
CHAPTER 4

DE7ELQPMEHT 01 THIDRY

4, i general

It is proposed to develop the theory of behaviour 

of reinforced concrete beam columns under biaxial loading 

by using the functional form of stress strain relation 

in the following. The assumptions and notations used 

in the development of the theory are listed in tm> para­

graphs. Theoretical derivations follow in subsequent 

paragraphs. Summary of the theoretical equations is 

given in para 4.6.- The neutral axis depth factor is 

determined by solution of cubic equation (see para 5,4, 

Chapter 5), Computer results are used to prepare inter­

action curves. Typical interaction curves showing the 

influence of some selected practical parameters on the 

ultimate5load factors* the ultimate moment factors and 

the position of neutral axis are presented in Appendices 

E and P. An explanation regarding location of neutral 
axis is given in parent 4,5,.



area of steel in tension 

area of steel in compression

■breadth of the rectangular section

total compressive force taken by the 
compression steel

total compressive force taken by concrete

eccentricity ratio «- d* /b
«&

eccentricity ratio « d!r /d„
y ¥ ,

distance of load pointrfrom the compre­
ssion face in x-direction

distance of load point from the compre­
ssion face in y-direction

effective depth of rectangular section 
measured normal to width
effective depth from the extreme compre­
ssion corner to the centre of gravity of 
tension steel (measured normal to neutral 
axis)

tangent modulus of elasticity of concrete 
i. e. the initial modulus for elasticity 
of concrete
modulus of elasticity of st^pi =

strain in concrete at a distance, y from 
neutral axis
strain in compression steel
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co

e.osy
©
s

esy

e,u

eccentricity ratio at any stage earlier 
to ultimate load

strain in compression steal at yiaLd 

strain in tension steel
t - 1

strain in tension steal at yield 

strain in concrete at ultimate load

Kgdh

g/dy , n
l A A .

s0 /St f

M

M-,

u

m

mp

IT

n

cover over steel in compression

rat io of depth of neutral “axis to 
effective depth (y-directibn), case 1

neutral axis inclination factor,case l
(fc)

applied moment

■pment factor at any stage caused by 
direct compressive load

bd?

ultimate moment factor
Mu/ bdy

1 ultimate applied moment 

modular ratio

dimensionless ratio E& A^/E0 bdy

dimensionless stress ratio ty/m«^

ratio of d^ath of neutral axis to 
effective depth (y-direction), case 1

Sq / ^y \
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nx / 5, f neutral axis inclination factor case 2

riy / dy, h

P

Pu
v.ft"

Po.#

neutral axis d^jthcfactor for cage 2

ultimate neutral axis depth factor

applied load,

ultimate applied load

load factor at any stage earLier to 
ultimate load

load factor at ultimate stage 
Pu

«uM
V

dimensionless ratio of area of steel in 
pension to the effective cross sectional 
area A~

_ _ Q -TT

R . d / b
v

3EL radius of curyature of the member measured 
normal to neutral axis

<sr stress in Concrete, at a distance y 
from neutral axis.

crushing strength of concrete prism of 
the size 7.5 cm x 7,5 cm x 15 cot)

stress in compression steel

stress in tension steel

yield stress for steel (Notfu.)
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2 total force taken by tensile steel

Z ctimensionless ratio of area of steel7in
compression to area of steel in tension 
(Ac/ Ag)

rotation factor for elastic case 
^ 4y/^ E0) ■

ocu. rotation factor at ultimate (2/nu)

^ incl ination of load line with the
vertical axis of section

9 & angle of inclination of neutral axis with
horizontal

4,5 As sup mt Ions ;■

2he following assumptions are implicit throughout 

the analysis 8

1. A rectangular section is considered for this

theory#

2* 2he strain across the.cross section normal to 

neutral axis is linear upto the ultimate moment.

