I © D7 © D14 © D21 © . ..)

= (X © D © D2 © D4) / (I © d7)

Therefore,

( I © B © D3) (I © D © D2 © D4 ) « I 0 D7

The ejqponents of the terms I © D © D3 © d4 can be
related to the is in the null sequence for I © D © D3 which 
has initial state... 001 ? as shown below t

00(f { | 0 1 0 0)111
a° # D1 ® D2 Q »•' l* tD7)
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37. Any polynomial which has an even number of terms 
(regardless of its degree) has a factor I © B.

38. The square of a polynomial of the form s

I © B © B2 © ... © Bn

is
I © B2 © B4 © ... © D2n .

This property can be utilized in the calculation 
pertaining to the delayed version of m-sequences. For 
instance, given that -

(I © B^ © B®)C ** 0, it is required to find the
feedback connections for B3®C.

Continually squarring ( modulo-2 ) the given eqn. 
we get -

I © B2 © B12 ss o

I © B4 © B24 = o

NOW, B30C = B6 . B24c = B6< B4 © I )c

= (B10 © B6)C = ( B4 . B6 © B6)C

- D4C( D1 © B°) © C( B1 © B6)

= (D6 © B5 © B4)C
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39. Jtaong the delay polynomials over modulo-2,

_ —t[F{x)] * = F(x^ )

Let t = l, and F(x) = ( I ® D ) x
( I ® D )2 X = <I®D®D®D2)x = ( I | d2 )x

For the case that t > 1 a.vl F(x) consists of more 
than two terms, the property can be proved by finite 
induction on the number of terms. Then, for the general case, 
the property follows from finite induction on t.

Jr40. The polynomial ( D ® D* ) can be written as the 
product of all irreducible polynomials, the degrees of which 
divide k - all once.

For instance,
~4 ’ .( D ® D* ) m D(I 9 D) (I 9 D 9 D2) (I 9 D 9 D4)

(I ® D3 9 D4)(I ® D ® D2 ® D3 9 D4)

The proof of this theorem is given by W.W. Peterson.

41. If a polynomial F(D) divides I ® Ds , then F(D) 
divides I 9 Ds for q = 0, l, 2, ....

I ® D° ss 0, for q *= 0, the theorem is trivial. If q = 1,2,.. 

I ® (I 9 DS) (I 9 ... ® d({I~2)s 9 oCq-lJsj
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42. If F(D) divides I 9 Ds , then F(D) has a period t 

which divides s.

43. ' It is possible to find the delay polynomial which 

generates a large number of null sequences with a specified 

cycle length as shown below s
f

Suppose that it is desired to find the delay 

polynomial that generates a large number of sequences with 

cycle length 21 digits.

It follows from Table (1.6) that there are two 

nonprimitive irreducible polynomials of degree 6 with period 21s

F1(D) = I © D 9 D2 9 D4 9 D6 ,

and F2(d) = i e d2 9 D4 9 D5 9 D6

Hence, both polynomials yield the following sequences s

1 cycle of length l bit ( all-zero sequence )

3 eycles of length 21 bits.
This may be represented as s 

1(1), 3(21)

Then FX(D) . F2(d)
* . »

leads to the following number of sequences •

1(1), ( 3 + 3 + 9.21 ) (21)
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To give twice the number of sequences, the characteristic 
polynomial F^D) , F2(D) can be multiplied by I © D. The , 
resulting polynomial is as follows s

F<D) = F^D) . F2(E» . (19 D)
= 1 9 D2 © D3 © D5 9 D6 9 iP 9 D8 9 D10 9 D11 9 D13.

which yields the following number of sequences s 

2(1) , 390(21)
which is in accordance with the fact that - 

2.1 + 390.21 = 213.

44. If c = £crf is an m-sequence, then c equals C except
SI*for a phase shift, when q = 1, 2, 4, 8, ... 2n“1.

The numbers 1, 2. 4, 8, ... 2s"1 are celled multipliers 
of the sequence, and they are collectively Jcnoun as the 
multiplier group.

