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NONLINEAR SYSTEM IDENTIFICATION BY CROSSCORRELATION
METHODS USING PSEUDORANDOM TEST PERTURBATIONS -

5,1 INTRODUCTION

The‘problemxof system identification may be defined
as that of determining, from input-output measurements on
aAsystem, sufficient information to enable the response to
any input to be predicted. In case the system is linear
time-invariant, its response y(t) to any input x(t) can 5e
determined with the knowledge of the system impulse response
h(t) by means of the convolution integral -

00 .
y® = [ @ xt - wa ee (5.1)

‘ ~00
In general, all physical systems are nonlinear and

have time-varyihg paramgters in some dégree. Where the
effect of the nonlinearity is very small, or if the
parameters vary only slowly with time, linear constant
parameter.méthods of analysis.can be applied to give an
approximate answer. Where the experimental facts do not

or would not correspond with any prediction of linear theofy,
nonlinear theory is essential to the description and

understanding of. physical phenomena.

Indeed, over the past few years, there has been
considerable effort to improve the operation and control of

existing industrial processes and the design of new plant.
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This has led to an increasing interest in the measurement of
system dynamics. The meaéurement of linear system dynamics

by means of correlation methods has been considered for the
_single input/single output systems in Chapter II and for the

multi-input/output systems in Chapter IV,

The present chapter is devoted to the problem of the
measurement of dynamic response characteristics of certain

nonlinear systems by means of crosscorrelation techniques.

As yet, methods of identifying the nonlinear systems
using correlation principles are not weli~degeloped. The
theoretical work of Wiener (1958) laid the initial emphasis
on determining a class of nonlinear system dynamics (Voltera, 1930)
by means of crosscorrelation using Gaussian white noise as
perﬁurbation signal. Following Wiener's theory, for obtaining
quick and accurate estimates of the system characteristics,
several noteworthy theoretical as well as practical ideas have
been explored, developed and refined, which have been ﬁell—
documented. (Wiener, 1958; Lee and Schetzen, 1961,1965; Widnall, 1962
Flake, 1963; Gyftopoulos and Hooper, 1964; Simpson;1966;Brown and |
Goodwin, 1966; Godfrey, 1966, 1969; Briggs and Godfrey, 1966;
Hooper and Gyftopoulos, 1967; Gardiner, 1966, 1967, 1268; Selway and
Bell, 1968;Lubbock and Bandal, 1969; Bfown,1969,1970; Bansal, 1969;
Power and Simpson, 1970, 1970; Ream,1§70; Barker and Pradisthayon, 197

Kerlin, 1970; Kadri, 1971;Goodwin, 1971;Barker et al 1972;Buckner



and Rerlin, 1972; Simpson, 1973; Crawford, 1970; Economakos,1271;

Simpson and Power, 1972 etc.).

Considerable research has also been devoted to extracting
the impulse response of the linear approximation of the non-
linear system when the system model is too complicated to
analyze by standard mathematical models (linerization, Laplace
transformation, root locus plots etc.) without making gross
siﬁplifying assumptions.) (Gardiner, 1966, 1967, 1968; Brown and
Goodwin, 1966; Godfrey,1966; Economakos, 1971). Since a linear
approximant doesynot completely characterize a nonlinear system,
efforts have been made to measure in some depth the dynamic
responses of certain nonlinear systems based on Wiener's

theory.

Degpite all these efforts, a suitable correlation scheme
which cgn give good measurements of the nonlinear system
dynamics in a reasonably short time has not yet emerged.
Bvidently, there exist need for a better understanding of the

existing theories as well as further work..

In view of the situation, an attempt is made in this

chapter -
(1) to present briefly the development of the cross-
correlation art in nonlinear system identification,
'pointing out the merits and shortcomings of the
major schemes that are in current use, and
(ii) to describe some new correlation schemes which can give

quick measurements with better accuracy,

) ‘ following
Wiener's theory.



The content of this chapter is given as follows -

In section 5.2, the time-domain relationship between
input and output of a class of nonlinear systems, is presented
and the theory of crosscorrelation method applied to the
nonlinear systems, is explained. In.section 5.3, the development
of crosscorrelation method for identifying the nonlinear
system is given, pointing out the advantages and shortcomings
of each. In section 5.4, some new correlation schemes are
described which can give better as well as quick dynamic

measurements as compared to those presently known.

5.2 NONLINEAR SYSTEM DYNAMIC éNALYSIS BY MEANS OF CROSS-
CORRELATION METHOD

5.2.1 The relationship between input and the output of a non-

linear system - The Volterra functional series expansion

The honlinear system considered is shown in Fig. (5.1).
The input signal x(t) produces a response signal y(t). In
experimental work, both x(t) and y(t) will be perturbations
added to the steady state input and output levels:; thus input

and output are to be taken to mean deviations from the operating

levels.

According to Volterra (1930, 1959), the response y{(t) of

a time-invariant system of a very general type to an input x(t)

may be ;epresented by the following series of functionals :
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The function hn('tl, Tyt eee tn) is termed the Volterra
Kernel of order n of the system. Bach of the kernels hn is
characteristic of the systen; consequently: the set of kernals
1h,§ identifies the system. The first temm in the expansion
is the familiar convolution integral; the nth term is an
n-dimensional convolution integral. Linearigzing the sy stem
amounts to retaining only the first tem in the expansion.
This type of functional expansion is applicable to a wide

class of nonlinear systems.

The Volterra Kernels are symmetric in the sense that the
Kernel value remains unchanged if the values of any two

independent variables 'ti are interchanged.
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For a non-anticipative system, the values of the

Volterra kernels are zero for any argument ﬁi‘c 0.

Further, the kernels are continuous in their arguments

for all @i > 0.

In a practical system, inputs occuring at times
greater than TS in the past have no effect on the present
output, the time TS being known as the settling time of the
system. Further, in the present case, the settling time of
all the kerﬂels {hh} is not the same. In fact, the higher
the order of the kernel, the sooner it settles down. This
of course implies that the maximum settling time of the

system ( T m ax ) is dictated by the first order kernel.

Denoting the settling time of the ith order kernel by

T, » the input-output Volterra relation in eqn.(5.2) for a
i

practical system is modified to the form -

J k=1

o J
y(t) = jfl ;f ) f A zx(t“ o) d oy

.os (5.3)

This equation gives the time response of the nonlinear

system to any input x(t), if the kernels, h hz, h3..., are

ll
known. In theory, this equation could be solved to give the
kernels from input/output records. In practice, this multi

dimensional deconvolution is difficult unless suitable form

of input is used.
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Further, application of the input-output relationship
under normal system operation requires a large amplitude
perturbation signal or a long experimentation time for obtaining
accurate measure of the dynamics. For this reason, correlation
methods are currently finding much f£avour. The application of
the correlatiqn principle to the class of nonlinear systems
which can be represented by the Volterra functional series

expansion is presented in the following sub-section.

5.2.2 Crosscorrelation method applied to the nonlinear system

represented by the Volterra functional series expansion

The crosscorrelation function ﬁxy( ¢) between two signals
x(t) and y(t) which are stationary ( i.e. whose statistical
properties such as mean level and mean squared amplitude remain

constant with time ) is defined by the equation -

- T/2
xy T—o T .

The physical meaning of this is that considerably long
portions of the signal x(t) and y(t) are taken, and x(t) is
shifted by an amount © with respect to y(t). The signals
x(t- ) and y(t) are then multiplied together and the integral
of this multiplication determined. The result is then divided by

the time over which the integration was carried out. In case the



t414s

two signals are one and the same, the autocorrelation

function ﬁxx('t) is obtained., Thus,

Lim T/ 2
‘éxx( ?) = T —> 00 // x(t- ©) x(t)at ... {5.5)
~T/2 /

When discussing periodic functions, the definition

of the autocorrelation Ffunction is modified to read
T

Bl T = -;-‘,-f x{t- ©) x(t) at eee (5.6)
Q

where T is the period of x(t). Similarly, the definition
of the crosscorrelation function . ( ©) is modified to

Xy
read :

T
Bt ® = [ xmt-w oy a ... ... (5.2)

xy
o

Having defined the correlation functions, their use
in nonlinear system dynamic analysis can now be examined.
Let us compute the crosscorrelation function between the
input x(t) and the output y(t) of a nonlinear system defined
by the Volterra series expansion stated in Eqn. (5.3). It
will be assumed that x(t) is periodic so that egns. (5.6 and

5.7) apply. The expression is 3
P T T

S S
J J
g_(z) = L x(t- ) [ 2? ces h.(e,,...,7.)
=4 T d/‘ j=1 d/f gf J 1 J
o0
¢ Zxlt- o) aglar .. (5.8)



Changing the order of the integration,

T T
s, 8.,

J J
f f hj(el,..,'a:j)

o] o

ﬁxy( ?) =

S5 M8

1
l T
L3 oxte- ) me v oxe- 2,) at]
o

- dtl »eae a?:j . es LI ) (5.9)

The first temm in the expansion is the convolution of
the linear kernel hl with the autocorrelation function of the.
input signal x(t). Higher order terms involve other system
kernels and higher order correlation functions of the input.
In practice, a physical system is considered to be characterized

by a finite number of Volterra kernels.

In case the system is characterized by the first n-kernels
hl to hn » then input-output crosscorrelation function : in

egn. (5.9) becomes :

ﬁxy( ) =

T Mp

T
[% x{t- ©) =x{t- ) el x:(t- Ty dat ]
o)

- G‘@l s en d'Cj LR ! LN (5010)
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Now, the rth order autocorrelation function of x(t)

of period T is defined by -

T
_ 1
0lTy, Tyeees® ) =5 [x(t-v) xlt-v,) ..xlt-eat
O
eee oee(5.11)

Substituting eqn. (5.11) into (5.161. ¢xy( T) is,
TS N l:FS
Jf‘J /[ 3 h.( & e.)-0( ¢ e,)
& con 30 e eerTy 1700y
o o

"Mp

féxy( T) =

o dT; ..(5.12)

4, i

Thus, the identification problem of a nonlinear system
represented by means of a Volterra series settles down to
one of'extracting the set of kernels {hh} from the measured

values of the input-output correlation function.

Apparently, such a method of identification is based on
the higher order autocorrelation function properties of Ehe
input signal. For instance, in measuring the linear kernel
h,, it is necessary to choose x(t) so that all the
correlation functions of x(t) of order greater than or equal

to three together contribute negiigibly to egn. (5.12).

If one considers a system for which the Volterra series
contains only the isolated temm ¥o{t) ( see eqn. 5.2), multi-

dimensional crosscorrelation with n delay lines and Gaussian
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noise input identifies the kernel

- 1
h (T, Ty eeer®y) = = Tn Box voux $ Tpr Tpreee 0T
n times
ees (5.13)
with T, £ cj for i £ j
where t°+T'
- Lim 1 )
¢yx cee X T —>@ T yit) x(t- & ). ..x(t- 7 )at
to ' s o (5014)

and the autocorrelation function of the input is ﬂxx( A) = a802) .
When this technique is applied to a system containing other

-

terms in the expansion, ¢YX _..x(‘cl,-§2, ..+ ©T,) contains,
in addition to the above, contributions from higher order terms
in the Volterra series, these being from even order terms if

n is even and odd if n is odd.

In brief, the theoretical basis of the crosscorrelation
method of Volterra series type of nonlinear system identifica-
tion involves proper choice of input signals with desired

higher order autocorrelation functions.

To this end, some noteworthy correlation schemes have been
proposed (References are stated in the introduction; of this
chapter) and the following section is meant to give briefly
the developnient of the crosscorrelation art in nonlinear system

dynamic analysis.