3. A functional form of stress strain relationship 

of second degree polyromlnal upto the point of maximum 
,stressfj§M) is considered and beyond th^point of ultimate 

load, 1his stress Strain relationship is neglected.
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4. file tangent modulus IL is considered.- 
. . ■ - ) - -

5. For the case of ultimate load, the ratio of

maximum strain in conorete to the strain at ultimate in 

concrete is assumed to be unity.,

6. fhe shape of the stress block has been assumed 

tp be the same as the shape of the stress strain curve 

up to the ultimate load.

7,. fensile strength of concrete is neglected

8. fhe bond between the steaL and the concrete 

is assumed to be perfect.

,9. fhe crushing strength of concrete section is 

assumed to be truly represented by the crushing strength 

«ru obtained from compression tests on 7.5 cm x.7*5 cm x 

15 cm prisms.

10. fhe effects of shear and torsion are negLected.

11. fhe effective cover over the compression steel 

and tension steeL is assumed to be Kg times the effective 

depth of the beam measured normal to neutral axis.

12. fhe time dependent strain is assumed to be 

aero because of short period of loading.

15. The failurehand rupture of concrete takes place 

locally within the length of the member and this occurs 

only at one point.
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14* It is assumed that the direct compressive load 

acts at rigit angLea of tlie plane of the reinforced 

conorete section and has eccentricities on the axes 

passing through the centre of gravity of the section, 

fhus a case of compression accompanied hy biaxial 

bending is assumed.

15* Strain in conorete reaches to its ultimate 

value at the extreme corner on compression side,

16, Centre of gravities of compression and tension 

steel lie on a plane normal to the neutral axis (16).

17. Ibr load acting on a diagonal axis, the 

neutral axis is parallel to the other diagonal (24),

4,4 fhe Development of theoretical Equations 1

Ihe equations for load factor, moment factor and 

neutral axis depth factor are developed for the following 

cases*

Case 1, Rectangular section with neutral axis inter­

secting opposite sides s

(A) Eension failure accompanied by the yield of tension 

steel and no yield of compression steel*;

(B) Cbmpression failure case accompanied by the ylaLd 

of compression steaL and no yiaLd of tension steaL.,
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(0) Balanced design case in which crushing of concrete 

is accompanied by yield of both compression steel and 

tension steel*

Case 2* Bectangular section with neutral axis inter­
secting adjacent sides s

(A) tension failure case accompanied by the yield of 

tension steel and no yiaLd of compression steel.

(B) Compression failure case accompanied by the yield 

of compression steel and no yiaLd of tension steel.

( 0) Balanced design case in which crushing of concrete 

is accompanied by yield of both compression and tension 

stedL

Ehe equations developed are summarised in para 

4.6 as equations 1 to 30, <

functional form of relationship assumed (12» 14) 

is
<sr = Ae + Be^ fi.o)

She stress strain curve is shown in(Iiig, 2.3,

At origin \
flg _

at the ultimate stress 0»

and

• •

-

= Erte - 
o 4
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Again
e «s ^ , since the strain distribution- A ... . •

is linear apross a line normal to neutral axis (see 

Figs.4.1 and 4.2)# y is measured normal to neutral 

axis and RQ is a radius of beam column curvature.

V ‘ %2 y2
Xv
0 4 6-hS^

(4* l)

Case 1 (A)

: Equations for load factor, moment factor and the 

neutral axis d^>th factor for tension failure accompanied 
by the yield of tension steal and no yield of compression 

steel are dev PL oped as under s

At any stage of -loading earlier to ultimate, 
equation for equilibrium can be written as

P « C + Ccs - $ (4.2)

where

0 *
Equation 4.1 gives the value of which is wtress in 

concrete at a distance y from neutral axis/

cs
Ag ecs ®s



the strain inOcompreasion steel eC)g m>uld be 

(a - E„) dh
l&MMMW

R*

°eg " V Es
(a - K2) dh

F (4*4)

2 s K K
s s

l lC«). since 1
t»t 
s y

Substituting 0, C0S and I in equation 4.2,
Wx

\2 y2

4 fiv*

(4.5)

d.
y

- y

%jr - %V

R

K„dh

4 6-wR2

pbdy H m c~H (4.6)