Example t

Let C SB fcrf : 1110100 ,

q = 2 $ >c2r< ! 1110100 ,

q - 4. V ?c4r?1 1110100 ,

,

q = 3 9 !c3rl * 1001011 ,
q = 5 9 5c5r}‘ 1001011 ,
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45. Given the irreducible polynomial -

F(D)

Let F^D)

S a,DA ,i«0 1
n jn-is a,© . Then F (D) is also irreducible. The
i=0 x A

shift register sequence corresponding to F^D) is simply the 
time inverse of the sequence corresponding to F(D). Thus, if 
F(D) is a maximal polynomial, so does F^D).

46. If F(D) is an irreducible polynomial, so is H(D) = F(l ® d), 
since any factorization of H(D) would factor F(D). However, H(D) 
may fail to have maximum exponent, even though f(d) has.

Example :
If F(D)

period N as 15 digits, then,

H(D) = I

I 0 D3 0 D4 with its null sequence of

(I 0 D) 2 0 (I ® D)

- I0D0D ® © d4 has null sequences
of period 5 digits.

47. Given an irreducible polynomial of degree n, it is
possible to get as many as five others by means of properties 
(45) and (46).

n .8. If F(d) a ^ ajD is a maximal polynomial of degree n, 
then,

n ~nF (D) = E a.D2 "I
i=0 1

is an irreducible polynomial, but not necessarily a maximal one.
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However, if 2q~l is prime, where q = 2n-l, then F(D) must be 

a maximal polynomial.

Example s

F(D) = I ® D # O'5 is a maximal polynomial

**1 (D) = I ® D © D is also maximal polynomial.

But applying the same transformation to F^D)we obtain -

F2(D) = I 9 D 9 D7 which is not a maximal

polynomial.

Applying the transformation again to F.(Q) t we get —

FgiD) as i ® D 9 D^7 which is a maximal

polynomial.

49. If |cr? is an m-sequence of period N, and if , q 
is any set of representatives of.the proper cyclotomic cosets1 
S1 ' S2 ' * then

of period N.
' *Cv4 are all m-sequences

Concept of coset s ( Golomb 1964 )
The integers n ( degree of the polynomial F(D) ) 

corresponding to sequence cr ) from l- to N - i with no factors 
in common with N form a multiplicative Abelian group with
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respect to operation : multiplication modulo-2. The numbers
M. >|1, 2, 4, ... 2" form a 'sub-group* with n elements. This sub­

group, when multiplied by any other element of the group, 
yields a coset.

For example : If N = 25 - 1 = 31, the multiplicative 

group consists of integers 1 to 30. The decomposition into . 
cosets is :

so : 1 2 4 8 16

S1 : 3 6 12 24 17

S2 : 9 18 5 10 20

S3 : 27 23 15 30 29

S4 *• 19 7 14 28 25

S5 •• 26 21 11 22 13

50. If ?c } is an m-sequence with period N, then ie X
qr1

is again an m-sequence, with the same period if (q , n) = i.
If both ( q1-, N ) = l and ( q2 , N ) = l, then fc } =
, - ^lF c^2r( excePt for starting point ) if and only if q and q belong

X A
to the same cyclotomic coset modulo-N.

51. Every m-sequence fcr? of period N has a phase shift 
(er} such that the value of er depends only on the cyclotomic "

coset to which r belongs modulo-N and not on the exact value of
r.
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Example s The sequence 1110100 with period N = 7, is 
left termwise invariant by the multiplier group (l, 2, 5), 
but is inverted by the multiplier group (3, 6, 5). It is 
seen that s

eo “ 1

el = e2 = e4 * 1
e3 = e5 = e6 = °

52. The number of distinct values assumed by the cross­
correlation 012('c) of two m-sequences and C2 , each of 
period N, can never exceed Y(N), the number of cyclotomic 
coset modulo-N.

Example s 

N = 7,
s 1110100, ....

C2 s 1001011, ...

n12sm - i. x12<i> = ^i12(2) = m12u) = 2
0l2(3) = rf12(6> . ^X2(5) = 3.

