CHAPTER 4
DEV ELOPMENT OF THEORY

4,1 General

It is proposed to develop the theory of behaviour
of reinforced coﬁc:;ete beam columns under biaxial loading
by using the functional form of stress strain relation
in the following, The assumptions and notations used
in thgv éeve‘;oPmezazﬁ'_of thg‘the;qry are 1isted_m’tm para~-
graphs. Tl_xeorejlsi cal deriva.‘biops io;;ow in su‘{;sec;uggt
i)a,ragraphs.: Summary of the theoretical equations is
given in para 4?,6”., The neutral axis_c}epth' factor 1s
determined_by solution of cubic equation (see_para_s.tl, '
Chapt er 5)o _:Gomput er results are used to prepare inter;
action curyés.r Typiecal interaction curves silowing the
influence of some selected §;°agtical parameters on the
ultimatg: d1oad factors, the“ultir_nate nhlo‘melnt @‘aqtcpg and
{;he pcs:@.tion of neutrg.l axis_ are presen'pgd 111 Appendices
Eand F. An explanation regarding location of neutral

faT

- £
axis is given in parai 4.5.
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area of steel in tension

area of stee}. in compression

breadth of the rectangular section

total compressive force taken by the
compresgsion s‘teel

to tal compressive force taken by concrete

eccem;m.city ratio = 4% /b

eccentricity ratio = y/ ¥

-

distance of load point“f:;:om the compre -
ssion face in x-direction :

digtance of load point from the compre-
sgion :ﬁ‘ace in y—-direction

effective depth of rectangular section
mea.sured normal to width

effective depth from the extreme compre-
ssion corner %o the centre of gravity of’
tens;_on gteel (meagured normal to neutrsl
axis

tangent modulus of elasticity of "concrete
{.es the initial modulus for elagticity
of concz:ete

modulus of ela.s‘hioity of stes@i Eo

strain in ‘concrete at a distance y from
neutral axis

gtrain in compression s'beel
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‘eccentricity ra.tio at any stage earln.er

to ultima,te loa.d

‘atrain in compression steel at yield

PO -

‘ stra,in .m 'bension steel

strain in 'bension steel at yield

st:r:ain in concrete at ultimate load

P <o Pa— e

) cover over steel in eompression

. ratio of depth of neutral axis to-

ef.‘i‘eot‘ive depth (y—direction), cage 1

' ‘neutral axis 1nclination :factor cage 1

(k)

appl i ed mom en*b

-gment factoxr a.t any stage caulea by
direet compressive loa.d

2
/6" 'bdy

wtingte mom ent factor

u /c‘“bdz >

AN .
ul*himate applied moment

Mo dular :catio

dimension..ess ratio E, A /E bdy

- - -

dimens:.onless stress ratio t. / n s

ra:tw of depth of.‘ ‘nentral -axis to-
effective depth (y—&ireeticn),caee 1

&/ &y \
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H

neutral axis inclination factor case. 2

neutral axi"s'depthffactor for cags 2

ul‘b 1mat e neutral axi g depth factor
appli ed load.

ult imate appli ed 1oa.d

10&:‘1 fac'bor a:b any atage earlier to
ultzmate load :

. load fac'z,or at ul‘kimate stage

Py

s Teubd.

¥y

dimenéionlese ratio of area of steel in

Jengion to the effeetive cross sectioaal

-

area. A

o

y
a /‘bA »

o

radius of cuxvabure of the member meagured
normal 0 neutral axis

stress in conecrete. at 3, distance y
from neutral a.xis.

e gt - * ~

cmshmg strensth of” conerete prism of
the gize ?.5 cm X 7.5 cu x 15 cm::)

- .

stress in compression steel

streas in tension eteel

yield'stress for stecl (Nmeu)
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I

T total force taken by tensile gheel

Z dimensionless ratio of area of steel in
compregsion to area of steel in 'bensmn
(4,/ 8)

o< rotation factor for elastic cage

K rotation factor at ultimate (2/n.)
e incl ination ‘0f load line with the
vertical axis of seoticn
0« angl e of inclination of neutral axis with
' ho mizontal

