Appendix A

Propagation formulas for traces

<< HP >>(m1,m2,m3)

Given 2 number of sp orbitals each with spin s = 1, the number of sp
states are N = 3(). Now arrange these sp states in such a way that the
first Q states have mgs = 1 (these are labeled o = 1 states), the next 2
states have mg = 0 (labeled o = 2 states) and the remaining Q having
ms = —1 (labeled a = 3 states) so that a state |r) = |i =r,ms=1) for
r < for Q<r <20, |r)y=|i=r—Q,ms=0)and for r > 2Q, |r) =
li =r —2Q,mg = —1). To proceed further, the two-body Hamiltonian de-
fined by V> jﬁﬂlg( ) matrix elements is converted into the |i,mgs =0, £1)
basis by changing to V;;x(2), where H = 1/4 ngl?’g Vijki(2) A;A; By B.
Here A(B) are the boson creation(destruction) operators. Given two-body
matrix elements in V;;(2) form, it is possible to write propagation for-
mulas, in configuration space m = (my, mo, ms), for (H)™ and (Hz)m for
cach member of BEGOE(2)-S1. Note that m;, ms and mg are number
of bosons in the unitary orbits with @ = 1, 2 and 3 respectively and
m = my + msy + mgz. The propagation formula for energy centroid is given
by,
1) g
Z waa + Z Waps MaMg . (A-1)

a<f
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Here, w,s are the average two particle matrix elements for the two particles

in orbits a and [ and they are given by

zym _
Z QO+ Gag) (4-2)

i€a,jEL

The spectral variance is can be written as

(™ = (™| (= D) + (HE = 2P)T . (AB)

Propagation formulas for the variances generated by the irreducible v = 1

and v = 2 parts can be written as,

9\ Me  Ma(My — 0ap) B2
<[H(1/: 1)] > = Z{ﬁ—’_ Q(Q—l—é(w)ﬁ } Z (5ij5) (A-4)

afB i€a,jER

Mo (Mg — ap) | Ma(mp — dap)(My — 610 — d4p)
<[H( Z{ 40 Qﬁ—l— 5(1,3) * QQ<Qﬁ+ 6(156)(9 + 6704 + 5’)’5))5

ma(mﬁ - 5&6)<m7 — Oya — 575)(7"77 — Opa — Opp — 5717)

Vi)
AQ(Q + 60p) (2 + 010 + 015) (2 + Gya + Opp + 01py) P> vy

i€a,jeB ke, lEN

(A-5)
The induced single particle energies €j;” in Eq. (A-4) are given by 5%5 =
> 56 7 (mp—0da.5) where {'Z- => V;ZJ 1“/(Q +2645). The v = 142 part
of V(2) with respect to the m’s is defined by ‘/;jukl1+2 = Viji — 0ir 050 (1 +

0ij) Wap . Similarly, the v = 2 part with respect to the m’s is defined
i€a,jEL
by V2 = Vi — 6a&sl — 6a€0 — 0a&30 — 01&y” and these
jleasikef  HREXIIEB  jkeasilef  HlEwHkEB
appear in Eq. (A-5).



Appendix B

Pairing algebras for BEGOE(14-2)-51

SO(Q) — SU(3) pairing

Following the results given in [66, 78, 89] it is easy to identify the Q(Q —
1)/2 number of generators U(i,j), i < j of SO(Q2) in U(3Q2) D [U(2) D
SO(Q)] ® [SU(3) D SO(3)],

U(i,j) = Vali,j) g0, 5) + (i, 5) 9(5,9)] , <7 ;

2 (B-1)
|Oé(17])| = 17 a(7'7]> = Oé(j, 2)7 a(i,j)a(j, k) = _Oé(i7 k) :

Note that g(i,j) are defined in Eq. (4.3.3). The quadratic Casimir invari-
ant of SO() is,
Co(SO(Q) = > U(i,5) - U(j,4) . (B-2)
i<j
Applying Eq. (B-1) now gives,