53. The power spectrum of an m-sequence is a line 
spectrum and has an envelope of ( sin x / x ), reaching 
the first value ©f zero at the frequency of the clock 
pulse.
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This may be verified by using the fact that the power 
density spectrum 0 (t) of a function x(t) is simply the 
Fourier transform of the autocorrelation function of x(t). 
Thus the power density spectrum of an m-sequence signal C(t) 

is of the form -
2^ a^tQ(K + 1) sin rrr/ m

0c(t) « 11 g 1 r tt/n _
, r

where a is the amplitude of the signal C(t) corresponding

to the m-sequence C, t is the digit period,ando

sin ttt / N ( approx, for r << N )

Therefore, the power spectrum has an amplitude of the 
order of (N + l) a2tQ / N for low frequencies, and this falls 

by 3 dB at a frequency given by

sin tit / N 
r ir / N 0.7071

or r = N / 3 ( approximately )

The effective frequency band covered by a maximum length 
is, therefore, from -

f *> 1 / Hfc to 1 / 3t ( Hz )
o o
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The harmonic seperation of the spectrum is 1 / NtQ , and 
the spectrum amplitude at zero frequency is dtt approximately 
a2tQC N + 1 ) / 2M.

54. Every m-sequence of period N can be written as a 

fourier expansion s The Fourier coefficients are given 
by s

kk “ j s bAe27rkl / N 
i=l

Let an m-sequence I cr? be phased so that

fc2r! = Ccrl. Then, \ \ whenever k and k. belong12 ^ to the same coset modulo-N.

55. Every m— sequence is perfect.

If C ss -fCjJ is any binary sequence with period v, 

and if the autocorrelation 0CQ{ t) of |cr£ satisfies
^GC( e) = ^ cici4'2

« oC if '& = o { modulo-v)
“ ^ if « / © ( modulo-v)

then, ic^jis called a perfect sequence.

In view of this definition and property ( ss-) t the 
statement is true.
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1.9 GENERATION OF MAXIMAL AND NONMAXIMAL LINEAR BINARY
SEQUENCES AND STUDY OF THEIR STATISTICAL CHARACTERISTICS

The theory of generation of cyclic binary sequences 
by means of linear feedback shift register is already 
discussed in section (1.2). To study their statistical 
characteristics and to verify some of their properties, the 
generation of the linear binary maximal as well as nonmaximal 
sequences is experimented^ Experience is briefly described 
in this section in the generation and measurement of 
autocorrelation function of the m-sequence signal ( commonly 
kfaown by the name pseudorandom binary signal, abbreviated as 
prbs ).

The feedback shift register ( fsr ) is composed of two 
kinds of elements s (l) Unit-delay elements, and (2) modulo-2 
adders. Master-Slave J.K. Flip-Flop with integrated, circuits 
is used as the unit delay element, and the modulo-2 adder 
(i.e. the not-equivalent logic circuit ) consists of two 'AND* 
and one 'NOR' logic gates. These circuit elements (integrated 
circuits ) are supplied by * Instruments and systems, New Delhi.1 
In this binary network (i.e. the binary feedback shift 
register sequence generator ) the states 1 and 0 correspond 
to the analogue-levels 5 volts and 0 volts respectively.
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1.9.1 Working of the master J.K. flipflop with integrated 
circuits

The block diagram and symbolic representation of 
the master-slave J-K flipflop with integrated circuits 

are shown in Pig. 1.9. Here ( J , K ) are the inputs and 
( C ) are the corresponding outputs. T is the clock 
input and R is the reset, which is normally left on *0*. 
Flipping it to i and back to zero sets the flipflop in 
C = o condition ( i.e. C = l ).

The operation of a J - K flipflop can be divided in 
2 Reset-Set clocked flipflops. Gates 1, 2 with steering
gates 3/4 form a slave flipflop. The gates 5, 6 with the

• ?

steering fates 7, 8 form the master flipflop^ In addition, 
the outputs C and C are coupled back in gates 7 and 8.

Let us examine what happens when J = l, K = l and 
C — 1 (i.e. the flipflop is in state 1 ). When the clock 

pulse arrives, the voltage at first rises from 0 to 1 for a 
short time. The gate 8 then has all its inputs 1 giving 

rise to 0 output. Gate 7 has J = l, c = o and clock = l, 
hence its output is 1. This activates the gate 6, putting 
the master flipflop in 0 condition (i.e. ^ = 0, B=i).



