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CHAPTER III

D A v A D M M S W N G W ey M KON T W M O S g W A G

In the previous two chapters historical
backgrounds of the experimental and theofetical studles were
deseribed in order to make the thesis consistent. Inspite of
many sqccessful attempts made in studing the Polar molecules
by the scattering of slow electrons the controversy over

understanding of certain phenomens still existe.

From the study of the problem of following
Points for further inveétigatigns emerged. Thege are
enlisted beloyi=

(1) Most of the work dome for slow electron
polar molecule sbattering was based on considering a molecule

as a rigid rotator. The application of symmetrical top model
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was also made by some of the authors. One could have
considered the non rigidity of the rotator and also the

torsional motion of molecules.

(2) /In the scattering problem & very
important factor was the scattering amplitude. Ofcourse the
scattering amplitude is dependent on molecular potential. The
accuracy in the ‘determination of this factor is of great
importanee. So far the author has not come across the

literature which compared the accuracy of various methods of

determining the amplitude factor for a point dipole field.

(3) The numeriecal ecaleculations of the
amplitude factor could be made to a falr accuraey by the
caleculations of phase shift. The nature of the potential and
scattering cross section ecould be wel; studied by the
knowledge of phase shift. The accuraecy of the amplitude factor
depends on the quantum number 3:1:. The phase shift §, ecounld
Se caleulated by using various ﬁethods- The accuracy of the

methods can be ecompared and the amplitude factor can be founde.

(4) The various modifications and even the

overall change in potential was possible. Various modifications
in the potential field e.g. point dipole field,finite dipole

gcYeen

fileld;;dipole field, spin dipole field at various stages were

also possible. In place of a dipole model, gquadrupole,
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octupole models could have been imagined and consideration

of different model led to the change in scatdering cross

section and hence momentum transfer cross section.

(5) Over and above the dipole field the
.superimposition of some another field was also possible. It
was confirmed that the predominating term in slow electron
Polar molecule interaction was the dipole interaction, yet
pure dipole field did not.give the perfect agreement with the
experiments arnd led to some theoretical Q_:’Lf‘ficulties. In this
circumstances some short range potentials over and above the

dipole fleld was thought also.

(6) There were also chances of resohance
effect in the slow electron prolar molecule interaction. The
study of resonance required the knowledge of the wave function
on initial and final states of rotations. The study of formation
of negative ion its life time and capture cross section gave

the detail understanding of the molecular structure.

(7) In certain cases the anomalous behaviour
of cross section around Dpjn was observed. Three factors were
mainly effective for this (a) The additional short range
attractive potential due to the induced moments..Such a
situation would cause same effect as an increased in dipole

moment. The effect also depended on the total potential well

and would have affectedu¢he magnitude of the eross section very
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eritically around Dyine (b) Change in a dipole length wam :-

It vas observed that, in the range just above D 4p {( 1.8 to 240
Debye ) for a fixed atomic number Z, the binding energy of the
electron to the dipole was an extremely stron function of
dipole length wgw. Thus change in 2, a or short range effect
were contributing to the spreading of the dataz’especially
around Dpypne (c) i°0ss;:L‘ble effect of rotational state:- In this
type of effect the another constant introduced was the moment

of inertia. It might have affected the cross section.

In the present work an attempt is made to study
various points at various stages. Concentration 1s made on

points 2, 3,4, & and 6«

3+1 SCATTERING PHASE SHIFT.

e WD MO W G G WS AR W MR S D S M W A R e M G

Consider the potential V(r) as spherically~
symmetrical. In thislcase‘the wave funetion must have cylindri-
=cal symmetry about the direction of motiog of the ineident
particals; choosen as the polar axls of a spherical poiar

system of coordinates ry, § 4 ¢ » We expand Y (r) in

legendre polynomials aeccording to the formula

o

(£) = S8y R (£) P (Cos §) eueee(3el)
l=o0

which is commonly referred to as an expangion in partial waves.
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Substituting in to the Schrodingerrs equation, this gives

e R {10 - 1008 =0 G
r? gr "“

On setting ler) = u, (r)/r, we obtain the radial equation =

se e CBQB)

#t
©

- am en W an =

--‘3}_ + {Kz - Ulr) - 1(1+1) }
1‘2

where uq (r) must vanish at the origin r=0, since Rlcr) is
necegsarily finite at all points. Suppose that Vir) falls off

more rapidly than r~2 35 r —y o» we find for larger r
uq (p) ~1r {al ..51 (kr) + bl nl (kr)}

vhere :}1 and n, are the spheriéal Bessel and Neymann

1

functions. Hence we may choose ay and bl so that

w (p)~ K1 Sin (ke -1 + St ) (34)
2

as T - o tan $; = 'bl/a (3.5)

known as the scattering phase shift for the g th partial

wavee 1t vanishes for the case of a null potential.

