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•CHAPTER III 

THE STUDY OP PHASE SHIFT

In the previous two chapters historical 

backgrounds of the experimental and theoretical studies -were 

described in order to make the thesis consistent. Inspite of 

many successful attempts made in studing the Polar molecules 

by the scattering of slow electrons the controversy over 

understanding of certain phenomena still exist.

From the study of the problem pf*following 

points for further investigations emerged. These are 

enlisted belowJ-
(l) Most of the work done for slow electron 

polar molecule scattering was based on considering a molecule 

as a rigid rotator. The “application of symmetrical-top model
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■was also made by some of the authors* One could have 
considered the non rigidity of the rotator and also the 

torsional motion of molecules*

C2) 'In the scattering problem 0 very 
important factor was the scattering amplitude* Ofcourse the 

scattering amplitude is dependent on molecular potential* The 
accuracy in the determination of this factor is of great 

importance. So far the author has not come across the 

literature which compared the accuracy of various methods of 
determining the amplitude factor for a point dipole field*

(3) The numerical calculations of the 

amplitude factor could be made to a fair accuracy by the 
calculations of phase shift. The nature of the potential and 
scattering cross section could be well studied by the 
knowledge of phase shift. The accuracy of the amplitude factor 

depends on the quantum number sis. The phase shift could 
be calculated by using various methods* The accuracy of the 
methods can be compared and the amplitude factor can be found.

(4) The various modifications and even the 
overall change in potential was possible. Various modifications

in the potential field e.g. point dipole field5finite dipole 
sc veenfieldj^dipole field, spin dipole field at various stages were

also possible* In place of a dipole model, quadrupols,
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octapole models could have been imagined and consideration 

of different model led to the change in scattering cross 

section and hence momentum transfer cross section.

C5) Over and above the dipole field the 

, super imposition of some another field ■was also possible. It 

•was confirmed that the predominating term in slow electron 

Polar molecule interaction was the dipole interaction, yet 

pure dipole field did not. give the perfect agreement with the 

experiments and led to some theoretical difficulties* In this 

circumstances some short range potentials over and above the 

dipole field was thought also*

(6) Ihere were also chances of resonance 

effe’ct in the slow electron Polar molecule interaction. The 

study of resonance required the knowledge of the wave function 

on initial and final states of rotations* The study of formation 

of negative ion its life time and capture cross section gave 

the detail understanding of the molecular structure.

(7) In certain cases the anomalous behaviour 

of cross section around Dmin was observed. Three factors were 

mainly effective for this (a) The additional short range 

attractive potential due to the induced moments. Such a 

situation would cause same effect as an increased in dipole 

moment. The effect also depended on the total potential well 

and would have affected .the magnitude of the cross section very
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critically around ly^* Cb) Change in a dipole length "a" 

it was observed that, in the range Just above Dmin ( 1.8 to 2*0 

Debye ) for a fixed atomic number Z, the binding energy of the 

electron to the dipole was an extremely stron function of 

dipole length »att* Thus change in Z, a or short range effect 

were contributing to the spreading of the data, especially 

around Byn. (e) Possible effect of rotational state:- In this 

type of effect the another constant introduced was the moment 

of inertia* It might have affected the cross section.

various points at various stages* Concentration is made on 

points 2, 3,4, 5 and 6*

3*1 SCATTERING PHASE SHIFT.

symmetrical* In this case the wave function must have cylindri­

cal symmetry about the direction of motion of the incident 

particals; ehoosen as the polar axis of a spherical polar 

system of coordinates r, 0 , • We expand f' Cr) in

legendre polynomials according to the formula

jUo
which is commonly referred to as an expansion in partial waves*

In the present work an attempt is made to study

Consider the potential VCr) as spherically
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Substituting in to the Schrodinger*s equation, this gives

1 d 
n2 dr t *2 -u(r) - 1(1+1) 7 R » 0 (3.2)\ 3 rmmj L j

On setting R^r) * u^ (r)/r, w© obtain the radial equation

a ui + i ^ . 0(r) . k1+i)
dr<

u_ = 0 (3*3)

where (r) must vanish at the origin r=0, since R^Cr) is 
necessarily finite at all points. Suppose that VCr) falls off 

more rapidly than r“2 as r o° we find for larger r

U1 ~~ r ‘{al '5i (kr) + \ n (kr)}

where and n^ are the spheridal Bessel and Me-wmann 

functions. Hence -we may choose a1 and b so that

u (r) ^ K1 Sin (Kr - 1. + Si )
2

as r o° tan Sg ** ~b,/a

(3 *4) 

(3.5)

known as the scattering phase shift for, the £ th partial 
waves it vanishes for the case of a null potential.