F/G. r-3 (a)f Y/f£ 01/c j?£P/?£ ffNT A 7/OF OF MASTFF
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(h) 3locA* D/AGjPAA Of TAC fl/P -FI OP
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■Hie clock pulse is now returning to 0 from l, and 
through the inverter provides a 1 clock signal to gates 3,4. 
The slave flipflop with B = l is reset to give 0 output 
( C = 0, and C = l).

The total outcome is that the flipflop has inverted 
its state and also the input conditions at gates 7 and 8 
are inverted ( through C and G ). The next clock pulse will 
throw the flipflop in l condition, like a toggle switch.

The output condition for all the input conditions 
(Truth Table) of the Master J-K flipflop is shown in the 
following table.

Table 1.12. Truth Table for J-K Flipflop

Initial outputs Inputs . Final outputs
C

1
1
1
1
0
0
0
0

c
0
0
0
0
1
1
1
1

J

1
0
1
a
l
0
1 
0

K

1
0
0
1
1
0
0
1

c
0
1
1
0
1
0
1
0

c
1
0
0
1
0
1
0
1
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1.9.2 Modulo-2 adder
The modulo-2 adder is nothing but a not-equivalent 

logic circuit. A block diagram of tills logic circuit, 
consisting of 2 'Al®' gates and a *NOR* gate is shown in 
Fig. 1.10. The truth table of the 2 AND-NOR Gate combination 
is given in Table 1.13 below. The symbol ' © 1 in all the 
figures of the linear binary feedback shift register 
circuit shown in this chapter represents this circuit.

Table 1.13. Truth Table for modulo-2 adder of 
Fig. 1.10

A B A B , Output

1 0 0 1 0
1 1 0 0 1
0 0 1 1 1
0 1 1 0 0

9.3 J-K feedback shift register generating an m-sequence

^he linear binary feedback shift register is dbpicted 
in Fig.l.ii. As shown, the outputs 'Cs' from the second and 
fifth stages are fedback to the first stage through the 
modulo-2 adder. Hence, the characteristic equation of the 
shift register may be written as -

F(B) C = ( I © D2 © D5 )C a 0



F/G. 1/0 FEAUZA 7/ON OF MODUl O - 2 ADD]7/ON

F/G. /• t1 PRACTICAL PEAL/ZAT/ON OF FR&S USING
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U

F/G. 1/2 01/FPU 7 DF 7NE S-S7AGZ PADS GENERA TOP
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where C is the cyclic binary sequence representing the 
output of the modulo-2 adder C i.e. the input sequence to 
the first stage of the fsr).

At first all the flipfiops viz. ^ » °2 ' D3 ' D4 a®4 
D5 are reset* thereby C - outputs are in 0 - state and 
C - outputs in 1 - state. On completion of the resetting, the 
K - input of the 1st flipflop is in 0 state.

A clock signal of period tQ = 0.5 msec is then applied.
At the first clock pulse, D goes to £ =» o, but D , D , D

x 2 3# 4and D5 remain in C « l as their K inputs are l. Now the 
information at the K-input of &1 is made 0 again. At the 

second pulse, therefore, flipfiops Dx and D2 go to C = o 
whereas I>3, D4 and Dg still remain in C = i. Finally, on the 
occurance of 31st clock pulse, the initial setting ( all 1=1) 
is .restored. As the clock signal continues the same cycle 
is repeated again and again. The content of the fsr at any 
instant of time is called its state, and may be considered 
as a binary number. The succession of states in the above 
5 - stage fsr is as shown below :

-As seen from the succession of states, all the 2~* — l 
nonzero states are described before the output at any stage 
starts repeating. As the clock pulse is continuous , the 
output is the continuous version of the m-sequence. Thus, an
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Table 1.12. P(D) C = ( I 9 2>2 9 D5 )C = 0