wa we know that the plane wave ei ker can

be expanded as :
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f
Q .
elker - Zi 22+ 1) j, tr) Py (Cos@ ) (3.6
=0 4 )
and so putting - A ;
£(0) = ZE;FQ P, (Cos § ) (3+7)
£=p

we gee that for large »r

2 -
A, uy (P)~177(20%1) X 8in (kr -1 g7 )+ ¢, olbT
2 (3+8)

on equating the coefficients of ol¥F ang e~ikr we get

ﬂ .
AQ :i (2&*’1) eisi “wesros sres e {309)

and  C, =1

2ik

(20 +1) (32i§’-1 ) veree (3+10)

hence the scattering amplitude can be expressed in the form

o

r(8) = ;_ﬁgaﬂ ) e8¢ gin §¢ P, (Cos$ ) +(3.11)
: .
ﬁ:o

For considering molecule as a rigid rotator and averaging

over the entire dipole range the total eross section becomes
’]T -

o, = X |
e ?571' }Vlm (Uy) g (8 9)| Sinkal ay (3.12)
X

(5]

which finally leads to‘the expression for momentum transfer

tion
cross sectio T

o = zﬁ/ (1-Cos § ) O sinb 4f (3.13)

]
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3+2 DETERMINATION {F FHASE SBIFT FOR THE CRITICAL DIPQLE

- - W W W e G WS R G W TN R SR AR G G e B e G A G G M e -

- - -

In the last section the definition of the
phase shift and its relation with the eross section was
given. In this study the dipole field was important. Dipole
field is not the spherically symmetrie field, but dependent
on Cosb Due to this Cos & dependence characteristic of the
dipole field very few attempts were made for the ﬁhase shift
determination (Mittleman et al 1968} Takayanagi and Itikawa
1965, Garrett 1971). Mittleman et al and Garrett calculated
the Phase shift for restricted circumstances. Mittleman et al
have caleulated the phase shift for the point dipole fileld
in case of dipole moment greater than critical dipole moment.
Garrett hés caleulated Phase shift for finite dipole field
for very iarge 1. Takayagagi et al have calculated phase
shift for finite dipole field in 1little more detailed manners-

Caleulations of rhase shift for point dipole potential by

.various methods are reported in this chapter.

3.3 PHASE SHIFT FOR THE DIPQLE FIELD.

[rpp————————— L L L TR TR R R R R R Rt T

The geometry of the problem 1is as represented

in figure 3s1s Our starting point is the wave eguation,
AN

- 9% ¥ . De"Cos (D 7T ) = BEY eee (3,14)
2n1 \ —-—-*-—;é —————————
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1

which can be represented in atomle units as

3 —7 -
[V PR e L.y :} ¥ =0 (3415)
r3
/
vhere o = 2D Cos Y/ ea (3.16)

thigequation is separable in the usual stherical coordinates

¥ = R(I® (O o  GaD

The separated equations are

- W - -

R 1-4 ae+ [ wm? + If ¢ o+ 1)} @= 0 (3.18)
a M 1__/4_L :

whe re /ZL = Cosf

and

1 9 ( p2 R ' '
=5- .5._’2( r 5—,;) + [Kz - 1(9*12 - U(r) R=0 (3.19)

1'2 r

where the eondition that be single valued required that

m be an integer. The separation constant is dencted by

n

In (Ip+1)e The eondition that @ ( ¥ 1) be finite is a
m .

restriction upon Iy, to certain allowed values: The integer

n will denumerate these elgen values. 4 solution of equation

3+18 may be expanding in the complete ggt "o,
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where the coefficlents and eigen values are determined from

three term recurrence relation,

[ﬁi C_%*l)-<q+tmx>cq+zm1+1>]a”’,;1+

/ (g + 1) (q+ L+ 1) e
Y, [Aw { a*1 (g*z2inml +1 % '
A ‘L-H """""""""""""

‘€2q+ 2 lm} *1) (2q*2|m!*3)

%

N { ...... q-fatz m ) ____ ,%'"‘ 0 (3+21)
™ V' Liggr2 |m| +1) (2q* 2 |m| -1)

The solution of radial equation 3.19 vhich

is finite at the origin is the spherical Bessel function Jlgfkr)

The condition that this function be finite at the origin

places a bound upon the eigen values

LI;; 45-1/2 -...'. ‘ o (3e22)

whiech results in an upper bound on the magnitude of the

4

dipole moment

oo wm = -

o ¢ 1.279 (3.23)

/
(~f = CosY, Y =1 leads us to the Mittleman et al result;)
Otherwise the potential is too attractive and no solution
eXiSto
In order to make estimate of phase shift let

us take
- 1
I.In = u}(i +1 ) n-oo‘ es e C3‘24)