5.3 THE DEVELOPMENT OF CROSSCORRELATION ART IN NONLINEAR
SYSTEM IDENTIFICATION

5.3.1 Measurement of higher order kernels

Wiener (1958) first showed that, for a system descriable
by the Volterra series, the response y(t) to a zero mean

white Gaussian input x(t) could be written as -

O
y(t) = ;Gn[gn’ xe)l ..o .. (5.15)

0
where iGn} is a complete set of orthogonal functionals.

Orthogonality is expressed by the condition -
00
_oo/ Gl gy =(t)] » 6 [ g, x(t)] = 0 for m#¥n ..(5.16)

The first temms in the Wiener series for an input whose

autocorrelation function is A8(t) are listed below :

Go [go'X(t)j = Y% 00
G [opx(0)] = S 9t e xle-=) de;
-0
QO o
Gy [gpxltY] =/ fg,le, =) xlt-v) x(t-<,) dg a=,
) ~Q0 =00 ’

QO
-2 fg,(c,,v)dT
_L 92t T2l Ty

O QO

Q0

i

G [g3.x(0)]

de, de,de,
o0 ) .
- 34 ~o£ —Oof 93(c1.c2,02) x(t-cl)dtldtz

.. {5.17)



In general, the leading termm of Gn is the homogeneous

functional of the nth degree

. Qo QD
f f s 0 / gn(tl' ooc'ﬁn) X(t"‘ @l)ooox(t" ‘tn)d Qloood @n

-0 =00 ~00
and the remaining terms are lower degree functionals whose

kernels are derived in a systematic manner £rom gyl Ty Theeety).

The zero order kernel 9, is the average value oﬁ y(t). For
identification of the remaining kernels, Wiener proposed that
the stochastic input signal be expanded in terms of Laguerre
functions and the kernels represented by the series of
Hermite polynomials. But, the evaluation of the coefficients

of the polynomial is rather involved.

Subsequently, Lee and Schetzen (1961, 1965) have shown
that an n-dimensional crosscorrelation with n delay settings

Tir Tyr eee,y and Ty #‘bj for i £ j gives the result

1
Il Ty Tyreeay) = PO ¢yx...x (T.e, «o0®y)
n times ‘ X (5018)

n

Recalling eqgn.(5.13) and comparing it with egn.(5.18), it
is clear that the contributions which the Volterra kernels
beyond the nth make to the n—dimepsional crogscorrelation
measurement represent the difference between the nth Wiener

and Volterra kernels.



Recently Crawford (1970) has shown the procedure for
deriving the relationships between Wiener and Volterra kernels
in a systematic manner, and suggested that provided the
crosscorrelation delay settings are considered in the space
éufficiéntly far from the origin, Wiener and Volterra kernels

are given by the relation -

g, ¢ Tir Torees -cn) = h,( T1r Tor eees cn) (5.19)

Using this theory of Schetzen and Lee, Widnall (1962) has
determined the 2nd order kernel of a simulated system. Such
experiments, however, require very long crosscorrelation times.
and may even be impractical for some applications.

To avoid long experimentation times and practical difficulties
associated with the use of Gaussian white noise as test ’
signal, Gyftopoulos (1964) suggested the use of periodic input
signals, whose correlation functions over a finite time interval
and upto sﬁme order K (say) are approximately equal to those of
Gaussian white noise. Hooper and Gyftopoulos (1967) noted that
the ternary pseudorandom signals based on m—séquences satisfy

the requirements to some extent as can be seen from the

properties of the ternary signal 'stated in brief below :

A ternary pseudorandom signal based on m-sequences assumes
at any instant of time only one of the three possible {normalized)

values +1, 0, or -1.



The signal is discontinuous and may change value only at

event points having uniform spacing t,.

The signal is periodic with period T = Nto where N = 3n-1,
and n = integer., The signal is generated using linear recursion’

formula
G = 8,0 4 +* a,C; o + oees + 2,C; n (mod-3 addition)

For the ternary periodic m-sequence signals, the following

has been found :

L. The second order autocorrelation function 8( I
=Bl e, - ®,) of the ternary chain of period T has the fomm
of a succession of triangular peaks of width t, and height 2/3
(normalized value), alternating in sign and centered at
t =% m'-z- » m = integer. The function is identically zero
between the peaks. When T >> to » the approximate analytic

expression for 6( Ty, cz) is -

2.3%-1 400 mT
2 %) = E— e, = e+ T
3°-1 = e OO

.+s (5.20)

of ?1' 'c2) = ﬂxx( L)

Hence, i 6( fcl,'cz) over the interval 0 = TLTy < T/2 is
approximately equal to the corresponding correlation function

of Gaussian white noise.

~



2. The odd order autocorrelation functions are identically

equal to zero, viz.

e( cl'c o-.;‘c ) =0 all k)l.

: 2’ 2k+1
These correlations are identically equal to the corresponding

correlations of Gaussian white noise.

3. Over one period, the 4th order autocorrelation function

o( 'cl, Ty T R '04) assumes its maximum value at .= T

1 2:@ =’c4=

3
and has the property -

2
0(0,0, €3 =7T,) = 36(0, 0, 0, 0) (o5 =%, #0)

Further, throughout the ( ¢, ﬁ-cj fFor i # j, ¥ £1i,j £ 4 )-space,
6(-&1, Ty T3, Ty ) is identically equal to zero except for

a relatively small number of 'anomolous' regions of size 8t03 ’
where it varies from zero to either of the values +6(0, 0,0,0)/3.
Al so these anamolous regions are fairly uniformly distributed

in the (t:l;é'cz;é’cs,é'c4 ) - space.

Thus, tﬁe tefnary periddic signals have second, third -
and fourth order autocorrelatién functions approximating to
corresponding correlations of Gaussian white noise,
Consequently, they are suitable forlthe measurement of the
kernels of nonlinear system that can be characterized by only
the first three Wiener functionals. Equivalently, these signals

are suitable for the measurement of the kernels hi('b) and



hz("c1 , cz) of nonlinear systems represented by the input/

output Volterra relation 3

T
R s
yi{t) = / 1 hl( 2) x(t- v)at
o

Ts Ts .

2 2 ,
v JF Tl ) x e x(e- v e,
ve.{5.21)

where x(t) is the input signal and y(t) is the output signal.

Using the properties of ternary signal stated earlier,
the follé{ving equations may be written :
1 T
h (=) = / x(t - @) y(t)at
2.3% (e )2

o

and
e oll=2 3
[8 «3 (£)" hyle), ©,) +
T .
contribution from+« _
anamolusg regions ]“ 0/ X(t"cl) "(t"""z’ y{t)at

€ £y,

cee  eee (5.22)

To avoid the anamolous regions of O( 'cl, tz, ﬁ3, 't:4),

Hooper and Gyftopoulous have used ternary chain. of period

T = 100T, , T, = settling time of 2nd order kernel. However,
2 2
the first order kernel hl is well-identified with T = 2T

s t4
1
T s. = settling time of the first order kernel.

1



However, because of the anamolous regions,
o <y {"2' <5, 't:4) is not a good approximation to the
corresponding correlation of Gaussian white noise. Similar
'anamolies' were also observed by Simpson (1966) in the
fourth order autocorrelation functions of pseudorandom
signals based on binary n-sequences (i.e. inverse repeat

sequences formed from binary m-sequences).

Recently Ream (1970) has investigated these anamolies
and has given a complete formal solution of the Wiener
approximation problem for the case when the input is a
ternary or an inverse repeat‘binary m-sequence, concluding
that these sequences do not effectively identify kernels

of order greater than two.

Barker et al (1970) have shown that this observed
behaviour is neither anamolous nor confined to only the
cases of modulo-2 and modulo-3 m-sequence signals, but is
the characteristic of the higher order autocorrelation
functions of all pseudorandom signals based. on m- sequences.
More recently, Barker et al (1972) have also derived
criteria of performance of inverse repeat pseudorandom signals
based on binary, ternary, and quinary m-sequences for the

identification of second order Volterra kernels.



5.3.2 Measurement of the linear kernel in the presence of

system nonlinearities

Thid sub-section is meant to discuss some of the ideas
which have been explored and developed to identify the

linear approximant to a nonlinear system.,

(A) Preliminaries in the linear kernel identification

Whenever the linear kernel must be measured iﬁ the
presence of system nonlinearities, two basic considerations
influence the amplitude of the test signal (i.e, the
severity of the perturbation ). On the one hand, it is
desirable that the signal be strong enocugh so that the ;
system response due to the input signal be large comparea
with inherent noise fluctuations in the output. On the other
hand, it is desirable to keep the perturbation level small
S0 as to avoide large changes in the output that might tgke
the system outside the linear range, thereby invalidating
‘the assumed mathematical model. It is evident that if the
input is such that the crosscorrelation function between
input and output is relatively insensitive to the system
nonlinearities, then such a signal permits greater latitude

in the choice of level to be used.

The manner in which a crosscorrelation experiment is

influenced by system nonlinearities is seen from eqn. (5.12)



rewritten below for convenience :
T

T
n 5. S,
- 3 .
Byt = = [ [ (e e el x
- o 4ty

1’ .;tj)

d“ﬁl..d‘bj

where 6('c1,..;cj) is the jth order autocorrelation function

of the test input x(t).

The first term in(the expansion is the convolﬁtion of
the linear kernel with the second order autocorrelation function
of x(t). Higher order terms involve other system kernels and
higher order correlation functions of the input. In measuring
the linear kernel, it is necessary to choose x(t) so that all
of these higher order terms together contribute negligib&f to
qu.(5.12). This is generally done by limiting the amplitude

of the perturbation signal x(t).

- e wmk sEN M e T e GWR Mes M SR MW M W R W e eme e L )

Without reference to the Volterra series expansion,
Gardiner (1966,1967, 1968) described a method of determining
the linear kernel of'a system with an amplitude nonlinearity
of the form -

Y= a;x+ a2x2 + aaxg + a4xg cse .o (5.23)
where x is the input to the nonlinearity and y is the 6utput

of the nonlinearity, and ajr/ay,ay and a, are constants,



Using different gmplitude pseudorandom binary signals,
Gardiner has shown that by performing four seperate cross-
correlation exﬁeriments, terms inv&lving the second, third
and fourth terms on the right hand side of egn. (5.23) can be
éliminated ana the impulse response of the linear channel tprough
the System can be determined, The‘methoa was illustrated by
determining the impulse response of the linear channel of a
computer -~ simulated system, considering the case of the
amplitudevnonlinearity preceded and followed by a linear

filter.

Recenﬁly-Economakos,(1971) considered the generalized
view of Gardiner for linear kernel identification. The block-
diagram of the scheme used by Bconomakos and Gardiner is shown
in Fig.(5.2). For this system -

+00
w(t) = [y f(t - dau ... (5.24)
" —~o0
since the nonlinear element considered in this scheme has a

power law characteristic,

() = = (())n
yit) = = ; '(t
ne1 BY

where +00
y'(t) = ~.oo/ h( e,) =x(t- e,)d T ... .ee (5.25)
Hence w(t) can be written as -
40 0o n
cwle) = f [zifl a, {h(w)) x(t-v)azd I it - v

ees  (5.26)
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Truncating the series at some value and performing
crosscorrelations of w(t) with aifferent amplitude
pseudorandom binary signals, it is possible to extract wl(t)
the first term in the expansion and hence the linear kernel

hl(t).