How we know that the plane wave e* can

be expanded as



so

eik*r
<7°

> i (2^+l)3x (kr) Pji (Cos <9 ) (3.6)
Uo

and so putting , ^
f ( © ) ** c £ (Cos 0 ) (3.7)

fi
we see that for large r

£ ,A ux (r)- i (2A +l) k Sin (kr -1 xir )+ c« eikr
2 (3.3)

on equating the coefficients of e*kr and e"ikr we get

& g * i ^ (2fi+l) e1Sl ............................. (3.9)

and Gi " L. < 2»+l ) (e2iS5 -1 ) ..... (3.10)
2ik

hence the scattering amplitude can be expressed in the form

o°
f ( 0) +1 ) eis<! Sin Sc (Cos 51 • (3*11)

For considering molecule as a rigid rotator and averaging

over the entire dipole range the total cross section becomes 
1r

rk
LI / I Vim ( ) f ( i <P )|</ SinAdA dy (3*12)
k2 J

uhich finally leads to the expression for momentum transfer 

cross section

Qj> “ 2TT (1-Cos ,fl ) cr sing d$ (3*13)

0
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3*2 DETERMINATION <F JH^SE_SHlFT_FOR_THE_GRITlGAL_DlPoL'S 

MOMENT.

In the last section the definition of the

phase shift and its relation with the cross section wap 

given. In this study the dipole field was important. Dipole 

field is not the spherically symmetric field, hut dependent 

on Cos&. Due to this Cos & dependence characteristic of the 

dipole field very few attempts were made for the phase shift 

determination (Mittleman et al 1968$ lakayanagi and Itikawa 

1965, Garrett 1971). Mittleman et al and Garrett calculated 

the phase shift for restricted circumstances* Mittleman et al 

have calculated the phase shift for the Point dipole field 

in case of dipole moment greater than critical dipole moment. 

Garrett has calculated phase shift for finite dipole field

for very large 1* Takayagagi et al have calculated phase 

shift for finite dipole field in little more detailed manner*" 

Calculations of Phase shift for point dipole potential by 

various methods are reported in this chapter.

3.1 -PHASE SHIFT FOR THE DIPOLE FIELD.

The geometry of the problem is as represented

in figure 3*1* Our starting point is the wave equation,
A

- im
D e ‘ Cos C D r ) 

r^ cy - ... (3*14)
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■which can be represented in atomic units as

9^ - of ^'t+ k2 + <<:. j* 
L ------

where «C * 2 T> Cos V / ea.

(.3*15)

<3.16)

thlgequation is separable in the usual spherical coordinates 

• ■ ■ R Cr) 6) C ®) eim<£ (3*17)

The separated .equations are

1- d ©+ ( / +m2 +
^ dA 4 C Ln + 1> © = 0 (3 *18)

where A Cos (9

and
L-
r2

^ C j?2 SR \ ^ E2 - 1(0+1) - uCr)

r2
R - 0 (3*19)

where the condition that be single valued required that 

m be an integer. The separation constant is denoted by
% ( + 1 )* ^he condition that ® C + 1) be finite is a

restriction upon to certain allowed values^ The integer 

n will denumerate these eigen values. A solution of equation 

3*18 may be expanding in the complete SQt

' x® -/a;, k,u< * -
1,0

k2 q + 2 | m i +1
2 (q+2 | m| )'

C 3*20)
2
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■where the coefficients and eigen values are determined from 

three term recurrence relation,

j_l£ <lg+l)-Cq-Mml)Cq +|m| + 1 )]a”,

<y A
>1 f'Cq + l) <q + 2 \ m\ + l) Sj

X^+'\^2q+ 2 1ml +lH2q+2jmI+3).

a*"1 f_______ _________________________

X ^"'h(2q+2 1ml +1) C2q+ 2 lm|
-1^ (3 *21)

The solution of radial equation 3*19 which 

is finite at the origin is the spherical Bessel function Ji^Ckr) 

The condition that this function be finite at the origin 

places a bound upon the eigen values

</ * - 1/2 •••• • (3.22)

which results in an upper bound on the magnitude of the
\

dipole moment

^ < 1.279
-----

(3-23)

(v ■ CosV, V ■ 1 leads us to the Mtttleman et al results^ 

Otherwise the potential is too attractive and no solution

exist.

us take

In order to make estimate of phase shift let

If? -ia+i) (3 *24)
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such that for JL * 0, 1,2 * ••** etc* the value of is 

always less than 1/2

\ m H% Ckr)
.. Jkr)

** “3 ** 1* »•••*• •••••• C3*25)

■we know that

Uf+V™ “ ikr)

where
n-j_ (kr) * Spherical Wewmann function. The 

asymptotic behaviour of this function at large r is

f-l)-C;L+l)L Sin f kr -1/2 11 CJ+l) ^ , **. C3*2S)

kr L

By eomparision with fundamental equation it can be say that, 

the phase shift SG if given by

^0 “ - ^ (3*2*?)