State No. Stage number of f sr
1 ....2.. 3 4 5

0 1 1 1 1 1
1 0 1 1 1 1
2 0 0 1 1 1
3 1 0 0 1 1
4 1 1 0 0 1
5 0 1 1 0 0
6 1 0 1 1 0
7 0 1 0 1 1
8 0 0 1 0 1
9 1 0 0 1 0
10 0 1 0 0 1
11 0 0 1 0 0
12 0 0 0 1 0
13 0 0 0 0 1
14 1 0 0 0 0
15 0 1 0 0 10
16 1 0 1 0 0
17 0 1 0 1 018 1 0 1 0 1
19 1 1 0 1 0
20 1 1 1 0 121 0 1 1 1 0
22 1 0 1 1 123 1 1 0 1 124 0 1 1 0 125 0 0 1 1 6
26 0 0 0 1 127 1 0 0 0 128 1 1 0 0 029 1 1 1 0 030 1 1 1 1 031 1 1 1 1 1
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m-sequence signal or pseudorandom binary signal is 
generated using the master J-K feedback shift register.
Pig. 1.12 shows the so generated prbs.

1.9.4. Generation of nonmaximal sequences

The cycle structures of all the possible nonmaximal
polynomials of order 5 are observed by setting the possible
initial conditions in the 5-stage feedback shift register.
The distinct cycles associated with the different polynomials
are stated below. The polynomials generating sequences that
are reverse of each other are grouped here. As may be seen,
the polynomials I © D5, I © D © D4 © D5, I ® D2 © D3 © D5 and 

2 3 4 5I © D © D © D ®D ©D have self-reverse property.

Delay Polynomial Associated Cycle Set
I © D5 s (10100), (11110)., (11100), (11000) , (10000), £.10101), (1)
I®D®D5 s(111110101001100010000),(1110010),(110).
I © D4 © D5 s(111110000100011001010),(1110100),(110).
I © D © D2®D5s(11110010000110),(1100010),(1110100),(10),(1).
I © D3® D4®D5:(11110110000100),(1101000),(1110010),(10),(1).
I © D © D3©D5s(111100010011010),(000011101100101),(1).
I © D2® D4®D5s(111101011001000),(000010100110111),(1).
I © D © D4©D58(11110000), (11010010),(1110),(1100),(1000),(10),(1) 
I © D2® D3®D5s(111101000010),(111000),(1100),(110),(100),(10),(1) 
I®D®D2®D3©D4®D5s(111100), (110000),(101000),(111010),(110),(100)(]
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8 31-toit pros generated by ‘the maximal 
polynomial' $ # D2' 9 D5 •

Cel ■ Offlipiat ■ of - 'symmetry oircsait'of
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Fig. 1.12(C) 112-bit nonmaxiroal sequence and its phase
shifted version generated by the factorable 
polynomial J.f D2 » D3 » D5
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1-9.5 Measurement of autocorrelation function of prbs 

Theoretical considerations -

The autocorrelation function of a continuous signal x(t) 
is defined as -

0 («) xx '
lim 
T —> oo

/ x(t) .x(t-2 )dt .. .. (1.29)

Since the m-sequence signal ( pseudorandom binary signal ) 
is periodic, its autocorrelation is written as -

0 {«) xx ' Nt
Nt

r x(t) x(t— t) dt .. (1.30)

As an example, consider the m-sequence signal x(t) shown 
in Fig. (1.13) generated by a 3-stage fsr whereby the outputs 
of 2nd and 3rd stages are fedback to the 1st stage through 
linear logic. The autocorrelation function of the signal, by 
definition, is :

0xx(•£) x(t- «) dt

When the phase shift « lies in the region 0 4 « 4 t 
the product x(t).x(t,_ ■&) is shown in Fig. i.13 and the 
autocorrelation function is -
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0 ( « )xx
1 -o

7t J x(t) ,x{t- e )dt ° o

p o{/ dt * / dt - /
t + 'C o

7t 17 ut T / dt - / dt
o o ^2 tO

2to 4t 4t •
♦ / * - /°« ♦ f° at- f°4t_4 *c dt
V « 2t 2t + ‘C 4to o

7t
/ dt j,

4fc + Co

1 - 5 i-8 «e 
7 t

When the phase shift ^ lies in the region ■ t 6 « «r et

o £ ^ <£ 3tQ is shown inthe product x(t). x(t - -e) for 2t
lPig* 1*14* The autocorrelation function'of x(t) in thi

7t
~ w~ f *<*> * x(t-^)dt

o o

s case is :

