CHAPTER IV

Here we are describing another method to obtain the value of
the parameter § which is highly efficient than that of ordi-
nary ratio of linear functions of observations and even highly
efficient than that of the ratio of  quadratic estimgtors as
described in chapter I1I. The method described here is slight
-1y different from that of described by Patterson [ 2% 1.

We have seen that %, the least squares estimate of §
is obtained by solving the polynomigl equation of degree

3n=-11 in i\- and that equation can also be written as
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where wx(§3 are polynomigls of degres 3n-12 for some speci-
fied values of To Sheh [ 3l {pointed out that when full

‘ A
efficiencies are not required, a useful approximatdlon to r

can he obtained very simply from
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where w, are constants. In chgpter II it is also described
how to estimate the other parameteré by fitting a partial
regression of ¥y on x and r¥. From the efficiency Table of

Chapter II it can be seen that for large values of n 8,
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the efficiencies are very low at high values of § . Whilas

this has been achisved some what for guadratic sstimators.

But for n.:>89 this efficiegéies are significantly low either

for quadratic estimators for‘fjroe5 or for Hartley's modified
method for § £ 0.5, The purpose of this chepter is to investi

~-gate a method which hes high efficiency even for n = ngﬁﬁ\ﬁj\ oM d-
Khnhotse L2337,

1. Modified Method for Estimating § .

The modification consists of replacing wy of {(4.2)
by functions VATV, g chosen to give as good approximations
a5 possible to the pelynomials wg(r); the resulting estimate,

which will be denoted by r, is then one of the roots of the

quadratic equation
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Note the following things in deciding the which root of the
equation should be taken:

(i) Positive root of the equation should be taken,
(ii) and that it should be between O and 1.
When n=5, the u, and v, can be chosen so that
W o s &0 '4‘...
ux+rivxo( wx(ri? (4.4)

for three different values of Ty=T o T5aT oo The estimate v

: N . .
is then equal to T, the lsast squares estimates of £, for each
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of the three values.When the r,; are taken to be 0,0.5 and 1,

the values of w, and v (with arbitrary factor) ares

[oe]
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vos (4.5)

Note that "3 u .= 3 ¥u L0 and Y v.= 2 v, =0 since
z w’:{: im‘;’xz(}«

The asymptotic efficiency of r, when y's are independent

, 2
and have equal variance § , ls
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The corresponding variance of % is Fop © 2/ B 2, whers
Fo.p 1s a guantity defined in Chapter I, The ratio of these
variances gives the efficlency for different values of f and n.
Corresponding to the set given in equation (4.5) i.e, for n=5,
the efficiency is very good (:)ver 99, 9%) for the whole range
of ¢ and hence the approximation is g good one,

Equation {£,3) can be used to provide an sstimate of ¢,

and the values of the u, and v can also be obtained by using

the method given above when n 7 5, but since the degree of the



- 88 =

Polynomials w,(r) increases with n, we give here an approximate
method for obtaining the u, and v, for n=6 to 14. These values

of u, and v}; are given in Table 4.1,
Method for n > 5:
T Vy oL W (‘r'i) gives followying two equations for two

values of rl and r, say,

u4r. v =p.w {r.)
x 1x “1x°1L (4.7)

l&ﬂﬁvx = pz x(rz)

Solving these equations for u, and vy We have

Uy pg [rlwx(r?.)-rz P Wx(rlﬂ / (rl«r239 e (4.8)

V.= pg[p wxf,rl) - wxirgﬁ]/ ,(rl-rzﬂs whers p=p./p, .

Now w 3’ (uﬁf vy} gives by substituting the values of

vy ;md v, from ( e8), we have

W, (5))“132 r_! W (1* ) - T buy :r° + §pwr (rl)

- ,&’wX(rz)] /Erl-rg;?r]a eoe{4.9)
The variance of w (¥ ) should be minimised at the third
value of r say at ra=rg. Putting w (9) = v F 9 v, in equatien

(4,6), where wx(f’) is given by (409), we have the variance

of r as
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Where A *]:w

N \v}

@2
Y. A = ) = -
rl, b= Xw, (v" .xér )y Lg= T, (rg),

B =YW, (rl W (r )5 o~a[_§LU (r )wx_l(rg)

+3w, (v )] T lr Jw,  (ry)
I C 3 A . X1
cl=§:wx(f1)‘9 and Gg='§:Wi(f2> 14 o

Differentizting equation (4.10) with respect to p, we have

solving for p:

m(*’w&)Uuym ~hC) - 2£(8 0. - BO]]
-yl P c -2 l) - 2¢(3,0, - B0,)]

nﬁﬁ(-.b...