=
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such that for f = 0, 1,2 +.... etes the value of Ii is
alyays less than 1/2
BT IR )
= wf - Cifl)CKr? veeess sesees  (3425)
we know that

$oqpen) 1) = g Gr) -p)-1*1

wvhere
n, (kr) = Spherical Neymann function. The

asymptotie behaviour of this funetion at large 1 is
-(i+1) ,
uni¥1sm{u4@ﬂwy},”.@w
 kr
By comparision with fundamental equation it can be say that,

the phase shift §, if given by

= Ir
SD - .?_J [ ENR K] ‘ sew (3027)

Here we have taken ﬁ% = =(1%+1), which 1s always smaller
than -'1/2 hence the condition 3.22 is fulfill completely.
But even substituting 1=0, Ig: =1, so this assumption do not
gives the value of phase shift exactly for Ig = o 1/2. Only
thing which we can presume is for a eritical dipole moment

o = 1.279/y/ SpZ - e The negative sign of the phase shift
’ ) i
suggests that in certain direction the radial wave funection is

pushed out in comparision with the foree free wave function or
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in certaln direction potential behave as the repulsive

potential.

3.4 APPLICATION OF THE BORN APPROXIMATION TO -THE POINT

TR A S N gy R AR RN N NS WD AR T W R G SR R SN R UAR TR S NS e Gl WA ML SoR SRD W G S G R W WG A SR G WIS TAG G X O TR e S

D D T - S -2

For determination of the phase shift for a

point dipole field it was observed that the quantity L

¢ Ln + 1 ) yas very important. It could be observed that the
relation of T (L-+1) with U(r) could given by the following

equation

|l
L an S
e
+
et
h
i

m
n n d¢ L+ 1)+ Ulr) (3.28)

Ine expression for Born approximation for 1 dependent phase

shift is & B

’ 2
Sé = - kr 32 (xr) U(r) dre oo (3429)

For the point dipole field this expression turns out to be

m

- 2 ) im n |
Sﬁ - fk r j?_ ter) {I‘n ( I’n + 1)," 1(1*'1)}(11“ (3+30)

Ll X R B X 2 A X N % 7 D e e -

2 ' rz

O

r

By the help of equation 3.30, the Born approximation for the

vhase shift for a polnt dipole field for anhy value of 1 can

evaluated. For effective electron scattering the important
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Phase shift is §, » We have estimated §_, §, , for Born

approximation. It was necessary to determine the value of

m m ) ]
Ln ( Lh 4+ 1) for every value of 1y This was determined by
rz

the expression 3.21, substituting n =0, m = Qo q = 1,

expression for 1 = O ecan be obtaln as

0 o
m m
r? r2

which on substituting in 3.30 and performing elementary

integration gave the §, as
0
So = - LO ( IJO + 1) 7T/2 csve .o (3'32)

For =1.U(r) vas determined as 1 = O. The form of U(r) in

this case is given by,

oy O 10 : |

Ulp) = 1 X e =L (L + 7)) (3433)

, '-é . L (L + ) 0 0
r 3 Yo't ‘
using 3.30 and 3.33 the % 1is obtain as
3 3

- v/ - 1,2

g‘ [ “““ y }(ko - 2k0 ) sev e (3084)
3y ————
3

-0 0
where y Lb'( Lb +1 )

It can be observed that §, is independent of energy while &

15 dependent on E ke
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For the XL th partial vave shift WKB method

gave the expresslon as

o=
$e = U (r) dr (3435)
2{1;2_ (1 +1>2}“-L |
A= (ﬂ‘f'}_) ) r ‘

K .
for the dipole field use of equation 3.28 for 1=0 gave the

$o
value of,\as

So =2 - Lz { L(o) + 1) Tr/z tacee (8-36)

N

Tt was interesting to note that §,for Born approximation and
WKB approximation were equal. Using the value of U(r) of 3.33

and substituting it to 3.35 S, for WEB could be obtained

2 /2’
S = oL ¥ ‘
\ 1/3 /3y, - v, | T/ (3437)
it can be observed from equation 3.36 and 337 that WKB phase

ghift for 1=0, 1 are lndependent of energys

3.6 VARIATIONAL APPROACH TO PHASE SHIFT.

- Y - - W % s - - A .