4,3 Agsupmtions R ,

Thé following agsumptions are implicit throughout
the a.nalysis : 4

:L. A rectangular aeet:.on is considered f.‘or this

theorys

2; The strain across the.cIoss sfz&tion normel %o

neutral axis is lineer up‘ao the iﬁ.tims;te mom ent.,

3. A functional fo:cm of stress gtrain rela’m omship
of seocnd degxee pol;nominal upto the poin‘b of maximum
stressi&y 1s considered and beyond the point of ultimate

load, this stress §tiaih relationship is neglected.
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v w2 e
5, VIS

4, The tangent modulus Eo) is eonsidere&:’
5, For the case of ultimate load, the ratio of
maximum strain in concrete to ‘bhe strain at ul timate in

con¢rete ig a.ssumed to be unity.q

~

( 6. The shape of the stress block _has been assumed
o be the same as the shape of the stress gtrain curve
"upto the vl timate load, "

1

7. Teusile strength of concz:ete is negleeted

8. The bond between the ptecl "and the concrete

is assumed to be peri‘ect.

9. The cmshlng strength of concrete sectlon is
assumed to be truly represented by the cmshing strength
cu obtained :f:‘rom compression tests on 7.6 em x.7.5 cn X

15 om prisme.

i

10. The ei‘f ects of shea.r and to:r:sion are negl eeted.

11. The effec'bive cover over the compression stee:l.
and tengion steel is assumed to be K times the effective
depth of the beam measured normal to neu'hral axis. .

12. The time dep endent strain is assumed to be

zexo because of short period of loading.

13. The failu:r:e\ ‘and rupture of conerete takes place
locelly within the length of the member and this occurs
only at one point,
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14. 1'1; ig assume& that the direct compressive load
‘acts at right angles of the plane of the reinforced
coz}q:g:eté gsection and has eccentricities on the axes
passing th_.:cough the cgzn’q;'e of gravity of the section,
Thus a case oi‘ compression'acco'mpanied by biaxial

bending 19 assumed. ‘

...-5

15. Strain in concrete reachea to Uzs vJ.timate

~ value at the extrene corner on compression side.

6. Gem;re of gravit&es of compression a,n& tension

steel lie on a plazze narmal to the neus;re.‘!. axis (16).

17. For load acting on a diagonal axis, the
nentral axis is parallel to the other diagonal (24).

- P

4, 4 The Develogment of 'l‘heore'bical Eg,uations U

The equations for load factor, memen'b faotor and

neztral axls depth factor are developed for the following

Gas €8,

case L Reetangalar' ééc&tion with neutrsl axis inter-

seeting opposite gides

(A) Tension failv.re aecompanied by the yield of tensmn
ateel and no yield of compression gteel,

(B) Gompression fa.ilure cage accompanied by the yield

of compression steel and no yield of tension steel.
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(c) Balanced design cage in which crushing of concrete
~ is accompanied by yield of both compression gteel and

tension steel,

G‘ase 24 Rectangular section with neu.tral axis inter-

aecting adgacem; sides 3

(a) '.Eension failure cage accomyanied by the yield of

tension gteel and no yield of compression steel

(B) Gompression :Ea.ilure cage accompanied by ‘the y‘i ald

of compression gteel and no yielﬂ o:‘.‘ tension stee}..

(0) Balanced design case in which cms}ling o:t‘ conorete
is aecompanied by yicld of both compression and %Tension
stecl

- ~ . PR - -

'.I!he equatiqns develoyed are summariged in para

4,6 as equatlons 1 to 30. ’ . :

‘Functional form of relationship a.ssumed (12, 14)

is _ .
. . Ay,
s = Ae+ Beg K o (:@'4:.0)

N
~ 4

The stress gtrain curve is shovm in @ig. 2,3,
A*b oagwn %g—- = E' and

at the ultimate stress @"’ = 0,

~; - - 322
.\'. G_'--Ee - -Q-‘—-n’\)
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i

Again

e= .ﬁE. ’ since the stra.in distribution
- .o : e

is linear agross a linemnomal to neutral axis (see
Figs.4.1 and 4, 2)y ¥ is measured nommal to neutral

axis and Ro is & radius of beam column curvature,

2.2

Ey - By : ‘ e
== . Q S 9 s R (ét 1)
B T aer? L

Gase 1 (A)