Here we have taken = -Ci+i), which is always smaller

than - 1/2 hence the condition 3*22 Is fulfill completely*

mBut even substituting 1*0, 3^= -1, so this assumption do not

gives the value of phase shift exactly for * - 1/2. Only 

thing which we can presume is for a critical dipole moment

°Cm 1*2?5/v'/ £ -IL • The negative sign of the phase shift
✓

suggests that in certain direction the radial wave function is 

pushed out in eomparision with the force free wave function or
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In certain direction potential behave as the repulsive 

potential*

3.4 APPLICATION OF THE BORN APPROXIMATION TO'THE POINT

dipole potential.

For determination of the phase shift for a 
point dipole field it was observed that the quantity L^

Jh '¥■111 .
* + 1 ) was very important. It could be observed that the

relation of L® (L®+i) with U(r) could given by the following 

equation

min ( ^ ' 1 ) - K X ♦ 1 > + Otr) (3.28)

_2 2 r r

The expression for Born approximation for 1 dependent phase

shift is f o®

-J

k r2 j2^ (kr) U(r) dr* *• (3*29)

For the point dipole field this expression turns out to be 

cf

“ j _
0 V “ r2 P

_m mSo - - k r2 Ckr) J Ln ( + !) __ jLC^+i) /dr> C3#30)

,2 J

By the help of equation 3*30s the Born approximation for the 

phase shift for a point dipole field for any value of 1 can 

evaluated. For effective electron scattering the important
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phase shift is • We have estimated S0 j i for Born 

approximation. It -was necessary to determine the value of

m mn ^ + 1) for every value of 1> This was determined by
*2

the expression 3‘21, substituting n “ 0, m = 0, q * 1, 

expression f0r 1=0 can be obtain as

( Lm + i ) * \ + 1 )
n v n x ' 0 0 C3.31)

vjhich on substituting in 3*30 and performing elementary 

integration gave the Sa as

S0 = - L0 ( Bq + 1) TT/2 .... .. C3*32)

For 1=1, U(r) was determined as % = 0. The form of UCr) in 

this case is given by,

UCr) = 1
L. - ( ig + 1 )

"P \ 3
(3.33)

using 3»30 and 3»33 the is obtain as

■yVko-ia?) — • (3.34)

3 y J —-

, T0 , To ,•where y * Lq (1^+1 )

It can be observed that SD is independent of energy while <£(
/ ^

is dependent on K k»
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3«5 W* K. B. APPROXIMATION.

For the i th partial -wave shift .WKB method 

gave the expression as
o°

U(r) dr f3*35)

Az (M)

2-^k2- Cil+i)2j1-

K
for the dipole field use of equation 3*28 for 1=0 gave the 

So
value of^as

1 ( L° + 1) n/2
o o

(3*3 6)

It was interesting to note that S<,for Born approximation and 

WHB approximation were equal* Using the value of U(r) of 3*33 

and substituting -it to 3*35 for mB could be obtained

$» 1/3 f3*37)

it can be observed from equation 3*36 and 3*37 that WEB phase 

shift for 1=0, 1 are independent of energy.

3.6 VARIATIONAL APPROACH TO PHASE_SHIFT.

Variational approach to the point dipole

was also applied. A variational integral is given in the

*
j
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form
cp

> dr ...
J ^3*38)

where G^ is the trial -wave function. 6t “ Gt^cT> c .... c

containing n adjustable parameter, ttfiich satiesfy the boundary 

conditions G^. (o) « 0, Gt ^ sinkr + ^ Cos kr. We have 

tried the wave function of the fom

d2_+
dr2

K2 - U(r)

Gt » Sin# kr + A Cl-e"2^9) G0s kr.... (3.39)

for the derivation of considering Ufr) from equation 3*28 and 

taking wave function 3*39» lengthy but straight forward solution 

of 3*38 gives

Tt = 4_a_^_k_ - ^2a2_+_i) + A(a2+2) - Zm ( Lm+ -jj

1 + 4 a2 4 a2+ d 4(32+2)

^ “ 2a ^2a^l) + a A Ca2+ 2) 0

4a2+ x 4Ca2 + 1} j ..... (3.4O)

Applying Kbhms variation method the phase
g

shift for a dipole field was obtained as

S
© 4_a_k_+ £ 

l+4a2 - 2Ca2+8) + Sj.43(3!+!)4^+1 ;Ca2+1j | £5“"*

+ ) .. C3.41)
4 (a2 + 1) j
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l
where "a” is taken as the mean molecular diameter* In the case 

of a dipole field a can be taken as the length of the dipole i*e. 

distance between two charges* Then for the same function 

Hulthan»s variational principle was also applied to the phase 

shift which gave

Here

tan £
4_a_k + J 16 a2 k2 - 4_y_
l+4a*

k
Cl+4a2):

2a2+i

24a^+i
+ - ayCa2_+_§) 1 X

1 n 
a.