A

= Y g(i,5) - 90, 1) + > ali, §) g0, 4) - (i, 5)
i#j i#]

= G(UQ) - Zﬁzﬂj 9(i,5) - 9(i,5) ;
Bis; = —ali,j), for i#j, 18" =1.
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Here we have introduced ;s and the a(i, j) are defined in Eq. (B-1). Now
defining the pairing operator 735 ,k=20,2as
PE=3" 5, (b;lb;rﬂ): . k=0,2 (B-4)
it is easy to see that,
Hp= Y P (PH) = Ca(U(Q) - Co(SOQ) —
k=0,
2 . . 02
= gCQ(SU(?))) —Cy(SO(Q) — (Q—4)n+ 3
(B-5)
Thus the pairing Hamiltonian in the U(3€2) D [U(Q2) D SO(Q)|®[SU(3) D
SO(3)] algebra is a sum of £ = 0 and 2 pairs and it is simply related to
the SO(Q2) and SU(3) algebras. It is useful to note that the two-particle
matrix elements of the pairing Hamiltonian Hp are Vim0 = 1, Vim? =
and all other matrix elements being zero.
It is possible to enumerate the irreps [w] of SO(2) given a U(Q2) (equiva-
lently SU(3)) irrep {f} for a given m using the methods given in [89, 123]
and for some special {f} we can also write formulas [66, 81]. Firstly, as
{f} is three rowed, the irrep [w] will be maximum three rowed. Then

[w] = [wy, ws, ws]. For symmetric irreps {m}, we have the simple result,
{m} - w], w=mm-—2,...,0 or 1. (B-6)

Reduction formulas for the two row irreps { f1, fo} — [w1, wo] and similarly
for the three row irreps {f1, fa, f3} — [w1, w2, ws] will be complicated and
they are not discussed here. As an example, we show in Table the SO(2)
irreps contained in all U(Q) irreps for m = 6 with 2 > 4. Given the
[wy, wa, ws], the eigenvalues of C’Q(SO(Q)) are given by

> (w1, w2 ,w3]

<C*2(SO(Q)) — 1w+ Q2 —2) +wa(ws + Q —4) +ws(wy +Q—6) .

(B-7)
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Egs. (B-5), (B-7) and (4.3.7) will give (Hp)W/2fsblorezs] -1 g ygeful
to mention that, for Q2 > 6, w = w; + ws + w3 is the seniority quantum
number (see also Section VB). Finally, for the U(2) D SO(f2), the com-
plimentary pairing algebra is the non-compact sp(6) algebra generated by
the 21 operators 775, (Pf)T, hé, hg and n. This complicated algebra will
be discussed elsewhere; for a recent review on complimentary algebras see

[124].

Table B-1: U(2) D SO(Q) reductions for Q > 4. In the table, [w]* implies that the

irrep [w] appears twice in the reduction.

o B
I S R GRIRE R ()
G}y Q>4 (112,031, [, 5, 1]
{42} Q=4 [0][27[2.2],(3,1],[4], 4,2
{4,1,1} Q>6 1,1],[2,1,1],[3,1], [4, 1, 1]
Q=4 [1,1], 2], [3, 1], [4]
Q=5 [1,1],[2,1], [3,1], [4, 1]
(33} Q>4  [L1.[31],[3.3
(321} 0>6  [L1.[2,[2 11,22, [3,1],[3.2,1]
Q=4 [1’1]7[2]27[ 72]7[3’ 1]
Q=5  [L1][2,[2 1,22, [3,1],[3,2]
(2220 0>6  [0.[2,[2.2)2.2.2)
a=1 (02
Q= [0], 2], [2,2]

Before going further, it is useful to mention that the Majorana operator
(M) that changes the space labels (4, j) in a two-particle space without
changing the spin labels myg is related in a simple manner to Cy(U(3)).