The values of w_{r_) and wx(r?) can he calculateil by the

“1 =1 -1 =1, L
s =§'Ev R o vty ,ﬂ;ﬁ}w(ﬂ;,m)

where X, B, and V are defined in chapter III. Thus y 1is

0]

o

etermined by equation (4,12) at a varticular value of,?

Procedure for preparing tables

Choose gny two values of r, and Ty Caleulate
y(r ) and wx(rg} from equation (4.12) . Find value of p

0w

1

 od
S
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from equation {4.11) at the third value of §say r_. Thus
o

the vector w‘{{rl) and w ,(r ) and ps is known. Calculate
v and v_ from the following equations {(in arbitrary

constant factor)s

U =r w{r )-r pw{>r ) an
L v 7o rx( ;) and
v, =DV (r)) - w (rg) .

Description of the Table ¢

Tabie (4,1) gives three sets of wvalves for different

kets of T T, and LI The following sets are chosens

<

— b

() ,=0,5, r =1 and r =0

o~
o’
A

rl=0, '.!.’2:()&5 and T3=l .

The third set (c¢) ig obtained from these sets in such

a way that the effiéiencies at § rﬁo, and § =1 are nearly equal.
For n=7, the over all efficiencies for the set {¢) is above
99.0%, For n=14, the efficiency for the set {a) is low for

§ < .5 and also low for set (b) for §).5. While the third
set 1s balanced, it has high efficiencies between §=.3 and

§ =.7, and has over all efficie ency equal to 93%., While in
quadratic estimators the over all efficiency for n=8 is 93% .

Thus we can see that the efficiency has much increased, But
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it is expected that the efficiency will be considerably low

for n » 20, Thig will be discussed in Chapter V.

Ty .
As Al ..16 $

The following examples gre taken from a Ph.,D.thesis
submitted to the Chemical Engineering School by Bruce McCarty
E | ]. The Chemisorption of Oxygen on a Silver Catalyst
(rate and equilibrium data) was studied at 350°, 200°, 450°
and 500°F pressures having values of 50, 100, 200 and 400
mm, Hg. were studied at each temperature. Measurements were
taken at 3, 5, 7, 10, 15, 20, 25, 20, 40, 50 and €0 minutes
after the Oxygen was admitted into the balance housing. The
rate data for Oxygen had previously been fitted tc the
integrsted form of the iangmuir equation® for aBsorption with

dissceiation,
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* The integrated Langouir eqguation is

(2av b - JE;Z:i;c ) (b+ J;§:2g3> P
(Eava+b+VG;T;;;; J{b= Vb —~4ac )

where az(KlPoéaKg)/Vi, bmw(ZK,Poz}/Vm, &z c=K_Po_ and

12
where K. and K, are the rate constants for alisorption and

desorption, Po? is the pressure of Oxygen,‘vm=VOlume of gas
adsorbed in a monolayer and V, is the volume of gas adsorbed

corresponding to any particular pressure.
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For the pmactical use of data, we have used the volume
of gas adsorbed corresponding to pressure 50 mm. Hg at 4000
and 4500F at equal intervals of time.
(i) At 400°F temperature and 50 mm. Hg, pressure the data

is as followss

Time 4 y:(va)(lgg) Eq.{4,13) Using non-linear
regraession
(1) (2) (2
0 1,00 0.9975 0.9975
1 1.18 . 1,1911 '1.1912
2 1.31 1.2981 1.2982
3 1.37 1. 3590 1.3591
4 1,37 11,3953 1. 3955
5 1,43 1, 4187 1.4190

Referring to table for n=6, the set no.(c),we have from

equation (4.3):

2
~11.0010 » + 0,1389 r + 3,0342 = 0 .

The positive root of the equation is foumd to be 0.5316.
Using this value of ,f:O.SBlG, other parameters can be
obtained by partial regression of y on (0;5316)x and X.