Lm
n

4a2+i

. m(1+1) n XJ

4(a2+ i)
J

Y - a2

4(a2+i)
2a + i 2ya(2a2 + i)
4a2 + i 4a2 + l

_2 + ^ a + 2
4(a2+i)

(3*42)

ay£a2+-2) 
4(a2+ 1 )

3*8 BUMBRIC&L CALCULATION.

For the numerical e&lculations the first
_ O nimportant thing was to calculate the value of 10 (Lq + !)•

In every methods used to determine the phase shift the value of

jO ^ 0 ,o 1 o ' was required* The numerical estimation of this 

quantity was determined by the help of equation 3*2l» Taking 

n*m*0 and q*l the secular equation gave different elements of
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the matrix for different value of i Ci.e. £=0,1,2,3 •.••etc)*

The form of this matrix upto 1 B 9 is as shown in appendix I*

In this matrix y ® -^0 ( 1»0 + l). It was observed that the
i

roots of y depended on <£,*/• °C is a dimensionless dipole 

moment given by < * Sl>/eao. title Y( - Cos'/), is the direction 

cosine of the dipole axis with respect to the direction of K«

K is a wave vector* We have selected the value of-C® 0*2* 0*4, 

0*6, 0*8, 1*0, 1.2 while Y"- 0°, 25°, 60°, 75°, which means 

that for the different combination of oCYfor determining the 

roots of y, 24 matrices are to be diagonalized* The diagonaliza- 

-tion of matrices were made by the help of IBM 36O/44 computor* 

The method used for diagonalization was Jacobies method. While 

the programming was made in Fortran IV language. The Jacobi*s 

method is described in appendix II*

Further the calculations for Born, WKB and 

variational phase shift were also determined by the computor 

together with the diagonalization.

For Born approximation were calculated.

Here S,is again energy dependent. For the calculations of S, the

values of K selected were 0.1, 0*01, 0.001, 0.0001. In Kohn*s 

variation method one more constant »a« over and above the «k«* 

appeared* The wave function of the form 3*39 used for phase 

shift problem of electron atom collision (Bates 1961). There
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*»a« Is taken as mean radius of the atom* Here ■we have considered 

*a* as dipole length* Moreover “a** was infact an adjustable 

parameter, we have taken the ^ All

the fiantities were taken in atomic units*

'It'ls Ihys'l.eally^possible'- :t©- flro all ;thh;/Vv.\ 

results, over here* Some, of the Important results are exhibited 

is table I t© f* As we ham taken the value of U(r) which was 

dependent ©n minimum eigen, -values 10, the restriction came in

our calculations" that we could not calculate the phase shift/' 

f©r:,<€ y^cr±f The very inheres ting"' point 'of, ©tar 'study was the

'.'dependence ■ ;©£••(' -" and phase' shift.':oh-the. angle/--between dipole 
■•0]f 3Lt?

abs and. the wave vector* It' means'.vthat"the :Phass .shift -is 

; on the position ' of molecular-.-dipole*

In. table. II the phase shift ' /for lorn 

approbation'is..exhibited* As discussed./in. the'.'above.'paragraph 

we could•not:calculate.phase shift fet-^ jj,:'-., therefore 

instead of-'taking different polar molecules' w*/have .eons-idered: 

the dipole field*---'It-'was observed-.from.: the table'IX that as <c 

.increases,,...Ph«§e--shift'increases,. while. as Y increases phase 

shift decreases*' '

The phase' shift S (for f ■!> is '/.represented, in ' :

table III and XV. It was observed that the S,,for Born approbma** 
-tion is energy dependent values of k* the' values of Sl for tfli
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were very large in eomparision of Born values* But the tendency 

of both the phase shift was the same and reverse of SQ* It was 

observed that decreases with increasing 4•

The variational phase shift calculations are 

represented in table ?« Here one more variable "a” is introduced* 

As discussed above ,faw is considered as the dipole length* It 

•was observed that -with decreasing »«kB phase shift decreases 

and with increasing «a® phase shift decreases*

3.9 C0MPAB3SI0H OP THE RESULTS.

It Is rather surprising to find that very few
1

work has been reported on this Particular aspect of scattering 

problem* Mittleman et al (196s), Garrett (1971), Takayanagi and 

Itikawa (1968) have calculated phase shift for very restricted 

situations* Mittleman et al have calculated shase shift for a 

point dipole for which D > We have calculated phase

shift D 4 Takayanagi & Itikawa (1968) and Garrett (1971)

have calculated phase shift for a finite dipole potential* The 

brief discussion of the work of these authors is made here.