Variational apProach to the point dipole

was also applied. 4 variational integral is given in the -

H]
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v )
I, = 6. J %+ ¥ . urlc
t " t - t Ar e
ar2

(3.38)

forn

where Gi is the trial wave function. Gy = Gt(cl, e, +eee 0y )

containing n adjustable parameter, vwhich satiesfy the boundary

conditions Gy (0) = 0, Gy ~ sinkr + ) Cos kr. We have

tried the wave function of the form

1]

G, = Sin¥ x¥r +',K(1-e'2/a) Cos KIee+ (3.39)

for the dderivation of considering Ul(r) from equation 3.23 and
taking wave function 339, lengthy but straight forward solution

of 338 gives

2
To = 282k - Azafrg) ¢ S - IR ()
1+ 4 a2 4 a2+ 1) 2(a247)
KT v d '
{5’ - 22zt e-iuﬁef‘.‘r-&%
4224 1 4‘32 + 1) eeses  (3.40)

Applying Kohnts variation method the phase

gshift for a dipole field was obtained as

&, = 4ak 2
4a 48%44  TTTSTTT N memeeee-
' 1 4682-!-1) 432 + 1
* é‘f.-.‘.f_t-@g ve (3e41)
4 (a2 4+ 1). ’
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3

7

where wav is taken as the mean molecular diameter. In the case

of a dipole field a can be taken as the iength of the dipole i.e.
distance between two charges. Then for the ssme function
Hulthan's variational principle was also applied to the phase

shift which gave

tan § ~4ak + (18a2)2 = 4yk [a2+,
2 ----------- - -
1*4a (1+422)2 2 4(a2+y)
. :
%f--:.].' 2ya (23 +1) ay(az + 9) /Y
-------------------- CB. )
48%+q 4a%4+q 4(a%+ 1) 2
H g = 10
ere ¥ L, (L +13)
Y = a4 g 2a” 4
2@ 1, %xef%a_-t-zz ay(a®+ g)
ala®+1) 42 4 4 4a? + 1 4la®+ 1)

. —p - - W N -

For the numerical cdleculations the first
important thing was to calculate the value of L {L + 1),

In every methods used to determine the phase shift the value of

LO

0
o (1b+ 1) vyas requireds The numerical estimation of this
quantity was determined by the help of equation 3.21. Taking

n"m*0 and g=1 the secular equation gave different elements of
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the matrix for diffefent value of A (i.e. ,Q=O,1,2,3....etc).
The form of this matrix upto £ = 9 ig as shown in appendix I.
In this matrix y = Ig ( Lg + 1)e Tt was observed that the
roots of y depended on « , w’ﬁ o is a dimensionless dipole
moment given by oL = 2D/eao. Yhile Yé = CosY ), 1s the direction
cosine of the dipole axis Qith respect to the direction of K.
K is a wave vector. We have selected the value of‘«(,‘-'= 0.2y Oeq,

06y 0e8y 140y 1¢2 while Y= Oo, 25°, 50°, 750, vhich means

that for the different combination of «¥ , for determining the
roots of y, 24 matrices are to be dlagonalized. The diagonaliza-
~tion of matrices were made by the help of IBM 360/44 coﬁputor.

The method used for diagonalization was Jacobils method. While
the programming was made in Fortran IV language. The Jacobirs

method ig deseribed in appendix IT.

Further the caleulations for Born, WXKB and
variational phase shift were also determined by the computor

together with the diagonalization.

For Born avproximation 6,8, were calculated,
Here Sgis again energy devendent. For the calculations of §, the
values of K selected were 0.1, 0.01, 0.001, 0.0001. In Kohn?s
variation method one more constant maw over and above the »k»
abpeared. The wave function of th; form 339 used for phase

shift problem 6f electron atom collision (Bates 1981). There

&
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ngu ,;,,'sf t!za atemﬁ Here w,, n

mre le 13!’%%!&* ﬁereever "a® was infact an aafm,

r, we ham taken the raz&ge nf "a” fm l-éf E}.:

: NvL , - -
It is physieallykpaﬁsibla '!So gi?e all ;

reﬁuzi;s over here. Some of thg 1m§3grtant I‘esu;g“fara a

in table I ta V. As we have taken the valua;,‘ f‘t{r) vﬁa

de;aemient exz minimm eigen valtzes I. the resi jtima ame m

our calenla‘bians tha’c we ceulﬂ not caleulate the phase shift

for o« ‘:w_/ criti The very 112%31’@5@113@ ;mint of our stm&y vas the

*ﬂependenea ar'( and phase shiz‘t oxx t&za a:gls betwean dipsl& o

rit
~axis and tha wava metor- Tt maans that i:}:w thase smrt is o

depekndent'en tha poksitian of malee‘aiar :dipele'-

, In table II the Phase shirt ‘:ﬁ‘ér Bérn L
approxmtiaﬁ 15 emibitad.» As discasssd 1:: tha abave paragraph 1

we could zmt caa.eulate phase sh:{ft fara{ ”'drm ) therefore
instead ef takizzg different Polar maleeales we hava considered
the dipole fiela It was observed from the tabla IT that as .
,ineraasa;s,, i:shase, shift mcreas@a, wh‘ih as Y 1;mreases phase
shift éaé:‘sa‘aas-" " ' .