Hence the fitted regression is

y=1.3925 + 0.0086x - 0.3950 p* eeo (4.13)

The expected values are tabulated in column 2.
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Remarka: The non~linear regression curve given above can
be fitted by the method described by Hartley L12]. The
Tollowing set was obtained using a non linear regression
progremme with modified computational procedure:

A A A A
& P ) $
Values from Eq.(4,13): 1.3925 0.0086 ~0,3950 00,5316

Values using non-
linear regression :  1.3916 0.,0088 -0.3241 0.5308 .

4

he estimates obtained by both the methods agrees to two

[

ecimal places. The expected values obtained by using non-

o

linear regression are given in coluwan {(2). The observed
values by hoth the methods agrees to three decimal places,
Example 23 At 450°F temperature and 85 mm., Hgz. pressure

the data ig as follows:

Time y=(va)(102) Eqe{4.14)

(1) (2)

0 1.12 1.1200

1 1.21 I.2102
Ix249%

2 1.25 I.2494

3 1.28 I.2805

4 1.31 1.310%
5 1. 34 1.3%98.

Referring to table for n = & (set é), we have equation {4.3)



ass
-2.8680 »% ~ 1.3511 1 + 0.2935 = 0y
which gives the positive root of the eguation as 0.1610.

Therefore the regression equation is found to be

X
¥y = 1.1923 + (0.0295)x===(0.,0723) (0.161)..,(6,14)

Table 4.1

Values of U, and v, for n=6 to 14.

n=6
(a) W 12,09 ~11.1% -8.69 2, 35 5, 36
ng 12@91 lell "“21@ 31 "12@35 19964:
(b) wuz 17.26 ~17.26 -8,63 0.00 8,63
vié 98,06 =-1.11 =48.02 -12.90 33.96
{e) w3 29.35~28.37 -17.32  2.35 13.99
uxé 40,97 0,01 -69.33 -25.25 53.60
n="7 - )
(a) ug: 14.84 -9.20 12,36 -2.54 4,76 4.50
Ve 10,16 9.20 ~12.64 -22.46 4,76 20.50
() : 27.20 -21,76 -13.60 =-5.44 2,72 10.88

s 42,18 21.22 ~63.36 -55.20 6,10 49.76

(c) uw: 42,04 ~D.96 -25.96 =7.98 7.48 15,38
v i 52,34 80,42 -76,00 78,36 1.34 170,26



{a) us: 25,12 =10.00 =20.80 =10.36 2,84 7.88 5,32

AU 9.88 20&00 "4.»20 "'29!164: “27&84 291.2 29068
(b) us 288,70 =25,80 ~-18,06 =10.32 =2.58 5.16 12.90

v s 54,40 51,60 -64,28 -89.76 -~43,44 28,88 62,60

(¢) w: 63.82 ~35,80 ~38,36 -20.68 0.26 13,04 18.22

64,28 71,80 -68,48 -112.40 -71.28 31,00 92.28

(a) Uyt 61.,006 =12:98 -47,56 -~34.66 ~5,71 13,79 16,45 9. 61,
an 8,24 47,98 17956 ~40,34 ~89.,29 =-43,.79 18.55 60,39

(b) s 66.15 =37.80 -28.35 ~-18.90 =9.45 0,00 9,45 18,90

V.3 94,30 103,60 ~41,90 ~101.60 =23,70 ~20,60 46,5 63,40

(e) v 3127,21 5078 -75.91 ~53.56 =15.16 13.79 25.90 28.51

VXZ 43,24 151.58 ~24,34 ~141.94 “l52a99 -~64,32 65305 123,792

(a) Ul 43,88 =2,96 -30.,77 =-28.52 -~11l.62 4,01 10.87 9.6L

vt -1.88 30.96 23.77 ~9.48 ~38,38 -42.01 -17.87 18.39
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(b)