( Mittleman et al have for the Point dipole

potential considered the simplest case for which *C so

that 1q was complex, but all the other Ln are real and greater 

than -l/2* The radial wave equation in thise case is represented
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as,

2 S 
r dr

+ + K2 -

dr
A2“°fCr) R Cr) * 0 

oo
(3*43)

C Rqo represents that n * Q,, m “ 0 )

A00 Bigen value of the radial equation. By hypothesis

i

- A00 * A = a2 + 1/4 (3*44)

•where »au is real. The phase shift £o in the limit kr^-ci can 

he represented as

Tan S * sin C 4>+ § ) (3*45)

Sin (<P - § )

» a logOff^) + arg f"1 (l -ia) - Tan”1 a/ (s + 3/2)] <3*46)

S»A*BC0t\-i (3*47)

§ = Tan"1 ( tan h C Ta/2) ) (3*48)

Mittleman et al have observed the effect of this Phase shift on 

the inelastic cross section . They have not calculated the 

numerical values of phase shift. Takayanagi and Itikawa have 

considered the dipole potential as finite dipole, this type of 

potential can be represented as

2 92 c L- ij
rA rB

v
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* 4 Z e2
”5.

\

Where the prolate spheroidial coordinates §• n. are given by

$ = r4 + rB / R 

rA “ ^B/ R

rA and r^ are the distance from the position of charge +Ze 

fat point &) and -Ze (at point B). R is the distance between 

two charges* Partial wave treatment to Schrodinger equation, 

gives the radial wave equation of the form

a2x
lm

d
+

1-m2 k2 m
<?:;>* *. -hi ~ * 0 (3 *49)

Then the phase shift &*» is obtained by solving the equation, 

with the initial condition C i) = 0 and comparing the

solution X1>m ( $) at a point % Ck2§.1‘> > l) with the

asymptotic form

^ ^ ^    —> Sin ( k §. -1/2 ^ ) (3*50)

k %
for y > > 1 equation 3»49 becomes

d Xi t ,2 '1?m + fk +
”T^" - '

0 (3 *51
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This has a general solution

Xl,mC^ = l,mj f *£1>fkS) +Pl,mj5 J»“ ^ >
• • • C3»52)

C2)

where J.
Cl)

and J. C2) are the two independent solution to
the Bessel equation of order y * ( ^ijm+ l/4 - K? -f^2

d2 JCZ) 4. 1_ d J CZ) + C 1 - 4X + 3/4 - k2 )J (z) -
2 "d5’"” .----------- --- • *l,m ’ J/* " & J* w - 0

dZ2 2 d2 __I...........-
Z2 .... <3*53)

^ ^l,m + l/4 - ^ 0, the equation 3*53 has two roots (l) *

Jw ^2) “ ^where and J_v are the ordinary Bessel

function. On the contrary, if &1>m+ 1/4 - K2 ^ £ the equation 

3*53 becomes the Bessel equation of Pure imiginary order, whose 

solution in the form of Power series is

J4 C Z ) C z)1^Li)n ( z/2 )2m

2 L n'f'pcil’+’o+i^
•WlSO

A
\l

&l,m + 1/4 ^ 1

In this case the real part and imiginary part of are 

independent, namely

JV(1) • “ Ji^ Cz)i A
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o°
and T > Y 3. - tan"1 A/p )

Buler*s constant,

knowing °C%^ j in 3»52j the phase shift is given

by
M,v, s Tan'-1 *4* -f P^v, Cot •yjr

" Pjt w

for A1?m + i/4 > 0 ............. (3*54)

( sin hAir) 1/2 o°Cos C > log 2 . T/ ) S y ' { 2)2W
2 1— g

^ zo

crSin U log z - ta ) ^ «^' ( z ) 2H

'nao
f2)

Jix (ZJ

(Sin hx-ir)1^2 r sin ( > log % . I ) ^ ' (zj2n
'T>7fr L 5 * ^ 2

V*
+ Gos ( a log z . c 2 )