WS e e ap ww e e wmy e o -

Recently, Simpson and Power (1972) have brought the
Gardiner's scheme into the‘general framework based on

Volterra series., As they state, since ©, in eqn. (5.26) is a

1
dumm& variable that appears on integration, the typical temm
in the eqn. (5.26) can be represented by the product of n
similar integrals in terms of the variables ©;, T, «.,Ty. &S
limits of integration on these variables are independent, it
is possible to collect them into a singie multiple integral

and write y(t) in egn. (5.25) as -

w 400 +00 ) QO
vie) = nfl a, [ .- [ n 'Cl)f' hi ) flx(t"'ﬁk) de,
‘ -0 -00
= YI(t) + Yz(t) + L 4 + Yn(t) "‘“ L ) . (5.27)

Recalling the general Volterra series expansion stated
in eqn.(5.2), it is easy to see that the typical term Y, (t) in
eqgn. (5.27) corresponds to the nth term of the Volterra series,

*  but for the fact that the kernels are now seperable.



(D) Improvements on Gardiner's_scheme suggested by Godfrey

- W e S ses W Wm m me  wm e e e e — - o wn™ am ww we et wn

Godfrey (1966) has discussed the identification problem
of nénlinear systems and suggested that two out of the four
crosscorrelation experiments,needed in Gardiner's method to
extract the linear kernel,can be eliminated by using a 3-level
m-sequence signal. This is evident by virtue of the anti-
symmetric property of the ternary signal. Godfrey also
suggested that the instrumentatidn difficulties associated
with the uée of 3-level sigﬁals can be overcome by using the
binary n-sequences which have the same antisymmetric property

and are of only two levels.

P L T T TR I B =
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Subsequently, a number of crosscorrelation experiments
have been gonducted for obtaining the linear kernel using
the nonfzgémetric pseudorandom binary signals (PRBS) and the
antisymmetric pseudorandom signals to examine the superiority

of one class of signals over the other,

It has been shown (Buckner, 1970) that an‘ahtisymmetric
signal eliminates the even;nﬁmbered terms from a Volterra
expansion when either a Fourier - or crosscorrelation analysis
is performed on the system output. In fact, it can be readily

seen that for an antisymmetric signal, the value of the integral
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{ of the form -~

1 T .
[+

is iaenticglly zero, regardless of the values of tl,@z,..fbn
when n is odd. This fact was demonstrated by Hooper and
thtopoulbs (1967) for pseudorandom ternary m-sequence signals.
Rydin and Hooper (1969) have performed simulated crosscorrelation
measurements which show that tests with pseudorandom ternary
sequences (antisymmetrié) gave estimates of the linear kernel
which were better than estimates obtained with pseudorandom
binary sequences (non-antisymmetric) in the nonlinear systems

they considered.

Since antisymmetry is easily obtained and since it has
the potential for reducing errors in the test results, this
type of signal is preferred over nonantisymmetric signals for
general use., In this connection, the instrumentation
difficulties can be overcome by using. pseudorandom binary
n-sequences signals which are also antisymmetric and relatively
easily generated because only two signal levels are required. Thu:
the n-sequences formed by inverting every alternative digit
of a pseudorandom binary m-sequence tend to circumvent some of

the problems encountered in using pseudorandom signals in

system identification.
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The other researches on linear kernel measurenent, without
referring to Volterra series include those of Brown (1969, 1970)

and of Sinipson and Power (1970, 1970) =

Since the implementation of Gardiner's method of correcting
the effect of nonlinearities requires atleast two independent
crosscorrelation gxperiments, it is found to be unsuitable in
applications where drift is a problem. Brown (1969) presented
a correlation method to estimate the linear kernel which
requires only one crosscorrelation considering the system of
Fig.(5.3) whereby perturbation signal x(t) is a 4-level sequence
derived from a 2-level binary sequence s(t) and a signal £(t)

where £(t) is periodic of period 4 and is defined over any

period by -
E(t; +i4) = F.a, 0 < t <72
1/ 1 and ‘a) 1 2
Y A
= -a,?':?' < €y «EA-'Z-Z-

A ': A
= - b <

considering a cubic nonlinearity Brown showed that by proper

choice of § and % the crosscorrelation becomes insensitive

to the nonlinear path and hence yields the impulse response of

the linear portion H('%).



By modifying the 4-level signal used in Brown's scheme,
Power and Simpson (1970) have shown that it is possible to
identify both the linear portions of the system of Fig.(5.3)
and obtain the impulse responses h( €) and g( ) under the
assumption that the linear portions have low - pass filter
characteristic allowing the output to be almost periodic.
Simpson and Power, subsequently, have also brough; forward a
generalized method for identification of a system of the type
shown in Fig., (5.3) by expressing the output of the nonlinearity

gs the sum of the outputs due to odd and even components.

LI e i I e T wm S o e am e e m m e e e

I T T

e G e e e w wee e e e e e e e e e s mee

Simpson has shown that the application of certain types
of high frequency sigﬁals (dither) permits either linearization
or total elimination of nonlinear channels in open and closed -
loop systems. Under such conditions the linear portions of the
system can be identified by the crosscorrelation techniques,

The method is based upon the concept of equivalent nonlinearity

as explained in brief below :

v

The basic open-loop system is shown in Fig. (5.4) whereby test
signal W is assumed to have a spectrum containing significant
components only upto the frequency'ws < <wWy, where Wa is the

angular frequency of the fundamental combonent of a high frequency

signal, termmed as dither.
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.The output of the nonlinear element contains, in
general, frequency components at all possible sums and
differences of Wy and Wye The spectrum for a pseudorandom
binary signal and triangular dither are shown in Fig. (5.4).
Provided Wg - kws > kws, y can be split up into two
portions Y, and y,. In case,the cutoff frequency of G(s)

is less than Wy - kw_, ¥, makes no contribution to the

s
output. Since ¥y contains frequency components derived from
those of signal W, y could be obtained by passing W through
some suitable nonlinear element feq(.), which is termed as

'equivalent nonlinearity’'.

Fig.(5.5) shows some usual nonlinearities and their
equivalents as observed by Simpson using triangular and
square wave dithers. As seen, whereas the triangular dither
linearises tﬁe nonlinearity, the square wave dither eliminates

the nonlinear channel.

Once the linearisation is achieved, the identification
problem then becomes merely an impulse response measurement,
which may be obtained using a pseudorandom binary signal as
test perturbation and crosscorrelating the corresponding
response with delayed versions of the perturbation.

The method is simple and easf to implement and obtain

good measurements. However, all nonlinearities cannot be by

injecting a high frequency signal.



5.3.3 Some remarks on the presently available crosscorrelation

schemes for nonlinear system identification

The development of crosscorrelation art for the measurement
of Volterra kernels of nonlinear systems is discussed in the
preceding sub-section and the salient features of these
schemes are pointed out.Cpncernind these schemes some points

worthy of mention at this juncture are in orders

So far, mainly the identification problem has been
considered only of those nonlinear systems which can be represented
by the Volterra functional series expansion as stated in
egn. (5.2)., However, the Volterra expansion was taken to objection
on the basis that, with most systems, a differentialfequation
description has more physical meaning than 'an integral equation.
But, against this there is the fact that systems are rarely
described accurately by low order éifferential equation, linear
or nonlinear, and that the natural expression of correlation
analysis is in integral form, Hence, there seems to be some
justification for using Volterra series as a means of describing
nonlinear systems. Indeed, Sandberg (1966) and Stark (1969)
have presented the measurement of the first - and seconé order
Volterra kernels for the nonlinear control system of the pupil
of the eye. The discussion in these papers helps understanding
~ on how to measure the Volterra kernels. Furthermore, the
convergence oi the Volterra series has been jusﬁified in the

studies of Barrett (1965) and of Bansal (1969).



The test input signals considered in the currently used
correlation schemes belong to one of the following groups -
(é) Pseudorandom binary signals based on m-sequences (PRBS)
(b) Pseudorandom ternary signals based on m-sequences (PRTS)
(c) Pseudorandom inverse repeat - or n-sequences.
(d) Four level signals derived from two level signals.
(e) Pseudorandom binary signals in association with high
frequency signals (dither).
The relative advantages and drawbacks of the use of these
signals in correlation method of nonlinear system identification

may be stated as under :

(a) Pseudorandom binary signals (PRBS) have proven value
for impulse response testing of linearized systems. They are
quite easy to generate and process through the system. But
their higher order autocorrelation function properties are not
in close agreement with those of Gaussian white noise. These
signals do not possess the antisymmetric property and: hence
cannot effectively discriminate against nonlinear contamination
in the measurement of the linear kernel of a nonlinear system.

(b) The pseudorandom ternary signals (PRTS) have the chief
advantage that they are antisymmetric and therefore discriminate
against nonlinear contamination. Good measuremenfs of the non-

linear system dynamics are obtained using the signal as test



perturbation. Indeed, the linear approximant of a nonlinear

system can be well identified with the ternary signals.

The ternary chains have their second - ,third - and
fourth order autocorrelation function approximating to thpse
of Gaussian white noisge and hence can be used to‘identify
the first and second order Volterra kernels of é nonlinear

system with reasonable accuracy.

However, anamolous regions exist for the fourth order
autocorrelation function of the térnary m-sequence signal and
so to obtain good measurements, it is necessary that this
ternary chain period be about a hundred times more than the

second order kernel settling time i(i.e;}T = 100 TS ).
2

another serious disadvantage is the difficulty of achieving

three repeatable input levels with nomal input hardware.

{c) Pseudorandom inverse repeat - or n-sequences can be
generated by reversing every other bit of a PRBS, These
sequences have twice the number of bits as the original PRBS.
These sequences offer definite advantages over both the
pseudorandom binary - and ternary sequences because they are
antisymmeéricﬁand relatively easy to generate since only two
signal levels are required. Thus n-sequences tend to circumvent
‘some of the problems encountered in using pseudorandom signals

in system identification.
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(d) The 4-level signal derived from a 2-level binary
signal in association with another periodic signal has proved
to Ee of considerable importancé in situations where drift
is a problem because of its ability in making the correlator
output insensitive to a nonlinear input-output path, formed
from a zero memory nonlinearity followed by linear dynamics,
in just one crosscorrelation only as against a minimum of

two with other pseudorandom signals.

But injecting as well as'correctly generating the
4—le§el signal is not so easy as with binary signal. Further
use of this 4-level signal has so far been congsidered to
identify only the linear channel of a nonlinear system and
for its use in the measurement of higher order kernels, the
higher order autocorrelation function properties of this

signal are yet to be examined.

(e) The application of a high, frequency signal (dither)
to certain nonlinearities can change the effective characteristi
of the nonlinear element in the system. The dither may either
permit linearization or elimination of the nonlinear channels
in certain open and closed-loop systems. Under these conditions
" the linear portions can be identified by impulse response
techniques employing pseudorandom binary sequeﬁce as test
perturbation. Hence this technique of dither injection can

serve as a useful tool in system identification.



However, it should be ﬁoted that only certain types of
nonlinearities are effectively linearised by dither injection,
but not all. For instance, the cubic and dead-zone type of
nonlinearities are not completely linearised by dither injection,
although some linearisation is achieved. .

It is, therefore, evident that there exists need for
further work to obtain quick as well as better estimates of
nonlinear system dynamics. The further work may be undertazken
along the‘following directions s

(1) By effecting suitable transformations on the known
test signals, a thorough search may be made for suitable system
perturbations with desired correlation properties.

(2) The very pattern of crosscorrelation technique of
system testing may be changed so that signals, which have‘
proven value in system testing but for their lack of higher
order correlation properties, may be effectively used to
obtain reasonable estimates df the dynamics.

(3) It is also worthwhile considering the use of two or
more principles exposed together rather than trying to f£ind
solution using the ideas independently.

(4) so far possible, interest may be confined to developing
2-level signals to retain the many advantages they offer in the
correlation analysis of system dynamics.

In accordance with the above lines, some new correlation

schemes are presented for nonlinear system identification in the
next section.