uxz 52;72
V. T74.16
v 8,96
V.3 692,48

ax:106a60
Vi; 72.28
un 3 18.57
X

v ¢ 87.87

n s 55: 91
X

V%S“lOsgl

.l 13.12

YV & lOalg

ns 74.52
v,: 81.16
L 4,134

v.: 28,52

-31.36
120,92
15.68
72:04

-34.32
151.88

21,18
115. 54

3: 01
32.99
9,95
26.05

-33:12
156,24
10.35
84,10
-30.11
188,23

20,30

110:15

~24.64 -17.92 =~11.20 4.48
«38,52 ~118.75 ~120.80 -70.04
“55&41 ~46, 44 22,82 -~ Q47
~14,75 ~128,24 «152.18 ~112.05
“84»38 ‘38:37 “28629 “ut73
37.32 €,87 -32.21 -49.77
5,85
39,15
“26@91 “20*70 ‘14a49 *8&88
“17478 “118300 “ﬁé&@ﬁg “109@44
16,56
82.88
~61&29 "59007 "36378 ”11001
19&60 '111313 ”171&83 “159321
22:41

122,03

4,52 )

13.11

“13&35

©
<

O
W

1N
[¥V]

"
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‘2007

“45&96

7.86

~86.49



n=12

(a)

(b)

(c)

(b

*
&

u
X

VX H

ux.

v ¢
X

72+48
-22,98
15.03
-39.03

85.65
86.90
0.00

s ~19.,00

158.13
63,92
15,03

-58,03

96,25
91. 30
-3:50
-61,20

11.22
33.78
15.03
~«1.53

- 234,26
187.52
5.71
48,98

-23:.04
221.30
20474
47,45

22670
32:30
19. 31
- 34e31

= 35,00
217 .80
175
4m7q

-38,16
51.66
1065
34¢35

-28055
4,920
1l.42
94,96

-66,71
56,56
2207

129,31

-41.61
66,61
16,75

8,25

-29,75
27,90
7,00
685,40

~50,07
26,07
6,63
42,87

~-22,84
~lllai2
17,13
84.54

~72:91
~85,05

23,76
127,41

"'639%
48,54
11,66

43,34

=24, 50
- 300,40
12.25
102,30

-35.85 -12.87

-16.65 =850,13 -

-17,13 =11l.42
- 1520 74 - 1376 76

-52,98 =24.29

~169,32 -187.89 -

~52,52 -27.05
2,52 ~42.95
7,98

47.02
~19,25 =14.00
156,50 ~156,60 -
17,50
84,80

5.91

58,41

"5071
-87.18

0420
145.59

-2.02
-67.98

-8675
119.50



(e) u,;s 190.45
VXS 52:10

H » 04
ux 10.0

(b) u: 137.28

(c) w8 279,085

U, 2.58

v 1=220,74 ~

£

~12¢30
25010

21.06
-292.%81

44,40
32,60
25,20
=77:70

-45,76
318. €0
"2#08

124.€0

~71.36
94,51
23,75
73.65

~51.,22
95.22
26,92
~31.92

-32:52
65,52
4,16
32,68

=-90,74
160, 74
31:02
0,76

-88,04
-51.86
23.91
=145.54

-91.41
86,41
21.33

22, 67

- 33,28
-173.77
10,40
101,40

-324,69
~27:36
31.73
124.07

"71@77

"41905

-10.77

~-153:98 - 192.55 ~187.48

25,48
131.82

~84,48
31.98
15 14

61,86

«27:,04
-202.15
16.64
139.07

-111.52
-170.17
31.78
200,93

;!

= 53:01
- 3299
1l.43
60,09

“20&30

-218.42
22.88
109.33

"'16:95
~-81,05

-~ 185,90

=31, 51
- 266,95



Table 4.2

Bfficiencies of the estimates of Sobtained

from equation (4.3) using u, and v, of Table 4.1

n="7 h=14
? (a) (v) ( c? (a) {b) (e)
0.0 91.2 100,0 93.8 60,8  100,0 85,7
0.2 98.5 99.5 99,7 86.4 95,5 94.0
0.3 99.6 99.7 100.0 94,6 96.4 98.7
0.4 99,9 99,9 3100.0 98.9 98,7 99.1
0,5 100.0 100.0 100.0 100,0  100.0 100,0
0:6 100.0 99,9 100.0 98,5 97.4  92.0
0.7 99,2 99,6 100.0 98,7 89,6 96,1
0.8 99,8 98.9 99.9 98.8 86,9 92.2

1.0 100.0 97,7 98,8 100.0 73.4 84,3
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