Tné thase shif"h szfear £ *1) is represented in

table IITI and IV. It was observed that the § ,for Born approxima-
-tion is energy dependedt values of k. the values of § for WKB
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were very large in comparision of Born values. But the tendency
of both the phase shift was the same and reverse of § ¢« It was

observed that § decreases with inereasing .

The variational phase shift calculations are
represented in table V. Here one more variable wa® is introduced.

As discussed above ™a» l1s considered as the dipole length. It
was observed that with decreasing wkw phase shift decreases

and with inereasing »,% phase shift decreases.

3.9 COMPARISION QF THE RESULTS.

P R R Y el b L

’ It i; rather surprising to find that very few
work has been reported on this Particular aspect of scattering
probleg. Mittleman et al (1988), Garrett (1971), Takayanagl and
Ttikawa (1988) have calculated phase shift for very restricted
situations. Mittleman et al have calculated shase shift for a
voint dipole for vhieh D > D .;¢+ We have calculated rThase
shift D £ D pgge Takayanégi & Ttikawa (1968) and Garrett (1971)

have calculated phase shlft for a flnite dlvole potential. The

brief discussion of the work of these authors is made here.
/ Mittleman et al have for the polnt dipole

potential considered the simplest case for which « >{,n3¢, so

0
that L was complex, but all the other Iﬁ are real and greater

than -1/2. The radial wave equation in thise case is represented
\



as,

4” +28 + 4+ . AN,
ir2 rar an ';é’ fr) Roo(r) =0 (3+43)

( Rbo represents that n = 0yy m = 0 )

/\Oo Eigen value of the radial equation. By hypothesis

i

- A, = AN a2 + 1/4 (3444)

Qo

vhere wa® is real. The phase shift g)in the limit kr ¢<1 can

be represented as

Tan $ = Sin (d+ § ) (3e45)

ST A W - -

& = Toglry/p) ¢ arg [ (1 -ta) - Tant o/ (s + 1/2) ] (3.46)

s =N Cot A, - 1 (3+47)

€= Tan™l (tan h (Ta/2) ) (3048)

i

Mittleman et al have observed the effect of this Phase shift on
the inelastiec eross section Giv . They have not calculated the
numerical values of Thase shift. Takayanagi ané Itikawa have
considered the dipole potential as finite dipole, this type of

potential can be represented as

Vv = =3 8% ( 1- 1')

o Ty rp



Where the prolate spheroldial coordinates § m are given by

§= rA+ rB/R‘

Ty and I‘-B are the distance from the position of charge *tZe

{at point A) and -%e (at point B). R is the distance between

two charges. Partlal wave treatment to Schrodinger equation,

gives the radial wave equation of the form

s=gmezg * ------r--"] Xim =0 (3049

. Then the phase shift &wmis obtained by solving the equation,

with the initial COnditiOn Xl,m( 2) = 0 and comparing the

solution Xl,m (%) ata point ﬁfk2§l> > 1) with the

asymptotic form

S W e S G G . - W

k§
for S— > 2 1 equation 3449 becomes
2
4= X '
Lo, fx2+ 2. 3 Xy . =0 (3.51
------- ) lym 2
I N
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This has a general solution

' (1) 2
N (9 =CaplF HVEO PP e 57 G
. 0.0(3.52)
vhere Jvu‘) and J,cz) are the two independent solution to

the Bessel equation of order Y o+ ( Al,m+ 1/4 = K2 .}1/2

2 Ly
g-..{.c.f.). + 1_4ad (Z)

az2 2 &z

72 cers  (3483)

1 Al,m * /s - K> O, the equation 3.53 has two roots J (1) =

. 1»(2) = J__v where J, and J.y are the ordinary Bessel
function. On the contrary, if Al,m+ 1/4 -~ K2 £ 0 the equation
3.+53 becomes 'the Bessel equation of dure imiginary order, whose
solution in the form of Power series is

Jgg (z)= (

n! [TAN* oty

haal-N1

nJ‘Al,m'*l/é - k2|

In this case the real part J4 and imiginary part ,]'i of Jy are

independent, namely

/

F)
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(>n)%

P
( sin ham)/2 [coscmog Z- ) Z;(,\'cf_nzn..
2

{1
‘s:m (Alogg-TA) o(K(_zé)zn)
Jf,g) = 5 (2) = |
-
(829_133*712“/2 [Sin (2> log Z - T i (Z)
Oy M=o