2

2n

>1-.,

•where
/ f

•to * 1* *4 * 0

s iK

+ v 1 = M

tS
IH

W £
0 + V t*

■ /
3 wt-io" ? VI

a f VctH
lfl

I

N
,

II

V
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» tan"1 f A** Got h , *JL 1 - !!/4 + Atr ... 3.-
L £<,w, 2 J 2

f or Alm + 1/4 * k2 < 0

2he phase shift S„ S, calculated by this method is exhibited in 

graph 1* In this case the incident electron was so slow .that 

the phase shifts of the partial waves X >. 1 were very small

moreover the dependence of on dipole moment was not strong
!

except in the case of X = 0 therefore the D dependence of the 

cross section was mainly due to that of %0

Considering the same potential as Takayanagi 

and Itikawa but with a slight different .method Garrett has 

calculated phase shift for very large & « In this method the 

radial equation is put up in the form

h h ' f vh ‘ ^ + v°} *0
4 t

which for large value of % takes the form

"If1? +S- 4
1 s il ^

. f“ - CK2 - -Yt + V_) «
f /O 1-

C3*57)

V

This is Bessel*s equation which has a solution

m — Xfi < 5 )~i“ Jj.+ i fKV+ so ~
{Sin(K$ -3/2 t71 + s* )]/ KS (3*58)
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where f ( f +l) “ and S4 phase shift due to ?Qj however

by the argument just given, the term VQ goes as 

asymptotically like a sPheroidial wave with a multiplicative 

£ dependent constant, thus the solution of equation 3*57 may 

be written as
♦

fl CkS)-{siH [K^-l/2a7r-1/2TTCV /k5,

• • • (3 *59}

For determination of » 1" dependent phase shift Garrett used 

the characteristic of eign values St for large 9 , (-*■+!)

V*
therefore ^ C^+l )*— +vo

H( E + + v„ .. .C3«60)

From 3*59 and 3*60 a result analogus to that for a spherically 

symmetric r“^ potential can be obtained as

^ * 1/2 Trc? - J? ) ~ 1/2 11 v»/ 2i + 1

and as y ^J(£+jntl)C4-m+l)'| +

C2 ^ + l) C 2 A + 3) J
«••••<

JI- X & + m + 1 ) ( t - m + 1) ), , .
2 ]----------------------- ------------a--------S+

( 2l + 1 ) ( 2 i + 3) C2 4+l)\

For £ = 0, m * 0

s7r/2 *1/3 ■ 1^6 “ 0.5233 »•* (3*62)
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As Garrett has not calculated the value for

different dipole moment it was very difficult to compare the 

results •

3.10 AMPLITUDE AND SCATTERING CROSS SECTION

The knowledge of Phase shift is important for - 

the study 6f scattering amplitude and cross section. In section

3*1 fC 0) and total cross section Q is calculated. For the 

slow electron scattering the important phase shift term was .

Hence cross section was calculated for £ * 0. The experimental

important quantity is the momentum transfer cross section.
%

Considering Born phase shift and WKB phase shift, the expression 

for momentum transfer cross section in IT a| units turns out to 

be ,
QD = 341*3 £ ......... ......... (3.63)

E
jj| I.....

where E = Energy of electron in J Volt*
/

(See appendix IV for the detail of this calculations)

Altshuler (195?) calculated fcr a Point dipole potential 

applying Born approximation, his expression for Q* is
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is the dipole moment in debye•

It is difficult to compare our results with 

41tshuler*s results because he has calculated cross section 

averaging over the dipole orientation, we have derived the 

value of phase shift for different Y • Moreover the restriction 

cC {/c>l>remains for momentum transfer cross section for our 

calculations, while Altshuler»s results can be applied to any 

dipole moment.

The interesting result of phase shift is the 

mean scattering cross section. In recent experiments of thermal 

electron collision with polar molecules mean momentum transfer 

cross section averaging over the Maxwellian distribution of 

vglocity was reported ( N*B* The detailed discussion of the 

momentum transfer cross section and mean momentum transfer cross 

section will be made in chapter IV ). The mean scattering cross 

section is defined as

C5^, (v) y * 4lT^Cv) fQ (v) ^ dv ^3*65)

0

where mCv) * velocity dependent momentum transfer cross 

section. The expression for &^(v)> of SD phase shift is 

turns out to be

Cv)> * 32 IT t2

m K T

where K * Boltzman constant

- I * Absolute temperature
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for thermal electrons T “ 300°k.

Substituting the values oft, m, K, T and 

knowing that £a is very small we get the results as

^Cv)> “ 2905 x I0"l4gcm2 (3*66)
O

The Born results for the same is

^ C^CV) > * 3*8033 X 10^%^ (3.6?)