1
7to

r[-/ _ 2t° to
dt + y dtV

'C + t/ dt +
2t 'C

dt

4t

- /
•o *f tc7t* ■/'■

•c + 2t
dt 4* /

4t

dt
t + 4t

-1
7

*e 4* 4t
dt - / °*

X2 + 2t
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The above results indicate that the autocorrelation 
function of an in-sequence signal x(t) of period HtQ is s

1 H + 1 
N h=i 6. tQ

1
~ I ' I'd (N-l) tQ

Apparently the autocorrelation function 0 ( *c) of the2C2C
pseudorandom binary signal is periodic with period NtQ, where 
15 “ ^ n t>e;i-n9 the degree of the fsr generating the signal 
x(t). Fig. (1.15) shows the autocorrelation function of the 
prbs.

As H is made larger, the autocorrelation function 
considered over one cycle becomes more like that of white noise 
i.e. an impulse function at the origin. It is this property 
which makes the prbs so useful.

Practical considerations -
The theoretical results derived above are verified by 

carrying out the measurement of the autocorrelation function 
of the 31 digits length m-segucaice signal, the generation of 
which is described in section 1.9.3.

The circuit for the .purposes must be in accordance with 
the eqn. (1.30) -

, Nt«
0 ( - 3- f ° , .XX' “ Et~ / x(t)*x(t -'fcjdt.

o
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Clearly, the measurement of 0 ( tt) involves the following
1 X3w

operations -

(i) Shifting the signal x(t) by the required time c to 

obtain x(t - *c),

(ii) Multiplication of x(t) with x(t - t:),

(iii) Averaging the product x(t).x(t - t:) over the period of 
x(t).

Generation of delayed replicas of x(t) -

If xCt) is defined as the basic m-sequence signal obtained 

from the logical output of the shift register ( activated by 

the master clock of period tQ ), then, the delayed versions of 

x(t), viz. x(t - tQ) to x(t - ntQ) are readily available from 

the register. The remaining delayed versions, x ft - (n + 1)tl
*• qJ

to x £t - (N - l)tQ3 are realized by the addition of (N - n) 

binary stages to the existing generator.

This straight forward approach is attractive in that all 

the stages are synchronized with the shift-line clock pulses 

and the delays are progressive along the shift register stages.

If, however, only a small number of 'selected copies are 

needed, this method is wasteful of equipment, because the 

number of extra stages required is determined by the largest 

relative delay among, the copies, rather than the number of 

copies sought. For this purpose several methods have been proposed
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In section (2. £ ) of the these are briefly
discussed and a quick method of evaluating the feedback 
connections for any required delay is brought forth.

For the determination of # ( b) in the region 0 ^ ft: I £ t
A«V w

we need to shift the signal x(t) in this range oft:. For 
this purpose, a clock signal of period t = it , (q=l, 2, 4,8..)

s q o ^
is derived using flipflops as shown in Fig. (l.is).

Multiplication of x(t) with x(t - -c) -

Since the signals x(t) and x(t - t:) are both binary, 
their product can be obtained with the help of the binary 
logic elements as under -

Let us compare the product operation in the field (-1,1) 
with the modulo-2 addition operation in the field (0,1).

• —1 1
-1 1 -1
1-11

9 0 1
0 0 1
1 1 0

It is seen that there is equivalence between multiplication 
and negated modulo-2 addition s i.e.

-1 0
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Utilizing this equivalence, the binary multiplicator 
is assembled from 2 'AND' and ,1 - tyoR* gates as shown in Fig.l.l6.

It is already stated that within the binary network 
composed of the integrated logic elements, any wire is capable 
of being, at any instant of time, in either 1-state or in 
0-state. The 1-state corresponds to an analogue level of 5 volts, 
and the 0-state to a level of 0-volts. Hence, the putput of the 
multiplicator is simply an unsymmetrical binary signal. It is, 
therefore, necessary to pass the multiplicator output through a 
symmetrical network, before proceeding to average the product 
signal x(t).x(t- t:). In Fig. (1.18), the block denoted by the 
symbol 'S' after the multiplicator is this symmetry-circuit, 
the output of which is maintained at + volts. /As a result, 
a proportionality factor (k) enters into the measured value of 
the autocorrelation function (Fig. 1.18).