5.4 SOME NEW CROSSCORRELATION SCHEMES FOR NONLINEAR SYSTEM
IDENTIFICATION ’

In this section, some crosscorrelation schemes are presented
for effective identification of a nonlinear system characterized
by the first and the second Volterra kernels. It is shown that
by means of this new correlation patterns, it is possible to
effectively identify the first and second Volterra kernels using
binary test inputs. As will be seen, the correlation time for the
second kernel measurement is considerably reduced by this approach

as compared to the methods in current use.

5.4,1 A new correlation method of system dynamic testing

S.4.1.1 The Theoretical considerations
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According to Volterra (1920, 1958), the response y(t) of a
time invariant system of a very general type toran input x(t) may
be represented by the following series of functionals.o

@ 0 ‘
yft) = rf"—'l _0{)‘ e S /h (T eeety) ‘I‘T1 x(t ~e)ae ... (5.28)
where hn(-cl,nz,..;tn ) is the nth order Volterra kernel of the

system. Each of the kernels h hz.h3... is the characteristics of

1l
the system. Hence the set of kernels hn characterises the nonlinear
system. Thus the identification problem of the nonlinear system

consists of extracting these kernels from the input-output data.



In the conventional crosscorrelation schemes, the
method adopted for obtaining the nth order system kernel
is to perturb the system with a test signal x(t) and cross-
correlate the corresponding response signal y(t) with n
delayed versions of the input signal x(t). The correlator
output will then yield the system kernel hn provided the
input signal x(t) has its autocorrelation function properties
apﬁroxhnating closely to those of Gaussian white noise. The
less is the approximation of correlation properties of x(t)
to Gaussian noise, the more is the error in the kernel
measurement. Thus, the key to the quality of measurement of
the kernel by conventional appfoach is the closeness in
approximation of the test signal autocorrelation properties

to those of Gaussian qhite noise,

The above conventional correlation methods is, however,
not preferable in situations where a test signal has all the
‘desired properties for its use as system perturbation except
that its higher order autocorrelations do not effectively
agree with those of Gaussian white noise. To open the seal
on the use of such test signals, it is necessary to adopt a

new correlation pattern of system dynamic testing,

Furthermore, the conventional correlation method is not

the only way for measuring éhe system dynamics.



When the system test perturbation x(t) does not possess
the desired autocorrelation function properties so as to
permit the use of conventioﬁal approach effectively, the
system dynamics can still be measured provided the response
signal y(t) is crosscorrelated with the delayed version of
anothei signal, say xl(t), provided the crosscorrelation
fﬁnction properties between x(t) and xl(t) closely approximate

to the autocorrelation properties of Gaussian white noise.

Th;s new correlation pattern of nonlinear system testing
is depicted in Fig.(5.6). As shown, the system is perﬁurbed
with the signal x(t) but the corresponding response y(t) is
crosscorrelated with the delayed versions of another signal

xl(t) instead of with the delayed lines of the perturbation x(t).

By introducing this change into tﬁe pattern of cross-
correlation testing, what is effectively done is that the
correlator output ﬁxly( ?) is made to depend not solely on
the correlation properties of perturbation signal x(t), but
on the correlation properties of both the perturbation signal
x(t) and the signal xi(t),used for crosscorrelation with y(t).
Specifically, in this new method the correlator output
depends on the crosscorrelation function properties between the

signals x(t) and xl(t). So much so the quality of measured

system kernels is based on how closely :the crosscorrelation
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function properties between x(t) and xl(t) approximate to
the corresponding autocorrelation properties of Gaussian

white noise.

Thus, in the new approach the nonlinear identifiéation
problem is one of finding suitable pairs of signals x(t)
and»xl(t) with desired crosscorrelation between them. Herein
lies a potential advantage of the new correlation pattern
over the conventional counterpart. In this new approach,
since two siénals are involved { x(t) and xllt) ) it is
possible to compensate for any drawbacks in the properties
of one signal with the proper choice of the other signal.
Such a possibility does not exist in the conventional
correlation method. Furthermore, in case a pair of binary
signals can be found with required crosscorrelations, all
the advantages associated with the use of binary signals
can be retained. Some striking advantages that can be gained
by employing binary signals in dynamic testing are listed

below.

t

(1) Two-level signals offer the possibility of easing
or eliminating the equipment problems and of reducing the
test duration. The delay of such signals is considerably
easier and can be achieved with one of the available digital

storage devices.



2. In many systems, it is possible for normal system
hardware to introduce suitable binary perturbations for the

test with easge.

3. Furthermore, a binary signal contains the maximum
energy for a given peak value. Thus it is possible to obtain the
greatest output signal to noise ratio for a given degrge of
system disturbance. This is important as the normal operation

of the system under test is not to be disturbed.

4, The multiplication operation is much easier to mechani se

because the binary signal reduces it to a simple gating operation.

S. Experiences with binary signal in the measurement of
transfer functions of linearised systems suggest that the effort
and cost is small enough to Jjustify routine dynamic tests in many

industrial processes.

Now, recalling the general Volterra expansion of a nonlinear
system, the output y(t) to the test imput x(t) is written as —
TS1 / Tsz Tsz
Y,(t)' = 0/’ hl(u)‘ x(t - u) du + of o/ hy(u,, u,).
x(t—-ul) x(t-uz)dulduz
+higher order functionals.. (5. 29)
where TS and TS ate, respectively, the settling times of the

1 2

first - and the second Volterra kernels hl and hz.
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In ‘situations where the nonlinegr element of the system
permits to truncate the functional series at the 2nd term of
where a higher frequency signal (dither) is in jected into the
system to effectively eliminate the higher order functionals,

the input-output Volterra relation maﬁ? be simplified to read -
T T T

s s s
yie) = [ 1 hl(u) x(t - u) au+ S 2 / 2 hz(ul,uz)
o o o

x(t - ul) x(t - 1::2)&1.11:.311.:Z
e s e (5. 30)

The new crosscorrelation scheme for the measurement of the

kernels h1 and h2 are shown in Fig. (5.6). The correlator outputs

in the respective schemes may be written as -

T T T
S S S
. 1 2 2
Pyl ®) = of h, (u) ﬂxcxp(c,u)du + o/ o/’ hy(u,,u,)
, ﬂ"cxpxp st,ul,uz)dulduz. . (5.31)
and T ‘
p / s, - )
xcxcy(cl’)cz) = o hlm) ﬂxcxéxp(ti'tru)du

T

T
s s
2 2
+f f h (u,,u,) 4 (z,,t,,u,,u.)du.du
o ° 27172 xcxcxpxp 1’72712 1772

\

cee. (5,32)
whereby '

T
g =21 - -
xcoo c:xpo.xp T / xc(t tl)ooxc(t tj).xp(t—ul)..xp(t-—u:k)dt ‘

o
3 k times
times

is the higher-order crosscorrelation function between xc(t) and xp(t) .



as eqns. (5.31) and (5,32) indicate, it is the cross-

" correlation function properties between the signals §§t) and
xg(t) that should facilitate the possibility of identifying

the syste& kernels. In what follows, it”is shown that a pseudo-
random binary signal enda transforme@ version of it possess the
desired crosscorrelagtion and hence permit accurate measurement
of the system kernels. The correlation properties between a PRBS
and its transformed version are derived in Section(5.4.1.2). The

kernel measurement procedures are presented in Section (5.4.1,3).

5.4.1.2 QAuto- and crosscorrelation properties between a
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Let §faj be an m-sequence of +1s and -1s and {bj} be the
same sequence in which -1s have been replaced by 0Os. Let the
continuous version of the sequence iaii be represented by x(t),
and that of the sequence {bi} be represented by xl(t). Hence,,
x(t) is a pseudorandom binary signal and xl(t) is its transformed
version. It is of present interest to consider the correlation

properties between these two signals.

The crosscorrelation function of order 'jk' between the

signals % (t) and x(t) is deflned by -

éb&”.lfx..ux) T /let).Jx tf(*ﬁ)(*uﬁdt
j times k times ee. (5.33)

Since, x(t) and xi(t) are constant in any basic interval (te)’

X eeX) 7 KX is linear in anY'ﬁj

rt ¢t or u $(r+1)t and the sampled function ﬁb

or u, ip any interval
«sDra..a is

therefore sufficient to define the continuous functlon [} .
Xﬁ"xi Xe o X



Moreover,

2 RTTPE T PN ‘rl"‘rj’sl'"ﬁ:)

j times k times

X

T
= % /’ (xi‘rlto)(xl“rzto)"’(xﬁ'rjto)
o
. (stlto)Cszzto)...(x+skto) dat
gt
TN o Pier tPip e ’bi-rj) ‘a1 s - ai-‘sz’ 2yg )

it

¢:b...-.b'; a o.o-a(rl'..rj'sl...sl{)‘... (5033)
j times k times

Whereby ﬂb bsa...a is the crosscorrelation function of order'jk°’
between the sequences {b;t and fa;3 , which is therefore
sufficient to define @ everywhere.

Xlooox17XQoox

Similar reasoning is valid for the hlgher order auto-
correlation functions of the signals x(t) and X, (t). For instance,

the jth order autocorrelation function of xl(t) is written as

T A
1
¢ (r ,.‘,r ;| e - £ —
KyeeoX; 1 P =7 [x T18e) x(t-ryt )enx, (t-rit ) at
j times ° \
172 e )
N b «eb
N oo i-r, "i-r, Ty

ﬁb o'otb(rl'..rj) s e X (5.34)
j times



Likewise, the k-ith order autocorrelation function of x(t) is

written as -

T
1
ﬂx vee .x(slo XY sk) L= ".i" /.X(t-slto) x(t—-szto) og-x(t—skto) dt
k times o
N-1

= T (a, . a > oo dy )
N i=0 ::.—s1 1-32 J.--sk

=¢a.'..‘a (Sl,..;sk) ees ces (5o35)
k times
The auto- and crosscorrelation functions of‘the sequences
ia;% and §b;} (equivalently of the signals x(t) and x; (€} ),
that are of present interest in the measurement of the first -

and second kernels, are derived below.

(A) Second order autocorrelation function of ia;}

i B I gt

fa;t is an m-sequence of period N digits with elements #1,

It has the shift and add property over modulo-2, i.e,

1a;8 8 Fa .t = fa;,.t «es  (mod-2 addition)
where 41 ¢ s, t ¢ N - 1.
| The second order autocorrelation function of the sequence
faii over one period ( in accordance with the notation stated
earlier ) is defined by -

g (s,s) =1 3
5,,8 =33 £ a, 8 es e 1 £ s,.,8, £ N-1
‘aa 1’72 N i=0 1-31 i-s, 1'72
= 1' For 81 L Sz = 0 =

='-'-1/N for Sl‘- 82%00 LI ceoee (5036)
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By definition, the third order autocorrelation function

of §aiz is written as -

N-1

i

g (81,82.83) = i (a . A « a ) 1¢48,,8,,8,£N~1
“aaa N i-s i-3 1-33 ! 172’73

1 2

oy
I
@

X Provided any two shifted versions
= 1, Y of ja;} exactly produce the third

shifted version.
Excluding the above condition,

N-1

8 (s,,s.,, 8,) = 15 (a*® )
1’ °2' =23 . a s . a-_ ’
aaa N =0 .1 sq i s3

#here {ag} is the binary conjugate of fa;3 ; i.e. replacing

#1s in fa;3 by zls gives fa*;# , and 0 < q € N-1

Hence,

i

2

; for q # S5 }
{ eee  ee. (5.37)
X

= =1, for g = Sy

(C) Second order autocorrelation function of transformed
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The sequence {b;} is obtained by replacing -1s in {aj}

by Os. Therefore, we may write -
- 1 P
ibi} =3 [fai? * 5eifJ .o ese (5.38)

where {ei} is an 'all-ONE' sequence,
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The second order autocorrelation function of ibi}

( in accordance with notation stated earlier ) is given by -
N-1

1

' i=0 1 2
Utilizing equ. (5.38) leads to -
B (r.r) = 4 5
bb'F1’F2’ = 73 i: (ai—rl + ei—rl)(ai—r2+ei—r2)
1 N-1
“@ F [ @y r -2 0 ) * fag )+ (ag_r )% (e;)]
1 N2
- Z [ﬁaa(rll rz) * T' oo sse (5¢39)

since iei} is merely an ‘'all-one! sequence.