Equations for load factor, moment faetor a.nd the
neutral axis depth faqto;: for tension failure a.ccompg.n_ied
by the yleld of tensfon steel and mo yield of compression

gteel are develoPed as unde:c

At any atage om loading ea.rl fer. rto ultima,te,

equation fo:r.' equn,li'brium can be written as
P=0CH+ ccs -m_ | (4.2)
where .~ ndh

G::[s‘ b, Sy O (4.9)

o - -~ . = -

Equetion 4;_.:1 gi\fegs the value of whigh”i‘s gtress in

concrete at a distance . y from nentral axis,

008 AO. itcs

il

= A g By
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L

. the strain inleompression stel o Would be'

Ro can

. | (a~xy an ‘
g 008 = AO,’ES'; 2 (4'04)

R .

3 ,

T = ”AS tB ) .
= A, (¥ne). ':ince -1 (4.8)

| ‘ g = ‘ty P

Subgtituting O, c; and T .4in eguation 4.2,

(¥
ha .
- ; Z% y .
P = \/4 g? + v? | B ——| 4
R ¢ BT
0. ,h‘.‘.h’. o 1+ 0 .
: 2 , , . 2 2
. tg? +1° b(gse) - [y BV
e - e = - y o— y
ghg, - 7 467 + b7 HB - 2 uBR
mZp bd . b o+ T
b e———t g (e+ &) ~ K dh
‘ R OS2 .2 2 &
| o 4 = + b
- p'bdy Nneu : ' (406)
Subgtituting )
" £o (4,7)

1 /s g? + b2

1

&
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(g-: )b .
h, = % (4.8)
N/ 4go? P
E,= nE
B, dh o
= — (4.9)
~ &% R,

Equation for load factor P, can be developed in the
form as shown in Egn. 1y {para 4.6),

At ultimate condition P, = ?u,

n=nu
K= KXu
where
E, dh
sulR, ,
B, b dy(i + nq)

ROG'u Y 4 goz-}' b2

2 (1 +|1énu)
nu(1+k) -~

(4; 10)

it

&

n
here k = 1. = w—= = £
n

Subgtituting

]

Fr=Py, 7 Tma
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2( 1+ kny)’
n, (1+ k)

nr.-.nu, K = Nw =

'in Eqn.1 and on smplification, an equation for P,

¢an be develdped, The simplified form ig as under.

B, = ——R e (2 kD)
’ 3(1+ k)7 ,
2 mpZ (1 + ng) _»na(1+.k)‘
B, (1+%) 1+n,  F
- mpN_ {4.11)

( Equation 2 in para 4:.6)
Phus we ha.ve the load factor 1’, and P . |
’ i

valid :Eor any load P and the ultimate loed B

-

regpectively for case 1 (A) summarised as in Equa*tions

1 and 2, of para 4.6.

Again at any stage of loading earlier to Ltlmate,
M can be obtained by taking moments about the neutral

axis as

G.y+c (n . Kp) dh-u-'l'(i-n) dn (4.,12)
_Stz.'qsfcitutj:ﬁg _C}, C, s and T ag o_btained earlier and
simplifying we get Equation 3 for
M, = Mg
: sab&y | |
and at ultimate condition n = nu, cmecw p My = Uy,
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the relationship for mu" s obtained as in Equation 4,

Thus we have the moment factor equatlon 3 and the '
ultin{ate moment factor equation 4 valid for any stage of
loading and for ultimate load regpectively,

Further, at any stage of loading. the ecc entriczty

ratiq :
M ’ ’ ’
%0 = (37 , (213

Substituting o ==<w and n= n,, we get equation for
/ 'bhe ultimate neu'tral axis depth factor a.s shown izx a
' equation B. T_hqs equation 5y 19‘ an e‘;quq.tipn‘of ngatral

axis depth factor at ultimate load for case 1 (4),

Cagse 1 (B)

Equations foxr load i‘actor. moment :Eactor and )
neutral - axis dgpth~ factor for compression failure case
accompanied by" the yield of compression steel and no yield
of tension steel are developed in similar manner except

that

Gcs = AC .' rjcs o

h = A; . 'by (since the compression
= A . No oo steel yields) (4.,14)
and ]
2 = AS. . ts
-4 (4-ndam JE (4;»15)
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Again )
i P=C+C -1 (4.16)

Substituting new values for ccé and T, equation for

P, as ix; equation 6, is deve}.qped while sgbs‘bituting

= n, and X =Xu P = }.’u'g: squation for Pu,} is
&eveIOpea as shown in equation 7. .