C M in Debye )

It was observed that for < * 0.2 expression 3*66 gave the 

value of (v)^ - 0*2905 x 10"14 cm2, while expression 3*67 

gave Cv)> = 0*2546 x 10 cm2* i^ihich means that our

results for <^0^ Cv) > is higher than Altshuler. Altshuler *s 

calculation gives Cv)> lower than experimental one ,

(Ghristophorou et al 1969)* Our calculations modifies the 

Altshuler is results and gives better agreement with experimental 

values*

The estimation of QD* and ^ Cv)> is not 

made for the variational phase shift because the variational 

phase shift is very small hence its effect to cross section 

is also very small*
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T & B X 1 1

Minimum Slgen values f ** 1° C X° + i ) f0r
» V/ *

different values of V

t
v * Cos V*

K0. /< Y=0° *m 25° y* go0 V= 76°

1 0.2 -0.00665 -0.005465 -0.002752 -0.000447

2 O.4 -0.02641 -0.021731 -0.01097 -0.001785

3 0.6 -0.05874 -0.04843 -0.024569 -0.004013

4 0.8 -0.10282 -0.084984 -O.O4338 -0.007127

5 1.0 -0.15762 -0.130698 -0.067213 -0.011119

6 1*2 -0.2222 -0.18479 -0.09582 -0.015983
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I 4 B 1 E 4

The value of phase shift « » by WKB method.

j N0.

i

*_ ^hase shift 1
y= o° Y- oc°25 y= 50° v- 75° j

! i 0.2 1*053 1®046 1*046 I.O46 j

! 2 0 #4 1*043 1*043 1*044 1*048 j

| 3 0.6 1*039 I.O4O 1*043 1*046 !

1 4 0.8 1*034 1*035 I.O4O 1.045 j

! 5 1.0 1*023 1*021 1*036 1.045 !

6 1»2
i

1*014 1.020 1*032 1.045 j

_____ 1
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A PPl ID IX II
a|e sfc sic & s|c % ^ % 4: sic 4* sfc jfi % sfc

Jacobies method of diagonalization of matrix*

For a real symmetric matrix A; all eigen values 

are real* and that there exists a real orthogonal matrix 0 such

that 0”1 a o is diagonal* We shall now try to produce the 

desired orthogonal matrix as a product of very special orthogonal 

matrices* Among the off diagonal elements -we choose the numerically 

largest element , j aik J * max* The elements ali9 alk, aki ( =aik)

and a^ form a C 2, 2) - submatrix which can easily transformed 

to diagonal form, we put

( Cos 4 
Sinf

- Sin#i 
Cos#

l

and get

D = cf1 A 0 * ^ Cos4> Sin 4^ f a±1 aik
Sin 4* Cosly

Ik akk

Cos 4 -sin; 

Sin 4 Cos!

lii “ aii Gos f + 2 aik Sin4» Cos* + stk a,, Sin24
kk

“ik * <1^1 * - Cau - a^) sin,f oosf* alk(G°s24 . sin2*)

4kk * «u S1" t 2aik Siia* c°s? + akk °°s%



127

Now choose dp such that dik

tan > * - Saik / C a±i - ).

R8 - (a.. - a )2
ii akk

computations we get

^ki ®, tha t is 

We put

.2
and after some simple

dii - 1/2 c aii + akk - a )

^=1/2 ( ai± + akk - R ) ...... 2.

dik ' dki ‘ 0

C Note that d.. + d
11 kk a and 

kk d d s ii kk a a - a2 ) ii kk aik

We perform z series of such two dimenjional 

stations, the transformation matrices have the form given above

in the elements C i, 1) (i, k) ( k, i) and ( k,k) and are

identical with the unit matrix elsewhere» Each time we choose 

such values, i and k that * max* Then it can be proved

that with 0 s o. o *••• o_,, the matrix B = o**^ &o comes

closer and closer to a diagonal matrix when r increases, and 

further that the columns of o converges to the eigen vectors*

If

k ^ i’

for some .value of

is denoted by , we kr*>w that i Caj-j- A ) 

i, and if the process has been brought

< £c
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sufficiently far, every circle defined in this was contains 

exactly one eigen value* Thus it is easy to see when 

sufficient accuracy has been attained and the procedure can 

be discontinued*

The conve rgiece of the method has been 

examined by Von Newmanu and Golds tine in the following way*

We put T CA) - ^ £ afk * #(&) - f and, as before*1 L l<ltt 1 
B * 0 &0. The orthogonal transformation effects only the

ith row and column and the Kth row and column. Taking only

off diagonal elements a^, a^, that is

2. 1 
T CA) T U) - a a?,

ik

since a^fc was the absolutely largest of all n Cn-l) off 

diagonal elements we have

aik •>- till
n Cn-i)

and T2 CA») <CT2 (A). ( 1 - 2 )