Hence,
N+1
g..(r.,r) = —= for r, = r X
bh - .
el e 1 2 N .. ... (5.40)
N+l X
= I e for r #£ r, X

. Typical secénd order autocorrelation function of sequences iaf
and §b;} are depicted in Fig.(5.7). &s the figure shows, the
autocorrelation function of the transformed sequence has a positive
bias as against the negative bias present in that of original
pseudorandom sequence §ai} . Further , the peak value in case

of ibi} is reduced as compared to the value 1 in case of ;aﬁ-.



By definition, the third order autocorrelation function

of ibt is written as - ( over one period )

N-1
1 .
¢ (r r X, r) = - E (b . b . D. )
bbb'"1 2 3 N i=0 i-.rl «i—rz i-r,
p ol
= = E(b, _) ) for r r,
N i=0 1.-1:':L X . 1 2 N31
€ r ,r.,r., £ Na
N1 § 1 %27 T3
T 2N X
N-1
=%z(b. . b, ) X for r.=r ;érs
i=0 :L-—rl 1-r3 % 172
N + 1 X
T 4N X
p N1 X
i=0 1 2 x
x LI Y (5-41)
= N % ] / 4N X

- Whereby egns. (5.38) and (5.40) are made use of.

(E) The crosscorrelation functions between ibil and iaii

TS e e e e e e M e e e e e e o e e

By definition, the crosscorrelation function between

fbj} and iai% of order j = 1, k = 1 is written as -

1 N-1
g, (r.,s) == = (p. .oa, _) _
ba'"1’"1 N = i-r° i-s, 1« ryr8; ¢ N-1
1 N...l ( )
T m— P a. + a . a
2N j= 3.—:1 1-::1 J.-sl
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Hence,

. . + a.
i=r. *%i-g o )

g (r.,s,) ==
ba ' "1’'"1 2N i=0 1 1 1

1 1

= "5 [ﬁaa(rl’ Sl) + ﬁ]

(N+1) /28 - forr, =s, [
1 1 §

;'.‘ > e0 ¥ (5‘42)
0 for r, £ s

1 :
whereby the values of ﬁaa are substituted from egn. (5.34).

A typical crosscorrelation function ﬁba‘is shown in Fig. (5.7)

(F) The crosscorrelation qucEl?E.ﬁbaa(rl'sl’sz)

As will be seen in the following sub-sgection, this croasscorrelation
function ﬁbaa is encountered in the measurement of both the first
order - and second order Volterra kernels. Specifically, of

particular interest in the first order kernel measurement are the

and s

values of the function ﬁbaa(rl’sl'sz) as a function of s over

1 2
the grid (sl,sz) for fixed value of r. Similarly, in the measurement
of the 2nd order Volterra kernel, values of ﬁbaa(rl,sl,sz) as a
function of r1 for fixed values of (sl,sz) is of main consideration.
Because of its importance, this function will be considered in some

detail as follows -

By definition, the crosscorrelation function betweeniaf-andibf
of order 'jk' with j=1 and k=2 is given by -

g _(r ) 1 21 ( )
b 1IS lsz = -~ ': b‘__ . a-“ . @ -
‘ aa 1 N i=0 i r1 1 s1 i s,
L ). ( )
== z (a, 4+ a, . la; -3
2N i=0 1-%; i-r, i-8," "i-3, ,



N+ N+T N+l
2N 2N 2N
I
] t
Jz0 g=N d=2N

FIG. 5-7 CROSS -CORRELATION FUNCTION

-———¢ba 4”’;"51)




Hence, .
_ 1
= i { 1 4+ 1) for s, = 8 any r
2 ' N 51 27 @Y Iy
=1 . 1_1, -
=5(§-§)=0, forr, =s ors,
but s, # s,
=3-1-%) 1
2 N X
OR X for r, # 8, # S,
0 X ... (5.43)
It is of interest to find the values of (51,32) for sy # S,

. : 1 1
over which the function ﬁbaa assumes the value 2(-1 - N ) or

equivalently over which the function ¢aaa is assigned the value -1.

Clearly, this happens when the product of the two sequences
with shifts s, and s, produces the binary conjugate of the

remaining shifted version of the m-sequence {aii, i.e. when .

- ¥
531,513 . ;ai,sg = fia i—ri (Star represents

This relation when translated into a delay equation

appears as -

s S r
o1, D23 = (L=

Since the binary multiplication is just the negative of

modulo-2 operation, the above relation may be expressed as -

S s r
pl! 9 D2 = pl

Thus the problem is to find the set of values of (81’32)

for which the above equation is valid, over the region

0 <r, 8;, 8, § N -1 for r, # s, ﬁ.SZ'



To begin with, r, can be assigned any value in the region

1

0 to N-1. and for a chosen r., s, assumes any of the values in

R |
the same region, excepting the selected value of rl. Similarly,

for given r, and 84, S, can have any of the possible values in

and s..

the same region, excluding those of r1 1

The total number of the possible sets of r without

1° 51 52
any constraint in the szid region equals N3. Of these N? sets,
from the statement of the above paragraph, only N(N-1) (N-2)

number of sets correspond to the case of r, # s; # Sye

Now, a binary m-sequence of period N equal to 2”1, n = integer,
genérates all possible non-zero n-digit numbers in the range

1 to 2"-1. Consequently, in the m-sequence, there are gél pairs

of n-bit numbers that are conjugate of each other.

As a result of the above property, in one period of igﬁ '

with the value of rl fixed, for each value of slithere is

exactly one value of s, for which -
s s r
1 2 1
D @& D =
D -, (r1 # s, # s,)
_ 8ince, rl can have N possible values, and for a given rl, s1
can have only (N-1) values, there are.only N(N-1) number of sets

of rl,-sl,s2 which satisfy the above delay equation and thus

assign the value -1 to ﬁaa

a °F equivalently the value %(-1-% ) to

the desired crosscorrelation function ﬁbaa(rl}sl,sz).



To find these N(N-1) sets of (rl,s sz) referred to before,

1*
the following procedure is adopted -

Step 1 3 Write all the N phase shifted versionsof the .
m-sequence fa;} starting with the N distinct starting phases,
and consider the first sequence {a;t as the reference sequence.

- Step 2 s Select any one of these N shifted versions of the
m-sequence, sayfai_fa.and thus fix the value of r;-
_rz, from the rgmaining
set of N-1 phase shifted versions of fagb o find the pairs of

Step 3 : Excluding the sequenceféi

sequences {ay i andiai_sz , which add up in the modulo-2 sense
to that offai_ra. This can be done with ease by mod-2 adding
the first n digits of any two sequences in the set of K-l
sequences, and comparing the resulting n-digit number with the

first n digits of the sequence iai_r} . For each chosen value
1

of rl, ignoring the order of occurance of s

(N-1)/2 pairs of (Sl’sz)'

and s there are

1 2’
It is these distinct pairs of sl,sz,in the case of rf£5f£sz,'

that make the function ﬁbaa to assume the value % (-1 - % ).

From eqn.(5.44), it is evident that the values of (sy,s,) for
given rl depend on the characteristic delay polynomial governing
the m-sequence. ( See example 5.1 and 5.2 )

In finding the pairs (sl,sz), it is necessary to follow the
step No.3 for only one value of r,,say for r1=0. and, for any other
value of r, = Ri(say), the vglues of (sl,sz) are obtained by simply

adding the value R, to the values of (sl,sz) obtained in case of
r1=0 and reducing the resulting values over mod-N. -
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The correlation fgnctlon ¢baa(r1,sl,sz) over the region
0 to N-1 (i.e. over one period of the m-sequence iaj} ) is seen
to assume values as under :

(i) ﬁbaa exhibits its positive spikes for s,=s,, independent

of all rl.
The amplitude of the positive spike = % (1 + % )
The number of the positive spikes = N% ... cos (5.45)

(i) ﬁb;a exhibits its negative spikes for some sets §f
values of (r,#s,#s,) | J
The amplitude of the negative spike = - %(1 + %)
The number of the negative spikes = N(N-1) ... ... (5.46)
The exact location of fhe negative spikes can be determined
in accordance with the steps outlined on page 454. Further, the
location of these negative spikes depends on the particular

characteristic delay polynomial generating the m-sequence.
(iii) ﬁbaa assumes the value 'zero' in two cases 3

(i) For r, = s, or s,, 5 # s,
(ii) For some values of the sets (ri#slfsz)

The number of (r1 = g, or 32) - sets for s, £ s, = 2N(N~1)

1 2
cee (5.47)
The number of (rlﬂslﬁsz) sets over which ﬂbaa is zero
= (Total No. of rf£8f£8 set s) _
- (No. of rf£51=sb sets which make the function
ﬁbaa~aSSWne its negative spike )
=[N(N-1) (N-2) - N(N-1)] = N(N-1)(N-3) ... (5.48)



To clear the course of analysis and to show the dependence
of the location of negative spikes of the function ﬁbaa on the

the

characteristic delay polynomial of the m-sequence {a;} ,

correlation function is illustrated by two examples below. These
examples will be particularly referred in the following sub-
section, where the measurement procedures fo; obtaining the
Volterra kernels by means of the new correlation pattern of

system testing is presented.

Example 5.1

Here, the expression for the function ﬁbaa stated in
egn. (5.43) is applied to the binary m-sequence fa;t with the

characteristic delay polynomial

FD) =I ¢ D% ¢ D° . eee (mod-2 addition)

of order
n =25,

The m-sequence iai? generated by the polynomial with period

N=2"_171=3

with levels 41 and -1 (nomalized Values).read;,as s

fgﬁ : 11111~1—111—11—1—11~1—1~1—11—11—1111—111—1-1-1,.. repeats
Hence, the transformed sequence b; reads from eqn. (5.35) as :

fbf : 111l100110100100001010111011000, oo repeats

1
From eqgn. (5.43), ﬁbaa(rl’sl'sz) =3z 1+ %I)(f spike )

For'o ¢ s,=s, § 30

= 0 For 0 s r.=s. or s
: and 171 ?

L For ﬂaaa = 1/N
= =3 (14 1/31)(~ve spike)
_ , i For ﬁaaa = -1
The values of (sl,sz) for fixed Ty at WhiCh‘ﬁbaa exhibits negative
spikes will be obtained as per procedure stated on page 454,

£30
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For the m-sequence considered for illustration, in accordance
with the steps stated earlier, the values of N(N-1)/2 sets of
81+ 89 are obtained and given in Table 5.2. The step 1 in this
procedure is illustrated in Table 5.1. In this Table 5.1, for
purposes of convenience, the state '-1'in the m-sequence is

represented by '2'.