Thus we have equations 6 and 7 for P, and P, for

1oad at any stage and for ultimate load condition -

respectively foxr case 1 (B)'

Again at asny stage of loading earlier to v.l’clmate,

M:Gy-’b (n Kg) dh-t-'r(i-n) dh (4.1’?)

substituting the valv.es of G, G.cs and '.E '

eq_ua’t:ions for moment factor (M,) at any stage of loading
can be developed (aee equation 8), while substituting ,
n= nu.‘ oc:::ow and M, = Mu equation for 'Mu, as
shown in equa‘bion 9, is dev*eloped. : ' '

We have therefo:r:e eq_uations 8 a.nd 9 for ’ M, and

Mu‘ fox 1oad at any stage and for ultinate load

‘ respectively for case 1 (B).

Equa.tion 10 is an equa’clon for ultimate neutral
.axis depth factor. ‘

Ga.ge‘ 1 (G}

Equations for load factor, moment factor and
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~

- -

neutral axis depth factor for ba;ance& design cage in
which crushing of concrete 1s accompanied by yield of
both compression and tengion gteel are developed on

simi_‘!.ar 11nes ag given below

%E; = Ao ‘by = Ae Nm 6'5 since the compression
gtecl yields and

~ T = A‘h ‘h = mp N &u bdy ’ (4, 18)

Value of ¢© will be as g:wen in equation Ly 3o

Suhstiimtinb values of c, C._ and T in equam

- ‘cs :
tion 4.2 relation for P, can be deveil.oped (Eq_ua.tien 11)
while substifmting ? =Py %" n and o<..-‘

equation for Pu,. can be d,eveloped for vltimate load

condttion (equation 12).

Thus we have the load factor equation for.load at
any stage and ultimate load factor equation (Equationg
11 and 12). '

Again at any atage of loading earlier to ultimate
=Cy+ G, ( n-X, ) dh+ T (1 - n) dh | (4.,19\)

Suhstituting c, C,, and T an equation for

M,\ at any sta.ge oi‘ loa&ing is ohtained (Equation 13).
A;b ul‘himate n = nu, xzmetuw gnd M, = Mu&_,

we ge‘b g relation of- Mu { Equation 14)’.
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Thus we have the mdmerit factor equation 13 for
load at any stage and the ultimate moment £actor

equation 14 for the ultimate 10&& conditiom.

Further a.'t any stage o.f loading earlier to
ultima:&e the eccentrici-by ratio. e ‘ wuld be

c0
c.. =(3"-I-’-)~ | " (4. 20)

‘ Substitu‘ting n= nu and A ==uw and on simplification
a neutral a.xis flep‘tb. ra.tio equa'bion 15 is develoged
For pure bending, the eccentricity z:at:lo should

be oo ¥ A‘Ll the above equations are valid for pure

bending cages aleao.
Gage 2 (.Q

Equationa for 10&6. fac’cor, moment factor and
'neutral axis depth faotnr for tension failure aooompanied
by the yield of tension gteel and no yield of compression
' Sueel are now developed for the cage in which nentral

axis bisec‘bs the adgacent sides (see I‘ig.4.2).

At any stage of loading earlier to ultimate,

equation for e@zillbrium can be written as
) P=0+ Gy -2 - (4?21)
M=0Cy+ ces” (n-Kg) dh+ ®(1=n) an (4.22)

where



6%7

0=/6 b, .6y (2.23)
o ; R ,
Ac

- . _  zelah ,
ccg = P Es = Ac: . Eg . {n s K2) (4.24)
R
R |
=. As * N m - GTA- v . (4:.25)

gubst;tutipg the values of G, G&S and T in

equation 4,21, ﬁe_»ge’e

n dh 5
5 —_
2 2 - E
n“+n . -
P = ..zr_.;_‘___x[nxgnz._,] By _ 0 - | ay
n_. n
. X v n +ny By 4 Su R,
e BE(i=~K.)) dn :
Eo "-'2 - A i) m. eu (4&.26)
Ro S
Subgtituting
n_ n. ‘
P
b dy G:bdy
E dh E bd .
G:\B,o @RO 2}1;) 2 2
ny +ny
L
2 (£ + 2)
o= ]
o fh

equation for load factor P, is obtained, (Byuation 16).