^ (A)• exP

nCn-l)

{ ' ----- \
t nCn-l) J

Hence we get the final estitrate

T C k) < TCA). exp
V- nCn-l) J
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After N intertions, T CA) has decreased with 

at least the factor exp ( - V® C n-l ) ) and for a sufficiently 

large ST we come arbitrarily close to the diagonal matrix 

containing the eigen value*

In a slightly different modifications, we go 

through the matrix row by row,' Performing a rotation as soon

as \ > £ • Here 6 is a prescribed tolaranee which, of

course, has to be changed each time the thole matrix passed.

Ihe method was first suggested by Jacobi. It has the advantage 

that the computations usually can be performed without resorting 

to a floting representation.
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4 P P BJU>_I_X III

Scattering phase shift for spherically symmetric field

Let the potential energy at distance r from 

the nucleus beYr • Then the wave equation to determine I* is

--*j- + 2 dL+^K2- d (H +i) + /3 | Jt» * 0
dr2 r 5F 1 ~v2...... I

( Z3 “ 2 m Y/#ja" ) ........ (l)

The solutions of this equation are

r'l/2 +l/2 CS,) ........ t2)

■Where ^ is either root of

vcy + i) - i ( 4 +i ') + i3

i.e* ^ = l/2 jj-1 1 ( 1 + 4 $ +4 £ + 4 /3 J ... (3)

Now the wave function X (r) must be finite at the origin.

That is to say, since r & ♦ (Kr) , behaves like r

at the origin we must have

y > 0 C all Z )

If I3 is positive ( repulsive field), then this 

condition is satisfied for one root and not the other* Thus
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the bounded solution Is unique, as it is a field with a lower 
singularity. If P is negative ( attractive force) there are 

then two possibilities, if - 1/4 < 3 < 0 then for $ B 0,

both solutions are unbounded at the origin, but there is one 

solution for which the singularity is of a lower order then

for any other solution. If we choose to take this as our 

solution a formula for the scattered intensity may be obtained*

If on the other hand, P -1/4, both solutions behave like 
"l/2 +r exp'C -,i*C logr) near the origin. There is therefore 

no solution of the scattering problem for this case. It is not 

merely that a signularity of this type at the origin is 

objectionable* There is no solution because there is no 

criterian as to which solution of equation 1 ought to be 

taken, and thus the phase £0 can not be defined*

Returning to the case of repulsive field we 

see frgm the asymptotic form of equation 2 that

Si * 1/2 IT ( y - £ )

where V is the positive root of equation 3. For large 

this reduces to
1

1/2 irP/ c 2x+ 1 j
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&PPENDIX I V

Calculations of scattering amplitude and diffusion cross 

section.

As derived in the section 3»1 the scattering 

amplitude is given by

o® ,
f C8) = 1 £ C 2.1+ 1) ei£j Sin S^CCos 8 )

k jt-.o 

IT

01 =8Tr I ’V Uv) \* <■ 9 M*
Sin LL d II

since we have two values of g , e.g. £o and £( 

2\ft 6 ) | h C {.
e1 Sin PQ( Cos <9 ) +'

IS. •i5.3 e*°> Sin S1P1 ( Cos 6 )} X [e—sin ff0 P ( Cos (9 ) +

3 e”isi sin £, Px (Cos 9)j J

f ( © )|X= 1_ fsin2£o+ 9 Sin2 S{ Cos2 9 +
k2 L

6 Sin £0 Sin (Cos CSo« S, ) Cos (9~J

Since S0 and S( are small'

l f ( S )|2* “ + 9 S*Cos2 (9+6 S0S, Cos 8 J

i.
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o*L ill
n

^ / C 1 SinA +

6
Cos2 <9 /V lylm V ) I Sin A & II 4*

Cos (9 J 1 yta’ I1 * * * VSin it &ii

0
to the expression for Qb as

QB * Xf8TTSin2 Sa+ 24 IT Sin2 5, Cl+ sf)
k2 L 

o

Converting energy in toy/blt units, the 

expression observed vjas

Q.D
TT a?

“ |^8 n Sin2g0 + 24 TT 1+ S, }

1 The important phase shift for slow electron 

scattering is $0 • The effect of second term is neglected

Th$ S0 dependent for >'/,= 0 turns out to be

iQj> = 341

V SB

13 »61
et

2.