Table 5.1 s Step 1 in finding pairs of s,, s, for given r,.

m-sequence : The N phase shifted versions of reference sequence

ay $ 1111122112122122221212111211222, .. repeats
ay_q $  2111112211212212222121211121122, .. "
ay o : 2211111221121221222212121112112, .. "
ay 3 s 2221111122112122122221212111211, .. "
a;_a s 1222111112211212212222121211121, .. "
a; s :1122211111221121221222212121112, .. "
aj g ¢ 2112221111122112122122221212111, .. "
ay - s 1211222111112211212212222121211, .. = %
a;_g $ 1121122211111221121221222212121, .. v
a;_q : 1112112221111122112122122221212, .. "
aj_10 $ 2111211222111112211212212222121, .. N
aj_11 $1211121122211111221121221222212, .. "
ay_13 $ 2121112112221111122112122122221, .. "
ay_ 13 s 1212111211222111112211212212222, .. "
ay_Ja $ 2121211121122211111221121221222, .. "
aj_1s $  2212121112112221111122112122122, .. w
ai e 3 2221212111211222P11112211212212, .. 2
1-17 s 2222121211121122211111221121221, .. ‘
118 : 1222212121112112221111122112122, .. -~
aj 19 s 2122221212111211222111112211212, .. '
ay_5g :  2212222121211121122211111221121, .. "
aj_ oy : 1221222212121112112221111222112, .. Ny
i-22 $  2122122221212111211222111112211, .. "
123 $  1212212222121211121122211111221, .. "
122 :  1121221222212121112112221111122, .. "
a;_ %5 $  2112122122221212111211222111112, .. "
a; 5 $  2211212212222121211121122211111, .. "
aj_ 57 3 1221121221222212121112112221111, .. Y
a;_5a 3 1122112122122221212111211222111, .. "
a;” 59 : 1112211212212222121211121122211, .. "

aj_3g 1111221121221222212121112112221, .. "




$458:

O -NM<F

AMH”thuQN

gZ'LeY(62'92) (T1'62) ¢%e
HN.@NVAmm.mNVAoH.ﬁmv €2
0z’'sz)y(Le ¢mva 6°'cT) ez
(6T'pZ)(92°'€T) ( 8'C2)s12

Q HNM%"-D\DP‘ ® o
N N St N i el St St

6'8Z) (TT'Le) (9T ‘9Z) (0’ ¢Nwhm~,m~vAmN Ze)Y( L'12Y:02
8‘L2) (0T ‘0z) (ST'cZ) (62 'EC) (LT '2C)(PT’'TC)( 9'02) 26T

6°'sT) (¥T1'%2) (8T 22) (91 1Z) (€C‘02) ( S'6T) 81
8'%2Y(ET €2y (LZ’'TZY (ST '0ZY (22 '6T)( ¥ 'ST)3LT
L'€2)Y(2T'22)(92°'0Z) (FT'6T)(TC2'ST)( €°LT) 9T
9CZ) (TT'TC) (S '6T) (ET'BT) (0T LT)( T 9T) 3¢l
S'TZ) (0T 02 (P2 'ST) (ZTLTY (6T OT) ( T'GSI)s#%T
7°'02) ‘(6'6T)(ET'LTY(TT'OT)(BT'ST)( O‘PT)sET
€6T) ' (88T) (22 /9T) (OT‘ST)Y (LT ‘#T) (OE‘ET) 22T
Z'STY ' (LLTY(TZ'STY " (6'PTY(OT‘ET) (6T ‘2T) 21T
TLTY'(979T) (0T ‘#T) ‘(B8ET)Y (ST ‘CT) (8T ‘TT) 20T
o.mav~Am~mdvAmﬁ~mﬂv.ﬁn~NHVA¢H~HHVAnN.Oﬁv"m
.¢HVAwH.NHV~A@.HHVAmﬁ.oﬁu.Amm.mv 8

(0T‘L) ‘(£2'9) 25
69) ‘(22'G) ¥

(LZ‘szy (p2'02) (62 9T) (€2 °FT) (ET'CT) (22 TT) (ST OT) (ST'8 ) (6T°L ) (TZ‘9 ) (9T ‘S ) (

(97 ‘$2) (€2 '6T) (8C 'ST) (22 ‘€T (2T HﬂVAHm.oﬁVAha 6 )(PT‘L Y(8T'9 Y(0Z'S Y(ST'P )(
(sz’ez)y(2z‘sT) (LE' wav,ﬁmuNHVAHﬂ OT)(0Z‘6 )(9T'8 )(BT'S ) (LT’'S) (6T1'% )(¥T' m ) (

($222) (TZ'LT) (o€ mHVAoN~ﬁﬂVAoﬁ 6 )(6T'8 Y(ST'L Y(2T'G Y(9T‘¥y Y(8T'S VAmw ) (

Ammhﬁmvﬁom mﬁvamm ZI)(61°0TY( 6’8 Y (BT 'L vawﬂ.m vaﬁﬁ.w Y(STE Y(LT‘C Y(2Z'T )(

(¢z'02) (6T ‘ST) (BT’ HHVAmﬁ 6 )( 8L Y(LT'G Y(ET'S Y(OT’E Y(¥PT’C Y(OT'T ) (120 Y ('
(TZ'6T)(BT'PT)(EC'OTILI 8 ) ( L'9 Y(O9T'G¢ )(2T'% )( 6T Y(ET'T Y(sT'0 ) (02'0€)(

(0T 'BTY(LT'ETY(22'6 Y(9T'L Y( 9'G Y(ST'% Y(TIT'E )( 8'T )(2T'0 ) (¥T1'0E) (6T '62) (

(6T 'LTY(OT'ZT)(T2‘8 Y(ST'9 Y( S‘% Y(PT’E Y(OT’2 )Y( L0 Y(TT'0E) (£T’62)(81'82Z) (

(8T '9TY(ST'TTY(02'L Y(¥T‘S Y( #°€ Y(ET'C Y( 6°'T Y( 9’0E) (0T '62) (2T'8T) (LT'LZ)(
(LT'STY(PT'OT) (6T 0 Y(ET'%). ( €°C Y(CT'T Y( 80 )( s‘62)(

(9T ‘FTY(ET’6 Y(BT'S Y(2T’S Y( C'T Y(TIT'0 Y( L"0S)( #'82)(

(STYETY(2T'8 Y(LT'? Y(ITT'Z Y( T'0 Y(OT'0E)( 9‘62)( €°LZ)( L'9Z)(

A¢H.NHVAHﬁ.n Y(OT‘E Y(OT'T )Y ( o,omva 6‘'62)( s'82)( 2'92)( 9's2) (

(€T’ HHVAoH 9 )(ST‘C Y( 6°0 )Y(0E'62)( 8'82)( #LZY( T°62)( €'%2)(

(ZT'0T)Y( 6°'G Y(PT'T Y( 8°0€)Y(62'82Y( L ‘LZ)( m.omvﬁ osvmvﬁ 7'e2) (

(TT’6 Y( 8% Y(ET‘0 Y( L'62Y(BZLTY( 9'02)Y( Z'SZ)(0E‘€eY( € 22) (

(OT’8 Y( L€ Y(ZT'0E)( 9'8T)(LZ'92)( g'SsZ)( T'p2)(62'C22)( 2 12)(

(6'L)Y(9‘C VAHH.mNVA §‘Le)(92’szY( v'v2)( 0‘eT)(BZ '12)( T'02) ¢

(89 )Y( ¢'T )(oT mmva y'og)(s2'pZ)( £'€z)(0E‘CTy(LZz‘02)( O'6T) (

( L'SsY(%'0)Y( 6°L2Y( €'seY(PT'ECY( 2'2C) (62 'T2) (92 ‘6T) (OF ‘ST) (

(9% Y( €08)( 892)( m~¢mwﬁmm‘mmvn ﬁ~ﬂmuAmm.omuhmmgmﬂvamm~nﬁvﬁ

(s’'e Y(2Z's2)( »ummva T/€2Y(22°T2)Y( 0'02)Y(LZ'6T) (P2 'LTY(BZ 'OT) (0E'ST) ' (¥

(7°'C )( ﬁ.mNVA 9'%Z) ( o.NNVAHN 02) (0€ ‘6T) (92 '8T) (€2 mﬁwahm ST) (62 «ﬁv (E'ETY (LT 'TT) ‘(S aﬁv (21'6) ‘(52'8) sL
( €T Y( 0“LZY( S’'ETY(0E‘TCY (0T ‘6T) (62 ‘8T) (ST LT) (2T 'ST) (9CZ '#T) (B2 ‘€T) ‘(2 NHVA@ﬁ oﬁu (% m,.ﬂﬂﬁ mv (¥C ‘L) 29
(20 )(0¢ omvn ¥‘22Y(62°02)(6T'8TY(BZ ‘LTY (YCZ‘OT)(TC‘¥T) (ST 'ETY(LCCT) ‘(T TT)‘(cT’'6)°( €'8) "
( T'0£)(62'62)( €°T2) (B2 ‘6T) (ST LT) (LZ‘'OT)(EZ’'ST) (0T 'E€T) (Ve mﬂuamm.ﬁﬁv (o’ oav ($1'8) ‘(

( 0‘'62)(82'9C)( T'OC) (LS mﬂVAnﬁ ‘oTY (92 ‘STY (2Z'¥T)Y (61 °2T) (€2’ HHVAmN oﬂv (0€‘6) "(ET ‘L)’

(0€ ‘82) (LT '€T) (
(62 ‘LZ) (9T ‘2T) (

T'6T)Y(9Z'LTY (9T ‘ST)(GC ‘$T) (TZ ‘€T) (BT Hﬂvamm OHV (¥2’6) ‘(62°'8) ‘(C219) ’
0'8T) (¢ mﬂvama ‘1Y (FC'ET) (0C mﬁvahﬁ eﬁu (12 '6) ' Amm.mv (82 ‘LY (TT'G) "’
(82 ‘02) (G2 ‘T2) (OE ‘LT) (¥Z'STY(PT'ET) (EC‘CTY (6T ‘TT) (9T ‘6) ‘(0T ‘'8) ‘(2T ’L) ‘(LT '9) ' (OT ‘%)’

zLy‘(
( T'9)'(
(0'sY’'( L'V

(0E‘P)‘( 9°€) ‘(6T°C) 21
(62 ‘€Y ‘( s'2) ‘(BT'T) 20

(Cs sy

Tz

4
(§ - 17 =

@ UyoTUM I0F ( m.amv Jo sonTRA aTqrssod 30UTISTP m:leAu JO BnTRA PEXIF B JOg :Z°G oTqRIL



To show the dependence of the location of negative
spikes of the function ¢baa on the characteristic delay
polynomial governing the m-sequence, another example is

considered below for illustration -

Example 5.2 :

Here the expression for ﬁbaa stated in eqgn.(5.43) is
applied to the binary m-sequence, ja,} with the characteristic

delay polynomial

F(D) = 1eDpeD? & D*eD° .. (mod-2 addition)
of order

n=>5,

The m-sequence iagl with period

N=2"-11 =31

with levels 41 and -1 normalized values reads as :

fai}: 11111—1;1—1~1111~1—1-1~111—11-11—1~11~l-1—11—1,..repeats
Hence, the transfommed sequénce ib;} from eqn.(5.35) is s
ibii: 11111011001110000110101001000&0, voe repeats

From egn. (5.43) the values of ¢b (rl,sl,sz) are :

ﬁbaa(rl'sl' s,) = 2( 14 gl ) 'For 0O s s, = s, <30
=0 - [For 0 ¢ r; = 8 ors, 30
and
For ﬁ = 1/31.
= - ‘( 14 = 1 ); For ¢ aga = -1
Values of (sl,s ) for glven rl that make ﬁ assume the

negative spike are determined as per procedure on Page 454,



Following the steps 1,2,and 3 stated on Page 454, the
values of(sl,sz) for fixed r, which make the function ﬁbaa assume
the negative maximum are obtained and given in Table' (5.4).The
steptl in this connection is shown in Table 5.3. As in the
previous éxample, in this Table 5.3 the state -1 in the

m-sequence fag} is represented by '2°' .