Again ‘no_::h= n, = ®w and Pz;.FP give

condition i‘qr devel oping equa‘&ion for Pu; in
Equation 1%.
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Thug we ha.ve the load fa.ctor P, a.nd the ultlmate
load factor P, 1in Equations 16 and 17.

o Again at any s‘sage of loading, ea,ﬂ.ier to ultimate
M 4is obtained ag in eq,uati.on 4. 22.

, Substimtfmg G, Oy, and T (4.25, 4, 24, 4. 25),
an equation’ for W; at any stage 6f loading is obifained

ag given by equation 18.

Atultimate, n = nu ’ o(=0(w and My =M,
. 3
) Sabsti'tuting these velues in equation 18,a
:celation of Mu is ob'sained ( Equation 19)

Thus we have the moment factor equation, for
load at any stage (Equation 18) and the ultimate moment

factor equation 19. .

‘ Eux'ther at any stage of loading earlier to ultimate

the eceentricity ratio €

oo 18 obtained as in 4,13 and

subs‘hi uting « = Xuy nu =n =ﬂh‘,\;l, we get equation “:E‘grv
ultimate neutral axig depth factor as shown in Equation
20,

Cage B ‘ .

Equa.tions for 103,6‘. factor. mpme{;t factor and
-neutral axig depth i‘aetor‘i‘or comprggaier; failure case
accompanied by the yield of compression stecl anﬁ"no‘

yield of tension steel are developed on similar lines
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except that now the values of 00;\ and T shall be as

runder
cc% = A v By = Ay o by
T = A;’. 'bs i
= A < ey o E
= A ’%”_dh B,

Equations for P, P, u, s M, and Mu and neutral axis

depth factor are developed and eummarised in eq_ua‘tions
'2;3., .28, 23, 24 and 25.
 Lage c
Equationa for load fa.ctor, mcment ;f.‘actor and
neut:csl axig depth factor for balanced design case in
which crushing of concrete is accompanied by yield of

both compression and 'bension steel are developed ot

similar lines except that in this case as in 1 (G),

;609 =A0';; ,ty § Ac.Nm' ’and

o= . = [ su bd
T At"by mpNuby

Substa. t’uting -hhese values in equatians of equllib:cium

for direct loaﬁ a.nd bend:tng moment, equations for
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Py Py s M, and M, and for neutrel axis depth factor

9

are developed and summarised in equations 26, 27, 28,
20 and 30, \

Oritical Values of mp
Orftical ‘values of mp fox the demarcation
between tension failure cage and compression failure

gage.

!

- - -

Cagse 13 Neutra. axig bismting oPposite si&ea-

The ﬁaritical velues of mp 1is obtained as

follows
L dh (1 - nu) ) ' (éol and 4. 2)
algo we have - ‘ g
Gu, = e‘l (4028)
2. | P
o = S (4,29)
, 5 |
(2] = -—-—x—
sy E,-
YN S i
= ! «. (4.30)
Eqﬁ ‘

“ubstimting eu, and esy ‘in egquation 4,27 we get

.2 -
2+ N(1+k)

(nu) eri tieal

L]

]

NUCR - | (4:31)
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Now substim‘hing NUGR in equa:bion 15 of the case’
of balanced design a relation of mp cxitical can be
obtained as giVen in equation 31.

- - - - - -

Gase 2 Neutral axis mterseeting adgacent sides

Equations 4. 27, 4.29 and 4.30 give the relation

as .
= = 3 . = | (4.32)
Now oonver%iné eciuat;on 4_;32 ;n témé éf f énd h
we get" ‘
K" = ﬁa—% . 1', : (4. 33)
= NUG

Substituting value of h in equatwn 30 and simpli-
fying we get an equation 52 foxr - mp critical for case 2.

s

Cri tical Values of mp for demarca*bion between the

|

balanced design and tension ‘faillg.re case accompanied by
’che yield of tension steel and yield of compression

gteel are dewelopeﬁ as under.