Substituting

2 g0b

-v/ 4 g2 + b2
(4.?)
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h2
(g - gp) 

"X/dg^ + b2

E.a
m E

10 dh

" Cti Sq

Equation for load factor £, can be developed 

form aa shorn in Eqn, ly (para 4,6),

At ultimate condition P, = Bu
” 9

n " \

C< SB <=<M.

vhere

here k

oCu ~
^ dh 
sx*Hq

E0 b d y (1 *

ro«suN/4 So +

2(1 + Ettu) 

nm (l + k)

nl
T“ = s f

Substituting

E» •u
«s"u bd 2

y

(4.8)

(4,9)

in the

(4.10)
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ft - V
2 ( 1 + knu) 

(l + k)

in Eqn.i and on simplification, an equation for P- - .... u,

San be developed, She simplified form is as unders

p s .............—- (2&Z&&&P k2)
u* 3(1 + k)2

2 rapZ (l + %) V1 + «
(l + k) 1 + nl 2

- tapIT < 4,11)

( Equation 2 in para 4*6).

(Thus we have the load factor P, and P
u, !

valid for any load P and the ultimate load Pu 
respectively for case 1 (A), summarised as in Equations

I and 2t of para 4.6.

Again at any stage of loading earlier to ultimate,

II can he obtained by taking moments about the neutral , 

axis as

M « 0 . y + °os ~ K2^ dh + * (l - n) (4,12)

Substituting 0, 0Cg and f as obtained earLier and 

simplifying we get Equation 3 for

, «ubd~

and at ultimate condition n » nu, «tc=!oc«. , M,. =
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the relationship far is obtained as in Equation 4.

2hus we have the moment factor equation 3 and the 
ultimate moment factor equation 4 valid for any stage of 
loading and for ultimate load respectively*

further, at any stage of loading the eccentricity
ratio

1

Substituting oc and n a nu, we get equation for
the ultimate neutral axis depth factor as shown in *- 
equation 5. Shus equation 5, is an equation of neutral 
axis depth factor at ultimate load for case 1 (A),

Case 1 (B)

Equations for load factor, moment factor and 
neutral axis depth factor for compression failure case 
accompanied by the yield of compression steel and no yield 
of tension steel are developed in similar manner except 
that

(4*13)

Ac , Km -

(since the compression 
steel yields) (4,14)

and
A

a
As (1 - n )dl> . £, (4.15)
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Again

*-0*0Cs-f (4* 16)

Substituting new values for CL and 2, equation for 

P» as in equation 6, is developed while substituting 

n== and <*««<«. , p *= Pu# equation for Pu is

developed as shown in equation 7.

2hus we have equations 6 and 7 for P, and Pu^ for 

load at any stage and for ultimate load condition 

respectively for case 1 (B). ‘ -

Again at any stage of loading earlier to ultimate,

1 = c y ♦ Ccg ( n - Kg) dh + 2 (i - n) dh (4. l?)

Substi tuting the values of 0, 0Cg and 2 

equations for moment factor (M,) at any stage of loading 

can be dev#.oped (see equation 8), while substituting 

n moc «'*«* and Mu « equation for as

shown in equation 9, is developed*

We have therefore equations 8 and-9 for M, and 

Mu for load at any stage and for ultimate load 

respectively for case 1 (B).

Equation 10 is an equation for ultimate neutral 

axis depth factor,

ow i.«n
Bjuatlons for load factor, moment factor and
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i

neutral axis depth factor for balanced design case in 

which crushing of concrete Is accompanied by yield of 

both compression and tension steel are developed on 

similar lines as given below

0CS ** Ac s ^ Bi 6m. since the compression 

steel yields and J

' _ f ' - 4* ty ** mp S «*bdy (4,18)

Value of C will be as given in .equation 4,5.

Substituting values of 0, CL and 2 in eauar-
- ’ * WS “

tion 4,2 relation for p, can be developed (BquatlonJIl) 
while substituting Pu = P , a^* n and <**« «:

equation for P can be developed for ultimate load
“ft1

condition (equation 12),

2hus we have the load factor equation for load at 

any stage and ultimate load factor equation (Equations 
11 and 12).