Table 5.3 ¢ Step 1 in finding values of (sl,sz) of example 5.2

m- sequence The N phase-shifted versions of the m-sequence
ay s 1111121122111222211212122122212, ... repeats
aj-; ¢ 2111112112211122221121212212221, .0 £ "

iz & 1211111211221112222112121221222, ... "
ay 3 % 2121111121122111222211212122122, ... "
ajy gz % 2212111112112211122221121212212, ... "
aj_ 5 5 2221211111211221112222112121221, ... by
j-g ° 1222121111121122111222211212122, ... u
j—7 5 2122212111112112211122221121212, ... "
.8 ¢ 2212221211111211221112222112121, ... "
i-9 s 1221222121111121122111222211212, ... "
je10 ° 2122122212111112112211122221121, ... "
j-11 ¢ 1212212221211111211221112222112, ... "
a; 3z ¥ 2121221222121111121122111222211, ... "

1212122122212111112112211122221, ... "

i:%i +  1121212212221211111211221112222, ... "
io3s ¢ 2112121221222121111121122111222, ... "
TTle ¢ 2211212122122212111112112211122, ... 0
1015 ¢ 2221121212212221211111211221112, ... "
i-ls ¢ 2222112121221222121111121122111, ... ¥
i1 ® 1222211212122122212111112112211, ... "
ajToo ¢ 1122221121212212221211111211221, ...  *
aj75) = 1112222112121221222121111121122, ... "
aj 55 ¢ 2111222211212122122212111112112, ... "
153 ¢ 2211122221121212212221211111211, ... 0
oy 1221112222112121221222121111121, ... i

1122111222211212122122212111112, ... "
2112211122221121212212221211111, «e» "
1211221112222112121221222121111, ... "
1121122111222211212122122212111, .eve u
1112112211122221121212212221211, e.. “
1111211221112222112121221222121, ... "

[¥
I
N
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0 A e ¥ &0

"
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From the two examples (5.1) and (5.2) considered for

illustration of the correlation function &

baa'F1’ 51 52){ the

following may be noted :

(i) ﬁbaa exhibits its negative spikes only for certain

values of (sl,sz) for given r, in the (r1 £ s, £ sz) ~ space.

(ii) The location of these negative spikes depends on the

characteristic polynomial governing the m-sequence §ai} .

(iii) For any m-sequence iai} » there is a definite region
L . . .
of (r, # s, # s,) - space over which the function ﬁbaa is

identically equal to zero.

For instance, for the m-sequence of Example (5.2), for
0 = ry €12, and 0 s 8148, < 5, ﬁbaa‘is alvays Zero, as may be

seen from Table 5. 4.

Similarly, for the m-sequence of Example 5.1, for
0 s r, €12 and 0 < S,:8, < 3, ﬁbaa is always zero as may be

seen from Table 5,2. -

Consequently, proper choice of the characteristic polyﬁomial
is necessary to make the fuﬁction ﬂbaa assume zero Values over a
wider range of (sl,sz) for fixed value of r, in the (r1 # s, #“ 32) -
space; For an m-sequence of fixed length, there are éuite a few

number of characteristic polynomial for which, 6he range of 8.8,

over which ﬁbaa = 0 is about 1/3 the range of r,. For m-sequence

of length N = 31, some such polynomials are given below -
Polynomial Range over which ﬁbaa is zero
I+D+D%4+0%+0p° 0 cr, <12, 0 ¢s.,s, <5
I+D+D?4+D340° ' 1..same.. v
I+D+0D>+p%4+0° .. same
I + D% p3 4 pt ., pd

" s Same .,



(v) Referring to egn.(5.43), rewritten below for

convenience,
1

ﬁbaa(rl'sl'sz) - E'Eﬁaaa(rl’sl'sz) * ¢aa(sl'sz)]
it is clear that the region of r, # sy # s, over which ﬁbaa
is identically equal to zero is also the region over which the
function ﬁaaa(assumesthe value'1/N*' .

Finally, in the measurement of nonlinear system Volterra
kernels, another crosscorrelation function that is of importance
is the crosscorrelation between the sequences fa;# and fbj of

1ot oad - ) -
order 'jk' with j = 2 and k = 2, denoted by - ﬁbbaa(rl,rz,sl,sz),
an expression for which is derived below and some aspects

relevant to the system testing are stated.

_______________ bbaa(rl, Ty 840 52)
By definition,

1
¢bbaa(r1'r2’ sll 52) = ﬁ»‘ (b~__ ob-__ » 8 &

.{a, a.
. -
;" “i-s

s 2

1
Z [ﬁaaaa(rll rzl sll 82) + ﬁ

il

aaa(rl.sl.sz)

+
ﬁaaa(ré'sl'sz) * ﬁaa(sl'sz)]
Of present interest are the values of ﬂbbéa as a function

of r, and r, for fixed values of (s 1S, £ 8.).
2 172 1 (5.49)



In such a case, the following possibilities are to be

considered -

(1) s, # s, , r, =r,

(i1) s, # s, , s, =1, 5, # 1,
(iii) sl%-sz, S; =r , and s, =71,
(iv) s, # s, £ r, # rz

The values of the correlation function ﬁb]c;aa(rl'rz' 510 S,)

in the gbove mentioned situations are given below -

(i) For 51. £ sz,- r. =r

1 2

! 1 1
ﬁbbaa(rl' r2' sl' 52) = z[ ( - i\?f- ) 4*\( ﬁ or ~-1)
1 ‘ 1
* (5 or -1)+( - ﬁ)]

=0, ford  (r.s.s)) )X

aaa . x
1
and x =
g___(r ) X N
aaa' 2’9175
N 4+ 1
=~ ) for & = -1
N ’
2 aaa ...(5.50)

’

(idi) Forsl;ész, $; = I . sz;érz

1 1
PraatFirT2r8y08p) = F[0 - g )+ ( % )+ (-1 or% ) + (- N’-:)I

= 1 1
2 ( - X - 1), for ﬁaaa(rz, 8y 32} = -1
= ' _1
0, for 8 aalT2rs108y) = 3

...(5.51)



(iii) For S; £ 8, 5 = ry, and s, # r,

1 1 1
(14 v -5)

Bipaa Tl Toe S10Sy) = N

—
-

B s

(1+—NJ=) eee  (5.52)

(iv) For s, # s, # r, # r,

. - l 1 1
PobaalF1rFprsr sy = glior - ) # aor d)

1 1
4(-1 or F o+ (- 13)]... (5.53)

. N+1 N+1
T : s -l
he pqsslblg values are : 0, # TS N

bfow, when the region of (sl,sz) is considered as -
0 < sl,sz# s, ¢ N/6 ,
from egn.(5.42) and from the property of ﬂaaa stated on page 463,

the following is written for 2nd and 3rd terms of eqgn. (5.49) :

ﬁaaa(rl' 8;+8,)

=

Zl

and s v T eme ' (50543)

X

X

’ X

¢aaa(r2' Slf 32) A X
Further, in the said region for (sl, 32), the following

equation is valid for the first term of eqn.(5.49) :

1

ﬁaaaa(rl" Eoe Sy Sz) = - 5 cre cre (5.54b)

Summarizing the essential content on the values of ‘esbbaa
the following equations may now be written :
Over the region : 0 « S, 8, # s, ¢ N/6 ,

=1 1
ﬂbbaa(rl'rz'sl'sz) =7 (1 + 5 ), for §1 =r, and Sy, = T,

= 0 OtherWise s ses (5055)

An ‘example is illustrated on the following page.



Some comments on eqns. (5.54a and b) are in order

below =

Referring to egns. (5.54b), the function ﬁaaaa(r’rz,sl,s )

2
can have only two values, namely +1 and - 1/N. and, for

fixed values of (sl,sz), except when 8y+8, = ry,r, ( order

is unimportant), the value of the function can be shown to

be equal to - /N over the region 0 ¢ Ty¢Ty081. 8, ¢ N/6(approxi,
for many m-sequences of period N over mod-2, excluding the

m-sequences that are generated by simple trinomlal type

characterlstic delay polynomials.

For instance, consider the trinomial given by -~

I ® D2 ¢ D5

generating an m-sequence iai} of period 31 digits.
agco;dingly, the characteristic equation is -~

(1 @ D2 ¢ p5) fa}b = o0

i.e. ial 2?

squaring the above eqn. over modyz, givesg .

& fai_sl' = {aif-

fa; ,b @ ia, ¥ = fa.1 ( as per mod-2 addition
1-4 +-10 i property)

Multiplying the original - and the squared - equation and
averaging over N leads to -
ﬂaaaa( 2, 5: 4: 10 ) =

Thus, eqn. (5.54b) becomes invalid when the m-oequence fa}

under test is associated with g trlnomlal over mod-2,



It is, therefore, assumed that the m-sequences under
consideration are generated by characteristic delay polynomials
which are not simple trinomials. Under the circumstances,
eqn. (5.54b) is valid for many polynomials for given period of

!

the m-sequence iai} .

Further, egn. (5.54a), namely -

B__ (., 51'. s,)

aaa X
and _ { = 1/N for s; # s, and
g___(r,,s,,8,) X
aaa 2°71'72 0« ry,X,, 8,8, £ N/6
implies that ‘
fa, _t.fa; _¢? # fa t or fa, _t
i-sl 1“52 i---r1 1-;2
over the said period 0 to N/6, i.e.
fa; 3 ©® fa; _1t £ 1 a; ot (mod-2 addition)
1 2 1
Let fa, _} @ ia. 1 = fa, L}
1-51 1-32 1—Si

Accordingly, the required condition is

si # rl

In accordance with the above steps, an example is

illustrated on the following page.

It may be noted here that for a fixed period of the

m-sequence, N = 2t

- 1, for each value of n{integer) there
are quite a few characteristic delay polynomials whose

m-sequences satisfy the conditions stated in egn.(5.55).

i



Example 5.3

Here, the expression for 'dbbaa(rl’r'?' S,¢8, ) stated in
egn. (5,55) is appl:.ed to the binary m-sequence {a ¥ governed
by the characterl stic polynomial -

4

FD) =1 @ D e 0> ¢ D* ¢ D°

(mod-2 addition)
The m—séquenée iat with period N = 31 digits is given by-

fa;t# 111311-111~-1~1111-3~1-1-111-11-11=1~11-1-1-11-1,, . Fepeats
Hence, thfa transformed sequence {b;t from éqn.(s.sé) is ¢

§bil ] 1111101100111000011010100100010, =+ Xepeats

Here, the region of rl'rZ'sl’SZ is given by -

0 = T10T50 8,8, N/6 = 31/6 = 5 (approximately)

, _ 1
BpaalF1eTar 8y 8y) = 7 AR ETR

Further, the functions ﬁaaa(rl' 8. 52) and 4 S1s 52)
are seen to assume the value 1/N over the interval

0 s r1sT50 8,8, ¢ N/6, in view of the content of Table 5.5,

Hence, the value of the function ﬁbb (rl,rz,sl,s ) as stated

in eqn. (5.55b) assumes zero value ‘for (sy,8,) # (rl,r ).

(Table 5, 5) is given on the following page)



$469:

Table 5.5 3 Values of ﬁbbaé in the region 0O érl,rz, S,,8, ¢ 5

for s; # s,

(SP‘Sz’ 8y Remarks ﬁaaa(rl or I,, s, s,) ’Obbaa(rl' T, 5y s,)
0,1 19 Si;érl or r, 1/31 0
0, 2 7 1] [} [}
‘O‘ 3 11 1] ] \ (1)
o' 4 ) 14 ] (] n
0,5 29 " " "
1,2 90 w o 0 -
1,3 8 Yoo l " ' n

' 1‘4 ) 12 " 1] ) 1]
1' 5 15 0 [} [1]
2' 3 21 0 [ . ' i
2,4 9 T " . 0
2' 5 . 13 ] ) + 2]
3’ 4 22 ' 1] " "
3’ 5 10 1] " [}

4,5 23 it ] M




5.4.1.3 Use of a pseudurandom binary signal and its transformed

'

version for nonlinear system identification

The correlation schemes employing the pseudorandom binary
signal and its transformed version of period ¥ T for the estimation
of first énd second order kernel of g nonlinear system are shown
in Figs. (5.8a) and (5.8b) respectively. The PRBS x(t) and its

transformed version xl(t) are related by -

%, (€) "’% [x(t) + 1]

- e e wm e B e e s WD R mw e ww . mw

Consider the scﬁeme of Fig.(5.8a). The system is perturbed
with the PRBS x(t) and the corresponding response signal y(t) is
crosscorrelated with delayed versions of transformed PRBS xl(t).i.e.
xl(t-'c) where © is a fixe§ time shift expressed as an integral

multiple of the signal basic interval (t ).