Case 1. Neutral axis in‘berseeting Opposite sides.

e * ‘ .
L. A (£, 34)
B,dn 7 4k (n, - Ko) —
(See Mes. 42'1 and- 4:0 2)
Since compression s’beel has also to y‘leld
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N T
e _: = *L
csy B
8
- .
= N oep— (4,35)
° A
Kle 2 (4.36)
so e‘l = L »
,, Eo , |
Substituting the values of e, sy and e, in equation -

‘ 4.34, we get
2 Ky

S T2+ B- 2K N kN

P PR -

where "ﬂ; is critical value of neutral axis.

Su'nsti'buting this cmtical value 1n ‘the equation of
,'the cage of balanced design i. e equation 15.

a relation fo:c o is obtained as in equation 33.

Cage 2 ¢ Neut:ea.l axis 1ntersecting adaa.cent sides.~

Equations 4:. 54, fla 35 and 4. :56 give relation as

" ¢ »H : ‘
.—lilz:. = Dudh - Egdh (4:;338)
Gonve:cting equation 4. 38 in terms o:t‘ £ and h we get
- 2 K2 f 4 35
h = ) 2 - R K ( o3 )

it
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where B is critical value of nentral axis depth

factox,.

Substitation the value of 'ﬁ in equation 30,
we get an equation for wp (Eguation 34),

P

4,5 Location of Weutrsl Axig

e HEo,r”, square qqlﬁmn 6 =t i fq‘undh_ reg.gonabl,e *
appo ximation, (24). Tor rectangular sections, t};i) ‘l
rglationﬁetwger'x 6 and ";,9_ is 79btained by the assump-
tion (w‘h.{'vch_'do es not :f.gg.d to large g::;m;)" that fgf' a load
acting on \diagongl axip; the neutral axis is almogt
pazallel to the other diagonal, i.e.

tan 6 = —? = R ‘ (4.40)
while - “ U -
ton i = i = (4.41)

dy

Thmsg with three unknowns, l.e. 5 , oy a{rxd R,a
rclation can be developed: This relation in square
section is a sgtraight line. While for rectangular

gsection the relation isg a cilrcular curve.

(a) Case 1

= 2-:511-3 (4-‘&42)
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_ﬂ}hg relation 4,42 in used‘forf sel ection of neu tad
ral axig 1nc]:§.nation factor £ 4in appropriate c@nnection
of n wvalues. .

(b) Case 2 Q
n
T fan 0 i i

\ - n

" hJR -
= -?-— - - -{4443)

The Telation 4.43 is used for seleéotion of
neutral axis inclingtiog‘fac}tor‘ £ 1in appropriste

commection of h valuess

- v v

4.6 Sugmarx of Euationg

[N

:A. sunnary oi’ equa,tions for 1oa.d factors, moment
factors and ul‘tima,te neutral daxis depth factors fo:c
cases 1.(4), 1 (B), 1(0) ~and  cases 2 (4), 2 (B)
2(0) is given here as Equations & to 30, Omitical
values c;f‘ mp \;‘q; demarcation ‘qétween ‘tension failure
case and cgmﬁréeéiori f?,ifl:ure' cage ‘a.e;). well as demarcation
between the balaggg@ dégigt} and tension fgi}ure‘ are
sunmariged and 1igbed as equations 31 to B4, Steps
$0 derive these equations are explained in pé;:a 4,4,
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CASE 4

Rectangular Sectieon with Neuiral axls
_intevsecting OPposite Siges i~

_____ A . Tension Failuve accompanied by

Y

ef Comevassion Sieel | , {113

{

i~
O
»
a3
ﬂ'ﬂ N
P
M
A

P, ) AN

D FACTOCR

_ULTIMATE  LOA (Pugd
P % T 3
o et w (3 k) PRI
2 = Low Y 12 {1 eng)”
g((g“. ﬂq} :
orazed
niteh i 5
-s"mcm%%w - e %§3§ - TpH -
IEEca
Ny {"" 2
Puy = e | 2 + 3kt K
3(4+K) Lo ot
zwipz it +n) ] wold +k) 37
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