Again at any stage of loading earlier to ultimate

M = C y + Ccs ( n - Kg ) dh + 2 (l - n) dh (4.19)

Substituting 0, Qog and 2 an equation for 
Mt at any stage of loading is obtained. (Equation 13).

At ultimate n« «rao£u. and M, a

we get a relation of' ^ (Equation 14),
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311ms ye have the moment factor equation 13 for 

load at any stage and the ultimate moment factor 

equation 14 for the ultimate,load condition*

further at any stage of loading earlier -to 

ultimate the eccentricity ratio, eCQ would he

- < T, > (4>®)

Substituting n = and and on simplification

a neutral axis depth ratio equation 15 is developed.

For pure bending, the eccentricity-ratio should 

be °o ;t All the above equations are valid for pure 

bending cases also*

Case,2 (A)

Equations for load factor, moment factor and 
neutral axis dqpth factor for tension failure accompanied 

by the yield of tension steel and no yield of compression 

steel are now developed for the case in which neutral 
axis bisects the adjacent sides (see Fig.4.2).

At any stage of loading earlier to ultimate, 

equation for equilibrium can be written as

2 » 0 * 0cg - S (4, 21)

M = 0 y + C0s (n - Kg) dh + 2 (1 - n) dh (4.22)

where
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d H

er ; 6^

eg eg
E « A. . B. . (» - E2>dh

s u 0 ..... ‘fr"... .........
*x)

(4, 23) 

(4.24)

T m A . t
S 3 

« A„ , N ra

Substituting the values of 0, CL and f in 
” ' • cs
equation 4.21, we. get

(4.25)

* av
- y

nx + ay

- - 2 2
V _ ±J_ dy

Ac . ^(li - Kg) dh 

It A * K ro • sri*. 
8

4 C"w.

(4.26)

Substituting 

f «
nx nv

h = and P,b d„y
p

bdy

oC a
*bah 

<si* BL
E_ bd

*0
£. (f h*)

2 (f + -|->

fh
2v% + v

equation for load factor P, is obtained, (Sfcuation 16). 

Again n^ = h =* n, and Pu = P give

condition for developing equation for P„ in
U f

Equation 17.
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Thus we have the load factor F, and the ultimate 

load factor 1^, *h Equations 16 and 17.

Again at any stage of loading, earlier to ultimate 

M is obtained as in equation 4.22.

Substituting C, Q0jg , and 2 (4.23, 4,24, 4.25), 

an equation for M, at any stage df loading is obtained 

as given by equation 18.

At ultimate* n « n^ , <*. = and M, = .

Substituting these values in equation 18,a 
relation of is obtained (Equation 19)

Thus we have the moment factor equation, for 
load at any stage (Equation 18) and the ultimate moment 

factor equation 19.

Further at any stage of loading earlier to ultimate 
the eccentricity ratio eQ0 is obtained as in 4., 13 and

substituting «* »<*«, nu « n = h, we get equation for 
ultimate neutral axis depth factor as shown in Equation 

20.
Case 2 (B>

Equations for load factor, moment factor and 
neutral axis depth factor for compression failure case 

accompanied by the yield of compression steel and no 

yield of tension steel are developed on similar lines
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except that now the values of CL and T shall be asQS

under

°os “ Ac * % s Ac • V

2 *5 A * t

S 0

A « 6 • 32 0 0 8

A& .. LILslJ&M E
So s

Equations, for P, Pu^ , 1, and and neutral axis

depth factor are developed and summarised in equations 

21, 22, 23, 24 and 25.

Case 2 (0)

Equations for load factor, moment. factor and 

neutral axis depth factor for balanced design case in 

which crushing of concrete is accompanied by yield of 

both compression and tension steaL are developed1 on 

similar lines except that in this case as in 1 (0),

°os * V ’ ty " \ . N m - 6-u and

f = A^ , ty = mp H «u bdy

Substituting these values in equations of equilibrium 

for direct load and bending moment, equations for
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3?t £n » and 1 and for neutral axis depth, factor 

are developed and summarised in equations 26, 27, 28,

2? and 30.