The general expression for the correlator output in such a
‘Ccase is stated previously in egn. (5.31), whereby xb(t) denotes
the system perturbation and xé(t) is the correlator signal.
In the present case,

x(t) (PRBS).

xb(t)

x () xi(t) (Transformed PRBS)
Effecting the substitution, correlator output of eqgn.(5.31)
is given by -
Ts Ts. Is
6. = =S 1. (u) . (c,m)au+/f 2/ 2 (u,,u,) & (z,u,,u,)
X, ¥ ° i X)X c'>/ o/ 2712 X, XX 1°72
duldu2
cee (5.586)



o plt)=x(t)
PRBS

SYS7TEM

CHARACTERIZED BY
b/ (2’) '4/\’0162 [Z[l?z)

ourpLr

xelt)= xx(t)
O

PMYLTIPLIER .:‘

TRANS FORIMMED

rPEBS .

DELAY ¢,

x (t-2)

INTEGRATOR

F1G. 5 8 () CORRLELATION PATIERN FOR THE MEASURELIENT

OF THE FIRST -ORDER KERNEL b, (7)

x4 (t) : PERTURAIION SIGNAL

X, () 2 SIGNAL USED FOR CROSS- CORRELATION

WITH THE RESPONSE -SIGNAL Y (E)
(18 Corectaror-srcnaL )

x/,,[z‘) =_x/(f)
(o e

FPRANS FORITED
PRBS.

SYSs7rEM
CHARACIE R 20 BY

5,(2Z) AND b2 (2, ,T2)

ovrpPUT

PULTIPLIER

o P— = OELAY T,
PRABS.
> DELAY T3
FIG.5-8 (6)

JAIZEGRATOR
L 62(?1 » ?z)

CORRLLATION PATZERN FOR 7THE

MEASURESTENT OF THE SECOND -ORIDERL K LERNEL

hy (2,,2,) -




whereby_?sl and Tsz are the settling times of the first -
and second order Volterra kernels. Some points to be noted
in connection with these settling times are stated below -

In practice, the second kernel settles down much faster
than the first order kernel. In facé,‘Gyftépoulos (1967) points
out that the second order kernel settling time (Tsz) may, in
certain cases, be one-fiftyth of the linear kernel settling
time (Tsl). In view of this fast dying out nature of the
second—ofder kernel, presuming the worst casé, the second kernel
settling time can be safely assumed to be less than % or 1 of

4
the first kernel settling time, that is

= =17 ‘
Sz = -5 Sl(a}?prox).. eve (5057)

Now, in a crosscorrelation experiment, the period T of the
perturbation signal should be greater than the maximum settling
time of the system under test. To account for any possible error,
and other disturbances, the period T is normally taken as 2 to 3

times the maximum settling time. Thus,

T = 2 tO 3 times Ts ‘ oo o (5058)
1
Utilizing egns. (5.57) and (5.58), the expression for

correlator output of egn. (5.56) reads as - (with T = 2.5T_ )

6. (=) }.41' '
, ) = h . (u) 6. ( ©,u)du
XjY o 1 xlx
0.15T 0,157
+

h,(u,,u.) B (z,u,,u,)du,du
R o 212=%1xx 1’2" %

2
LI (5.59)



The properties of the continuous crosscorrelation functions

¢x1x(€,u) and ,?lem('t:,ul,uz) are already derived in the
previous sub-section by considering their discrete versions

2y

a and ﬁbaa respectively.

Now, the interpretation of the one - and two - dimensional

convolution integrals in egn.(5.59) is as follows -

From the properties of ﬂba stated on page 451 (Eqn.5.42),
during the integration time 0 to TS (= 0.4T), the crosscorrelation
l .

function ﬁx x(*z:,u) consists of a triangular spike of height
1 .

%(1 + %) and width 2t_, thus giving an area of %(1 + e, with
zero bias.

From the properties of #,., stated in the previous sub-
section (pages 457 and 462), over the integration time
0 to T_ ( = 0.15T ), the crosscorrelation function & (T,u

2 X, XX 1
is zero everywhere except when u, = u,. Hence there is some

? uz)

contribution from the second integral to the correlator output

in Eqn. (5.59).

Carrying out the multiplication and integration of egn. (5.59)
gives -
1 1 . .
ﬁx Y(‘t:) = 3 (14 5 )to hl('ﬁ) + (Contribution of second
1 integral for w, = u2)

ees (5,60)



Now, if the crosscorrelation is again performed using
inverse of the signals x(t) and xl(t), the above analysis leads

to the result ( representing the response signal in this case
by y'(t))--

By wyr () = L1421 )t h,(«) - -{(contribution of
1Y 2 N0 1 second integral for

u1 = uz)
ve. (5.61)
Nt _ ]
Hence, h (c) = R — ¢ 4 ¢ 1 P es e (5062)
1 w1t 2 T XY =Y

o

T
XA [ﬁxly( T) + “’xe{y-‘ z) ]

Thus, it is possible to measure the linear approximant
of a nonlinear system using the new correlation method and

employing binary signals.

Consider the correlation scheme of Fig, (5.8b). The system
is perturbed here with the transforméd pseudorandom binary
signal x&(t) and the corresponding system response, say, yl(t)
is crosscorrelated with two delayed versions of the pseudorandom
binary signal x(t). The reasons for perturbing the system with

xi(t) in the second kernel measurement will be clarified later.



The general expression for the correlator output in
such a case is stated previously in eqn.(5.32), whereby
gp(t) denotes the system perturbation and xa(t) is the correlator

signal. In the present case,

]

xb(t) xl(t) (Transformed PRBS)

LR g (5.63)

i

xé(t) x(t) (PRBS)

Effecting the above substitution, the correlator output

in Egn, (5.32) is given by -

Vi
ﬁxxyleclfﬁz) = S hl(u),ﬁxxxl(cl,tz,u)du

T, Tg
2 2
+ ;/ gf hz(ul'“z) ﬂxxx

: (tl,cz,ul,uz)du du

% 1772

L N ) (5064)
Whereby TS and,TS are the first and second kernel settling times.

1 2
Brief discussion on these settling times in a physical

system is already given before. Utilizing Eqns. (5.5%) and (5.58),

the correlator output of Eqn. (5.64) becomes -
0.4T
By, (©17%7) = 0/ Ry B (o0 a
0.15T 0.157T
+ / , / h,(u,,u,) 4

o o

xxxlxltclxcz,ul,uz)

duldu

: 2
«ee (5.65)



The properties of the continuous crosscorrelation

functions g 1('clxt2,u ) and @ lx:1( cl,tz,ul,uz) are

* already derived in the previous sub-section by considering

their discrete versions ﬂaab( =@, ) and gaabb( = ﬂbbaa) .

baa
Now, the interpretation of the convolution integrals
on the right hand side of egn. (5.65) is as follgws :
From the properties of ﬁaab stated in the prévious
sub-section ( Pages 457 and 462 ), over the measurement
interval O ﬁo TS = 0,4T , for all values of 'cl £

1

the crosscorrelation function g 1( %l;nz,

equal to zero. Hence,the first integral on the right hand

2 r
u ) is identically

side of egn. (5.65) contributes nothing to the correlator

" output.

From the properties of ﬁaabb stated in the previous
sub-section on page 465, over the measurement interval

'0 to Ts = 0.15T, the crosscorrelation function
2 .
‘ﬂxxxlxl('ﬁ1’b2'u1'u2 ) assumes its maximum value at

@cl =u, and ¢, = uz) and has the property given by :

2 )

]

= = 1 1
x('cl—ul,1=2~—u Z(l"'ﬁ)' for‘tzl;éﬁz

1% 2

‘= 0 otherwise
Hence, egn.(5.65) under the circumstances settles down to @

I PR |
ﬁxxyl( ""1""2) = 31+ A hy( “1"“2) ('czl # <,)

¥From which , 27
h2 (.cl'cz) =




Thus, it is possible by this new correlation pattern
to effectively identify the second order Volterra kernel

in a single crosscorrelation using considerably shorter

averaging period.

- v mm TR e e vew  wm  mee  wm s e me e mm e wes v e

1. The test~signals used in the new correlation scheme are
the well-known PRBS aﬁd its transformmed version, which
facilitate ease of generation, and simple realization of
delay and multiply circuits.

2. The crosscorrelation functions between the PRBS and the
transformed PRBS are well-defined and no anamolous regions
exist over the measurement interval. Hence, the proposed method
gives good heasurements of the system characteristic kernels.

3. Accurate estimate of the second o&der kernel is possible
by this néw approach using the test signal period of only
about six times the kernel settling time, thus considerably

reducing the averaging period.

-4, The crosscorrelation function ﬂxx ( ©) over one period

1
of x(t) is a triangular spike at © = 0 and has gero off-peak

value. So also, the correlation function g % Galfcz) has
171

zero off-peak value over the measurement interval 0 to TS .

) 2
Henfe bias estimation is not necessary.

5. The method uses an experimental configuration and

procedure of high simplicity.



5.5 SUMMARY

In this chapter, the problem of nonlinear system
identification by means of the crosscorrelation method using

pseudorandom test signals has been considered in some detail,

The Volterra series'expansion of the response of a
nonlinear system is described, and a systematic exposition is
made of the crosscorrelation art for identifying the kernel
functions which occur in this expansion. It is pointed out
that the antisymmetric pseudorandom signals are well-suited
in the measurement of tbe linear approéimant of a nonlinear
system, because of their ability to discriminate against
~ system nonlinearitiés. It is also noted that the higher order
autocorrelation functions of these signals impose a 1imitatioﬁ
in using them to effectively identify the kernels of order
greater than 2. Even to obtain proper estimates of the second
kernel, test signal of period about 100 times the kernel

settling time is necessitated,

A newy crosscorrelation patterh of system dynamic testing
is, therefore, proposed here and the possibility of employing
a PRBS and a transformed.PRBS %s test sighals in this new
scheme is examined. The correlation pattern is new in the
sense that two test-signals are employed, one for perturbing
the systgm while the other for crosscorrelating with the

system response to the perturbation. Hence, the quality of



measured kernels is made to depend on the properties of

the crosscorrelation functions between the‘perturbation signal
and the signal used forlérosscorrelation with the system output
instead of on the autocorrelatién properties of the perturbation
signal alone. Such a scheme obviously removes the seal on the
use of those test signals which are otherwise well-suited for
system testing but for their lack in the desired higher order
auébcorrelation functions. As two signals are employed, any
limitation posed by one ﬁay be compensated by thelother.

By this new correlation\SCheme employing binary ;ignals,
the linear and second kerpel functions can be effectively
identified within reasonable averéging period., In fact, by
this approach, the averaging period for the second kernel
egtimation is considerably shortened due to well-defined
crosscorrelation between the PRBS and its transformed version,
These signals, being binary, circumvent some of the practical
difficulties and offer appreciable advantages with respect to
the instrumentation of the measurements.

The nonlinear system considered is characterized by the
first - and second order Volterra kernels. In case, the non-
linearity is quite significant, the proposed method in association
with the dither-injection principle should prove quite useful

for effective system identification.