Averaging the signal k x(t) . x(t - o)

The average value of the product signal kx(t).x(t- t) is 
arrived at with the help of a first order low pass filter. The 
time constant of the filter is kept much larger than the shift 
pulse period so as to obtain accurate values of the autocorrelatic 
function. The justification of this follows from the steps 
written below -
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For the output of the low-pass filter shown in Fig.(1.17), 
we may write - i

V(t,c)=k f gF(t - u). [x(u).x(u-t)Jan ... (3,32)
—oo

where gF(t) is the impulse response of the filter.

For the first order filter shown in the figure, the 
impulse response is -

g ft) = I- et/TF
'w **• • • •F

where TF is its time-constant.

For V = l,

(1.33)

4-00 -t- u 
T_¥(t, c) = |- / e . x(u- -e).x(u)du ... (1.34)

-00
t4y., gtye \w\ Onjd/
V ^ • for Vs* *=„ (1.35)

Fig. (1.18) depicts the block diagram of the circuit 

used for the measurement of the autocorrelation function of 
31-bit length prbs. A vacuum tube volt meter is used to obtain 
the values of k • The measured autocorrelation function

with (i) 05/ */- te and (ii) tpVt./ *Ntc is shown 
in Fig. (1.19, ) and (1.2.0). ( tg is the shift pulse period)
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As seen from the measured autocorrelation function
(Fig. 1.19; and2b), in the region 0 it ^ t the measured

B
values are in agreement with the theoretical values. But, 
in the region tft $ « * (N-i)to , the measured values 
slightly differ from the theoretical ones. The fluctuations 
in the power supply and the presence of noise voltages 
are primarily responsible for such deviations.

1.10 PRINCIPAL AREAS OF APPLICATION AND ADVANTAGES OP ' 
BINARY SHIFT REGISTER SEQUENCES

The theory of shift register sequences has found major 
applications in a wide variety of technological situations. 
It is the purpose of this section to list the principal 
areas of applications and briefly to state the major 
advantages of using the sequences.

1.10.1 Areas of application

1. Secure_and_ljmited_access code_generators

Encipherment • A shift register sequence may be added, 
modulo-2 to a message written in binary digits so as to 
act as a 'key' to the message. The decipherment consists of 
adding the key (modulo-2) to the coded message.

Multiple address coding s Different portions of a long 
shift register sequence can be made use of by assigning
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characteristic addresses to a large number of individuals,
i

aircraft, and so forth. For example, such a system 
assigning ten-bit segments of a sequence of length 1023 
to each of 64 outlying weather stations, was installed 
to monitor rainfall information in the vicinity of 
Calcutta. ' .

®^^-*-^-^©ucy_^code generators

Error detection and correction : The nomral method
of error detection and correction for messages of binary 
digits is to add extra digits which are related in special 

ways to the message digits. In a chain code the digits in 
the chain which follow any particular pattern are 

generated in precisely this way, and so chain codes can be 
applied directly to error detection and correction.

Range radar applications . For range radar applications 
in environments where excessive background noise is present, 
a CW signal using an m-sequence, has the property that its 
autocorrelation function can be recovered in spite of the 
excessive noise present,

3. Counting_and_frequency division 

There are several counting applications, both in 
puting and general electronics, where the use of the
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binary number sequence yields no special advantage. In such 
cases considerable advantage may be given by using the chain 
code together with suitable diode coincidence detectors. The 
chain code counter completes the count operation in the shift 
time of one element. It realizes, with economy of components, 
the maximum counting speed of the transistor circuits used.

Another general electronic application is the frequency 
division of variable-frequency input pulses. Here again, an n- 
stage chain code generator giving a ratio of less than (2n-l) 

can be employed.

4. Mathematical_models

Random bit generator : In spite of the fact that a feedback 
shift register is a deterministic device, it can be used as a 
model for the outcome of a coin-tossing experiment. In fact, 
mathematicians suggested the use of shift registers for the 
generation of random numbers for Monte Carlo statistical 
techniques.

Finite state machines s The feedback shift register can 
be taken as a simple example of an autonomous finite state 
machine.