Denoting the spin labels by «, 3, ..., we have

3= 3" b (b >T:C‘2(U(3))—3ﬁ. (B-8)

J,a”i,8 \ Vi,a”j,8
i,350,8

Also the relation 5% = 2C5(SU(3))—2h?-h? from Section I1I shows that the

52 operator can be generated by a combination of the Majorana operator
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and the quadrupole-quadrupole operator h? - h2.

SO(3()) pairing

Second pairing algebra follows from the recognition that U(3(2) admits
SO(39Q) subalgebra, also the pairing here is generated by k& = 0 pairs b;f . blT
alone, which will be seen ahead. Following the results in [78] the generators

of SO(3Q2) are easy to identify and they are,

W=100)  G —
w, t(i,0) 5 i =1,2,...,0,

VE(i, j) = ( Deali,j) [us(i,j) + a(i,j) (=1)" ub(4,9)] , i<j;

(i, /)I” =1, ali,j) = a(j,i), ali.jalj.k) = —ali.k) .
(B-9)

The operators u’; are defined by Eq. (4.3.1). Carrying out angular momen-
tum algebra the following relation between the quadratic Casimir invari-
ants Co(SO(3Q)) and Co(U(3Q)), of SO(Q) and U (3Q2)), can be established
using Egs. (B-9),

CH(SO(3Q)) = ZZul(i,i) cut(i,4) + Z VE(@i, 7) - VE(G, )

z<j k
= C(UB) = Y (=D (i) - u (i) + Y (= Wt (i, 5) - ut (i, ) -
i,k i#5;k
(B-10)
Introducing the pairing operator P,
P+:Z%‘P+ Z%b% J = (Py)! (B-11)

we can prove the following relationship between Cy(SO(3€2)) and the pair-
ing Hamiltonian Hp = 4P, P_,

4Hp =4P,P. = —n+ Cy(U(3Q)) — Co(S0(3Q))
= A(n+30—2) - C5(50(3Q)) ; (B-12)
Yiv; = —Ol(i,j), for 27&]’ |,}/’L|2 =1.
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The S < « relation is needed for the correspondence between Hp and
C5(S0(39)). Important point now being that the three operators P, P_
and Py = (24n)/2 will form a SU(1, 1) algebra complimentary to SO(352).
Thus the SO(312) pairing is much simpler. With U(3(2)) irreps being {m},
the SO(3(Q) irreps are labeled by the seniority quantum number w where,

w=m,m-—2,...,0 or 1. (B-13)
and Hp eigenvalues are
1
(Hp)™" = Z(m —w)(m+w+3Q—2). (B-14)

The two particle matrix elements of Hp are simply Vi‘szjo = 1 and all
other matrix elements are zero. Let us mention that to obtain complete
classification of states we need irrep reductions for SO(3Q2) D SO(Q2) ®

SO(3) and this will be discussed in future.



Appendix C

Hamiltonian for lattice chains of interacting
half-spins

For a one dimensional finite chain of interacting spins-1/2 the number of
lattice sites is given by L. For these L lattice sites, assigned are some

up-spins and down-spins which interact with one another. An up-spin is

1
denoted by | 1) or equivalently by the vector ( ) , whereas a down-spin
0

0
is denoted by | ]) or by ( ) The up-spin as mentioned in Chapter
1

6 acts as an excitation which is to be propagated throughout the chain.
The Hamiltonian for such a finite chain of interacting spins-1/2 is given as

follows [109]:

L L—1
H=> w,S;+eS;+> J S Su (C-1)
n=1 n=1

In the construction of Hamiltonian here the spin operators S»¥#* are used
which have contribution from the Pauli’s matrices (¢%%*) where z, y, 2
denote the three components in X, Y, Z directions respectively and n rep-
resents the number of lattice site. Here, J is value of interaction strength
between nearest neighboring sites. It has three components J,, J, and J,

oriented in the X, Y and Z direction respectively. SF¥* = g% /2 are the
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spin operators at site n and o¥* are the Pauli’s matrices which are given

by

0 1 0 —1 1 0
Ogp = ; Oy = ; O =

10 1 0 0 -1

For the present study, A is set as 1. The first two terms in equation C-1
explains the Zeeman splitting for each spin as determined by the static
magnetic field in z-direction as stated above. Here w, is the energy split-
ting which is supposed to be equal for every site except for one, the so
called defect site. This is because, here the magnetic field slight higher
comparatively and hence a factor € adds to the splitting term and makes
it w+ €. If the value of defect strength () is zero, then the chain is con-
sidered clean. Here, the excitation is propagated throughout the chain,
represented by the last term in equation C-1. Moreover, for the chain de-
scribed by equation (C-1), the z component of the total spin 3%, S? is
conserved, so the states with same number of excitations are coupled. To
avoid degeneracy found in the spectrum of a closed chain(with periodic
boundary conditions) we here consider open chains so that an excitation
at site 1 moves up to the (L — 1) site and the momentum is not conserved.

Further we shall separately study the structure of Hamiltonian for the two
Heisenberg models (XXX and XXZ) referred in Chapter 6.

Heisenberg’s XXX model

This is an isotropic 1D chain of interacting spins-1/2. One can write the
Hamiltonian for this model using the above equation C-1. The last term

may be expanded as follows:

L-1 L-1
ST Sy S = D J(ST S5+ SL S 4S5 S5 (C2)
n=1 n=1

Hence the final Hamiltonian for XXX Hamiltonian is:



133

L L—1
H = w,S;+eSi+ > (S8 Sty + 50 Sl + 85 Sipn) - (C3)
n=1 n=1

Here all the three components of the interaction term have the same
strength i.e. J = J, = J, = J., hence isotropic. The term (5% S7., +
Sy SY.1) is called the flip-flop term and it contributes to the off-diagonal
elements of the Hamiltonian matrix, whereas the (S7 SZ. ) term is known
as the Ising term relating to the diagonal part of the matrix. The dimen-
sionality of this Hamiltonian matrix can be calculated from a very simple
relation. If for L number of lattice sites there be L/2 number of excitations
(up-spins) and the rest being down-spins, then dimensionality is given by

the expression,
L

T/ —L1/9)

For e.g. in the present case we choose L = 14 number of lattice sites and

D= (C-4)

thus L/2 = 7 excitations, thus the dimensionality of the system Hamilto-

nian comes out to be 3432.

Heisenberg’s XXZ model

This is an anisotropic chain based on the Heisenberg’s XX7 model. Again
here we use the equation C-1 for the construction of Hamiltonian for this
chain. The basic difference between this and the precious model is just the

strength of the interaction. The Hamiltonian is expressed as:

L L—1
H=> wS+eSi+ Y [Jay(S5 Sipy+ 84 Shiy) + J(S; Siyn)] (C-5)
n=1 n=1

Here, the three components of the interaction strength J are not equal but
they are in a relation J, = J, # J, (J, and J, are commonly denoted as

Jzy). The first two terms are the same as they are in equation C-1, whereas
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the nearest neighbor interaction is represented by the last term. Again
here, the flip-flop term which contributes to the off-diagonal elements of the
Hamiltonian matrix is given as (SZ SZ.,4+.5Y S¥_ ) and the term (57 SZ,)
represents the Ising part which contributes to the diagonal matrix elements.
Also, here we modify the criterion of choosing the number of excitation
according to [71] and choose subspaces filled with L /3 up-spins which takes
care of the condition that S* # 0. For these L/3 number of excitations to
be distributed on L lattice sites, the dimensionality is given by,
L!
(L/3)(L — L/3)!

(C-6)

Hence for the present configuration of L = 18 lattice sites and 6 excitations,

the dimensionality will be 18564.