+ CosfklogZ-T

3
I\“‘
BN
3 -
o
Vl\)
=]

where "(o =1, , =0
} | t
= -1 Doy TN Taml
- oo LTl
n2 + )%
0(“ "
m = ";11 noc,“: -_)i:(:\'_, for n2z 1
ne +
o
and TA= -)\'Y'*'Z( .C\.-tanlA/p)
P=1
V= Eulerte constant,

knowing olgw 3 [y in  3e62, the phase shift 1s given

by :
<t = Bawm <

2
for Al’m + 1/4; - Kk > 0 tees e (3054)

-
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20,m = tan ™t ‘h Lim_ Cot h | "I..] =T g+ AT ... 3es5
‘ 2

for &, + 1/4 sk2< 0

The phase shift 8, §, calculated by this method is exhibited in

graph 1. In thig case the incident electron was so slow that
the phase shifts of the partial‘waves A > 4 were very small
moreover the dependence of §g., on dipole moment was not strong

except in the case of L= O therefors the D debPendence of the

cross section was mainly due to that of §,

Considering the same potential as Takayanagi
and Itikawa but with a slight ddfferent method Garrett hasgs
calculated phase shift for very large f{ o In this method the

radial equation is put up in the fomm

d f(::-l) d - ( m2 K2 .2.+ .\’n +
-~ - - —m——— e V ) =
dg‘ d%fl;l. g‘-l 3 4 f%l. 0
, 000063.56‘)
which for large value of % takes the form
EP tea P L@ B om0 (5
a1 ¢y T T T 2o £y 3457
g&.

This 1s Besselts equation which has a soluntion

m -L
£ C5)~87 T, (K§+81) ~

(sin(x§ -1/2 47 + 53)])/ ks (3.58)
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i

v\
where f ( F+1) = A, and $; phase shift due to Vo, hovwever
by the argument just given, the term V_ f”i goes as

"asymptotically like a sTheroldial wave with a multiplicative
L gependent constant, thus the solutlon of equation 357 may

pe written as

£ (§)nm ?JNVQ ()~ {sin (K§-1/207 -1/2 (> -0 /xg.
ees(3e59)
For defemination of mgm dependent phase shift Garrett used
the characteristic of elgn values .y for larged , Aj~( L+1)

therefore Y (Y +1 )~ ﬁ + Vg

ﬁ::; ,QCQ"' 1} + Y, 000(3060)

From 3+59 and 3+60 a result analogus to that for a spherically

symmetric r-2 potential canh be obtained as

Sa,w. = 1/2TM(Yy=Q)~ 1/2va,/21+1

T - IS - A -

and as y {(ﬂ'fm*l)(ﬂ-m'*l)]l_‘_
[} o~ oo we oo

Sy '
o2 N Wl g +1 ) (Qept
_____ H_l _—..}-_---..-_IE---?:)----.. + ;ooon(BoGl)
(2f+1) (24+ 3) (24+1)

For ﬂ"—O, m = 0

S, =T
so =1/2 o1/3 = T/ = 0.5233 .. (3+62)

?
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As Garrett has not calculated the value for
different dipole moment it was very difficult to compare the

I'esults .

3.10 AMPLITUDE AND SCATTERING CR(SS SECTION

S S A A R R WS e W W R A mm W MR e S W e e A TR S am em e e W

The xnowledge of thase shift is important for -

the study Bf scattering amplitude and eross section. In section
3.1 £(0) ana tEtal cross section Q is caleculated. For the
slow electron seattering the important phase shift term was .
Hence cross section was calculated for &= 0. The experimental

important quantity is the momentum transfer cross sectione

Considering Born phase shif% and WKB phase shift, the expression

for momentum transfer cross section in Tfag- units turns out to
be 1 2
QD = 341.8 So soe e N s e (3.63>

—--tr‘

B

vwhere Egg = Bnergy of electron in ,} Volte.

s

(See appendix IV for the detail of this calculations)
4
Altshuler (1957) calculatead QD for a point dipole potential

applying Born approximation, his exbression for Q; is

]
QD = £ +8 { D )2 P {3’64)

L ettt
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D is the dipole moment in debye.

It ig diffthenlt to combare our results with
Altshuleris results because he has caléulated cross section
averaging over the dipole orientation. we have derived the
value of phase shift for different ¥ « Moreover the restriction
AL ¢ . ; remaing for momentum transfer cross section for our
caleulations, while Altshuler?s results can be aprlied to any

dipole moment.