Markov processes : The de Bruijn diagram for sequential 
behaviour of an n-stage fsr is also the Markov state diagram 
for a binary channel with statistical dependence limited to
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n bits into the past. Although the shift register usage 
represents only a limiting case of the Markov process 
( with transition probabilities 1 and 0), the topological 
characteristics discovered by shift register research is 
interpretable in terms of the general Markov process.

5. System identification by cross-correlation

linear system can be obtained by using white hoise as 
the input and cross-correlating it with the output of

flat power spectrum of infinite bandwidth ) is a 
mathematical fiction : it is awkward to generate a flat 
power spectrum at tj^ low frequencies and difficult to 

achieve repeatable results. Another drawback results from 
the need to perform cross-correlation over a long period 
of time.

, use of binary random noise as test 
signal in correlation analysis has been considered. But, 
here too, difficulties have been eaqaerienced in processing 
as well as controlling the parameters of the test signal 
and the results of the system dynamics obtained were not 
very satisfactory.

It is well-known that t

the system. However, white noise ( characterised by a
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More recently use has heen made of the m-sequence 
signals as test perturbations as theuexhibit properties 
in correlation similar to those of white noise, even 
though they are generated from a deterministic device.
An advantage of these cyclical test signals over random 
signals is that, since the properties are deterministic, 
unequivocal expressions, for the system dynamics can be 
obtained in a noise free system. Further, in the usual 
case where noise is present in the system, the degree of 
uncertainty in the results is contributed solely by the 
system noise, and there is no uncertainty due to the test 
signal^

1.10.2 Advantages of binary shift register sequences

The following are the main factors that are primarily 
responsible for the increasing interest in the shift 
register sequences in the various technological situations.

1. The generation and processing of the shift register 
sequence is remarkably simple.

2. The maximum length shift register sequences has an 
orthogonality constraint between the various time 
shift of the sequence, which leads to linearly ' 
independent parity checks, and also to perfect two- 
level autocorrelation.

3. The properties of shift register sequences will not 
drift or deviate in any way with time, temperature or 
other environmental changes.
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4. The power of the m-sequence generated by the fsr 
can be made to lie in the interested band of 
frequencies, and is not a fixed parameter. Further, 
the amplitude and total power of the m- sequence 
may be controlled precisely by choosing the 
parameters of the sequence.

5. Every periodic binary sequence can be generated 
using feedback shift register. Furthermore, given 
the logical configuration of an fsr, the sequence can 
be described or given a sequence, the corresponding 
structure of the fsr can be determined.

6. For counting and frequency division, a shift 
register is a simpler and more natural device than 
the normal binary counter.

7. Linear shift register sequences exhibit certain 
randomness properties that are adequate for most
applications of Monte Carlo techniques.

\8. Many important properties of shift register sequences 
(e.g., cycles that are branchless or information-loss less 
lead to the study of more general autonomous finite 
state machines.

9. Since the periodic shift register m-sequence is well 
defined, any experiment using one can be repeated with 
exactly the same input.

10. The cyclic shift register m-sequence, although 
deterministic, exhibit properties in correlation 
similar to those of white noise. This property has been 
made use of in system identification by correlation 
methods, with no uncertainty in the results due to 
the m-sequence test signal.
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The sequential behaviour of linear binary feedback shift 

register has been analyzed in some detail in this chapter. The 

results of the study, as reported here, are encouraging in that. 

A strong relation is established between the feedback shift 

register logical structure on the one hand, and the network 

sequential behaviour on the other. Useful properties of the 

feedback shift register and its properties are discussed. The 

practical generation of the sequences and verification of some 

of their properties was successfully experimented. Mention is 

§lso made of the principle areas of application and advantages 

of the sequences.

In the ntext chapter, the use of binary m-sequences as test 

perturbations in system identification by,correlation method w±±i
son/

✓'be-' discussed and a new correlation scheme for the purpose w±±i 
1^2 presented. Fuirthen^^^ a simple and quick method of 

evaluating the binary shift register connections for providing 

any desired delayed version of the generated m-sequence 

( needed in the above correlatioh experiment ) willr-be brought-

forth.