Critical Values of mg

Critical values of mp for the demarcation 

between tension failure case and compression failure 

case. x ;

Case 1 * Neutral axis bisecting opposite sides.,

She,cUtical values of mp is obtained as

follows

*

also we have

xs

(See figs. (4.27)

*

:> dh (1 - i^) <&• 1 and 4,2)

%

2, '

2 Cm.

t' „ -V

esy " E :
S

N «u.
iL

(4.28)

(4*29)

(4.30)

Substituting e^, and e in equation 4.27 we get

(a,) critical « ..... ......■;.... . \^ g + S(l + 1c)

a NCCE (4.31)
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How substituting HU OR in equation id of the cage 

of balanced design a relation of mp critical oan be 

obtained as given in equation 31,

Gage 2 t Heutral axis intersecting adjacent sides

as

liquations 4,27, 4.29 and 4,30 give the relation

H
1- %

(4. 32)

How converting equation 4.32 in terms of f and h 

we get
h: « (n + 2).f l (4*33)

as HUG

Substituting value of h in equation 30 and simpli­

fying we get an equation 32 for mp critical for case 2.

Critical Values of mp for demarcation between the 

balanced design and tension failure case accompanied by 

the yield of tension steel and yield of compression 

steel are developed as under.

Case 1. Heutral axis intersecting opposite sides.

^ Vy ,(4.34)
Vth - 4h (a,, - Kg)

(see Figs. 4.;l and 4.2)

Since compression steel has also to yield
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ecsy 33
, t . y
i
s

S3 „ (4.35)
, 0

2
(4.36)Also e^ ss % ,

Substituting the values of eosy
and e^ in equation

4.,34, we get
2 Kg

«u SS 2 + Sc - 2 K^c - N - kN .
(4.37)

where is critical value of neutral axis.

Substituting this critical value in the equation of 

the case of balanced design i. e. equation 15,
l

a relation for w® is obtained as in equation 33.

Case 2 *. Neutral axis intersecting adjacent sides.

Equations 4.34, 4.35 and 4.36 give relation as

.g-—

%
-If

Vs7 Kgdh
( 4.38)

Gonverting equation 4.38 in terms of f
2 Kg f

* * _.fu

and h we get

(4.39)
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where % is. critical value ofneutral axis depth 

factor*

Substitution the value of "h in equation 30, 

we get an equation for nip (Equation 34),

4,5 location of Heutral Axis

for square column » s«i is found reasonable , 

approximation* (24), lor rectangular sections, the 

relation between & and «*• is,obtained by the assump­
tion (which does not lead to large error) that for a load 

acting on diagonal axis, the neutral axis is almost 

parallel to the other diagonal, i. e,

(4.40)

(4.41)

* of, # and a, a 

relation can be developed, $his relation in square 

section is a straight line, While for rectangular 

section the relation is a circular curve.

dy
— mmmm —.tan ® SS a a

while
tan o<.

Jb
d

» JL
y

l‘hus with three unknowns, i. e, B

(a) Case 1

tan e

= gfn-a (4,42)
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3Jhe relation 4*42 is used for selection of neutal 

ral axis inclination factor f in appropriate connection 

of n values.

(b) Case 2

' tan e
nmaalSL*

n
h . R

(4,43)

She relation 4.43 is used for selection of 

neutral axis inclination factor f in appropriate 
connection of k values.

4.6 Summary of Equations

A summary of equations for load factors, moment 
factors and ultimate neutral axis depth factors for 
cases 1. (A)». 1 (B), 1 (0) and cases 2 (A), 2 (B)

2 (0) is given here as Equations 1 to 30. Critical 
vaLues of rap for demarcation between tension failure 

case and compression failure case as jweLl as demarcation 

between the balanced design and tension failure are 
summarised and listed as equations 31 to 34*; Steps 

to derive these equations are explained in para 4.4.
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