The interesting result of phase shift is the
mean seattering eross section. In recent experiments of thermal
electron collision with polar molecules mean momentum transfer
eross section averaging over the Maxwellian distribution of
valocity was reported ( N.B. The detailed dlscussion of the
mome htum transfer cross section and ﬁean momentum transfer cross
section will be made in chapter IV ). The meaﬁ scattering cross

section is defined as

of
< (5:,,, (V)> = a7 O;(V) fO {v) P dy .{3,65)
(]
where 0 m(v) = valocity dependent momentum transfer cross

section. The expression for 6o (v)> of §, phase shift is

turns out to be

'''''''' Sinz 5;;
KT

where K = Bgltzman constant

-

T & Abgolute temperature
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for thermal eléctrons I = SOOOK.

Substituting the values of H, m, X, T and

knowlng that S, is very small we get the results as
{Ouv)Y = 2905 x 10'1452;,12 (3.68)
Q
The Born results for the sgame isg

L0,y) Y = 3.8083 x 10“14/133112 (3.67)

( Min Debye )

It was observed that for 4 = 0.2 expression 3.86 gave the
value of {Ow (v)Y = 0.2005 x 10”14 cn?y vhile expression 3467
* gave T Cv» = 02548 x 1614 cmz, Which means that our
results for <0, (v)> is higher than Altshuler. Altshuleris
caleculation gives {0, (v)> lower than experimental one ,
(Christophorou et al 1969). Our calculations modifies the
Altshulerfs ‘results and gives better agreement with experimental
values. |

The estimation of QD' and (G, (v)> is not
made for the variational phase shift because the variational
phase shift is very small henee its effect to cross section

is also very small.
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TABLE 1

A O e -y

Minimum Bigen values ¥ = Lg ( Lg +1) for

different values of Y

!
Y = Cos Y
NO“ 4 --_-6 ..... y--r:__z’g_.c..:.{.’g_t-l-). --------
- F—1 0
V=0 Y= 95 Y= 50° ¥ 0
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APPENDIX II

- - W W A G W W gy

e 3k s Sk 3k st sk e o s e kool sbe sk ok ok e ok ksl

Jacobl&s method of diagonalization of matrix.

TS T A T W o W S Y G A O G T e G WS WA e VI N G M S e S S G W S Sy . e

For a real symmetric matrix A; all eigen values

are real; and that there exists a real orthogonal matrizx O such

that 01 4 0 is diagonal. We shall now try to Produce the
desired orthogonal matrix as a product of very srecial orthogonal
matrices. Among the off diagonal elements we choose the numerically

largest element i aik‘ = mai:- The elements aﬁ_, aik, aki ( =aik)

and 8y form a (2, 2) = ’submatrix which can easlly transformed

_to diagonal form, we Pub

0o = Cos¢ =~ Sing ' ‘ N
Sing Cos¢#).

and get

p=glao = ( Cos & Sinap) a4 8y, Cos¢ -Sin
-Sind Cosé
aik N Sin¢g Cos

oo;uooo 1'

. 2 L ‘
diy = aj3 .Cos"¢ + 2 asy; Sind Cos¢ + &k a _ Sin’g

kk

Ay = ay = - (ay; - a,) Sing Cosd* a, (Gos%4 - sin%)

]

2, .
Sin“g . 2
kk © @ 4 28, Sin¢ Cos4g¢+ a ¢
ii *ﬁ ik =™ 4 Kk 08 ¢

s
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Now choose ¢ such that d;, = a4 = 0, that is

tan 2¢-= 2aik / ¢ 44 = ékk)' We put

- 2 :
11 T By 7 T 487; and after some simple

computations we get

dii = 1/2 c aii + akk + R )
dkk,:: 1/2 caii + akk" R ) o"--oc 2.
dyp = dyy = O
( Note that 4., +4_ = a _+a and 4 4 = 2
it Tkk 11 gk 11 ke %11 Fc aik)

We perform z series of such two dimengional

(totations, the transformation matrices have the form glven above
in the elements ( 1, 1) (4, k) ( k, 1) and ( k,k) and are

"ldentical with the unit matrix elsevhere. Bach time we choose
such values, 1 and k that a4, = max. Then it can be proved

that with 0= 0y o ++++ 0., the matrix B = o1 Ao comes

r’
closer and closer to a diagonal matrix when r increases, and

furtder that the columns of o converges to the eigen vectors.

Ir ZE; ‘ aik\ is denoted by Eg s we krow that ‘Caii-i\)l< &,
kgt

for some .value of 1, and if the process has been brought
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sufriciently far, every cirele defined in this was contains
exactly one eigen value. Thus 1t is easy to see when
suffieient accuracy has been gttained and the procedure can

be digcontinued.

The convergébce of the method has been

examined by Von Neymamu and Goldstine in the following way.

Y : ,
We put [ (&) = éf‘éi'afk = N°(4) - (flaii and, as before

L XA
B = 0‘1AO. The orthogonal transfermation effects only the

ith row and column and the Kth row and column. Taking only

off dlagonal elements 8410 g9 that is

F 2
T = 7 - 2
) (A) 2 aik

since a;, was the absolutely largest of all n (n-1) off

diagonal elements we have

and
72 (41) £T2 (&), (1- 2 )

2

I° (a). exp {.- 2 E
ntn-1)

Hence we get the final estimate

T (a') < ). exp {- 1 %

R ni{n-1)
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Arter N intertions, T (4) has decreased with
at least the factor exp ( = W/H ( n.1 ) ) and for a sufficiently
large N we come arbitrarily close to the diagonal matrix

containing the eigen value.

In a slightly different modifications, we go

through the matrix row by row, performing a rotation as soon

as \aik\ > € « Here € ig a preseribed tolarance vhich, of
course, has to be changed each time the vhole matrix passed,

The method was first suggested by Jacobl. It has the advantage
that the computations usually can be performed without resorting

to a floting representation.
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[ e i i T IR

Scattering phase shift for spherically symmetric field :-

. - - -y T W g W G W e TR UG N S M T YN AR M NN NS e WS R W T W W AN O R G e TR G e e e e

Let the potentigl energy at distance r from

the mucleus be YT 2. Then the wave equation to determine L is

o ‘
-+ 2 g}_+{K2- L +1) + B }az‘o
ar r g§gr | 2 m==Toogmemess
ar 1"2
( ﬁ = zm)’/hl ) cean oo Cl)
The solutions of this equation are
-1/2
1’ LA I A I )
J})+1/2 (Kr) 62)

Where Y 1s either root of
V(Y +1) = L(L+1 ) + P
1.00 ) = 1/2 [-1i<1+49+4€+ 43 )1/2} ees . (3)

Now the wave function T (r) must be finite at the origine.

1/2

- y
That is to say, since r Ty 11/2 (Kr) . behaves like r

at the origin we must have

Y20 (a1l 2 )

Ir 13 1s positive ( repulsive field), then this

condition is satisfied for one root and not the other. Thus
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the bounded solution is unique, as it is a field with a lower

singularity. Ir P is negative ( attractive force) there are

tnen two Dossibilitles, if = 1/4 < B £ O ‘then for § = O,

- both solutions are unbounded at the origin, but there is one
solution for vhich the singulafity is of a lower order then
for any other solution. If we choose to take this as our
solution a formula for the seattered intensity may be obtained.
If on the otﬁer hand, B<¢-1/4, both solutions behave like

- - PR ’ .
r /2 exp'( - 1 logr) near the origin. There is therefore

no solution of the scattering troblem for this casef'It is not
meﬁely that a signularity of this type at the origin is
objectionable. There is no solution because there is no

~ eriterian as to which solution of equation 1 ought to be

taken, and thus the phase &, can not be defined.

Returning to the case of repulsive field we

see TTBD the asymptotiec form of equation 2 that
Se= 12T (Y - 1)

vwhere V ig the positiQe root of equation 3. For large

this reduces to

/2 TB/ (21+1)
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APPENDIX Iv

Calculations of scatterlng amplitude and diffusion cross

. . h W i a ISy S R A S O NS T G M W W W o D W . B -

As derived in the section 3.1 the scattering

amplitude is given by

& N
Z (24+ 1) e1® gin S,{Pl(COS 6 )

P(8) =
) i=o

b

m

] - 2
O‘(,. = o T f YlmCUV)\fCG)\ ;mfﬂ)))
/3

Sin lt a e,

since we have two values of § , e«gs ‘So and Sl
\ffe) = [ { 80 gin o P . ( Cos 8 ) +°
Il:é 0

is v § =18,
3 e " sin§P, (cosé?} X {e 8in €, F ( Cos 6) *

e-iS‘ 8in &, P]. (Cos 9)} }

lf(e)ll [Sin S+9 SinScoszs +

6 Sin §,8in § (Cos (§,= &, ) Cos G]

Sinee %o and S‘ are small"

L
le ¢ @) = {S"'QSCosz@*GS COSs]

1
k%
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i} |
o, - ig[f st | vy wrr| stuak v

6 _’Tz s
2
9 Cos (9/ §, lylm (M)))\ Sinu dal +

v

d ] 2
6 COS@/S,S,lylm ()| sinkau

vhich leads to the expression for QD as

- 2
QD = __%_. CBTT Siﬂa So+ 24 TW Sing S‘ (1+ S, )

k
0

Converting energy in to\gv\(ﬁ% units, the
expression observed was

= - — . | X
b= g "ES”SU@&*'24WMﬁ31+&qu%m

——ge-

E

The important phase shift for slow electron
scattering is §, » The effect of second term is neglected.

/
The §, dependent for Y = O turns out to be

1

Qy = 341.8 §,

P il ]



