
APPENDIX I

(A) Second and third order corrections to energy:alternate derivation 

of Halemane's result.

The corrections to the ground state energy as given by 
equation ( 12. ), chapter 2 are

S (EQ) = ldPEtt 
pl(da)P

a=0
For convenience, we introduce a-dependent terms S^(Ea), SglE^ 

S3(Ea} etc, so that the coefficients of pertubation series can 

be obtained as :
LimSi(E0) = a -» 0 S^E,).

In that case, we can also write

S2<Ea> = \ f; Sl‘Ea\ W = 3 3F VEa>

and so on.
We already have an expression for S1(E£t) from eqn.!r,chapter 2)'.

E
S4(E ) « —s =^Tn“\ f 

da da dx

or - S1(Ea) pa (Ea) - / ..dPpi&l dx .
** 00 Off

Differentiating (2) with respect to a yields

-£lE«> la S1<E«> - Sl“V l«P« (Ea>

U)

(2)

d£a (*) J 
-— 3a *oa Utt x = E / a

a
da^ dx- (3)
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Certain terms can be further simplified ;

Ta— = aal'« Uo) + CEa‘Eo)
Sf>„ (x) 1 +

'o

(E ~Ej2 dV(x)
a o' a’dx:x=H_ T 2 a.* 2 J +

x=E„
•]

a/>a (Ec) SE„ d>„(x)
Set’ a a j + ‘Ea- Eo> a ^ M

x=E, dad x J 4* • » • * (4)
x=E,

from equation (2), we have

'“a (EaJ)= " JE
a

(5)

Substituting equations (4) and (5) in equation (3) yields

-2s2<V <Ea> - si<E«>{*r (sl<Ea> S1 <EaJ ^ ^
0 dE„

S1(V Ie0(s1(e«) P* (Ea} ) +j£ 1- dx

Adjusting all terms yields

*WW- /“ ^5di?dx
da*

a! (S1 ‘E«>*« <Ea> > (6)

Taking limit a -> 0, one has for the first inverse energy weighted sum

\/° 4 ^ (x)dxjV |E (SiW^]
«■ -00 da co

S2 (E0)= -JL
For obtaining the third order correction term, we simply differen­

tiate eqru(6) once again with respect to a ,

(7)

so that



140-

- 2 S2^a}fdji
da •

* (V ( SZ(EaO

-d S^X)Jsa+ J' f “U)dX W)}

.'. - 6s3(Ea),0a(£a> = 2S2<Ea>{i ^ (E°>+ S1<E«) ifkf* J > }L 6x *=E„

+ sil£a) i-,** (x) J *fa iS,a«Jx
da x=E ~o° da°

a

dE 1 *<s,>

= -2S2<Ea> |E{Sl‘EaK<Ea>}+2Sl‘E«> S2(Ea) _g_ A, UJJ

+ Sl^aU^SitE.) Aa (E„)j + Sl(Ea) a (S2(Ea) />„ (E#)J

(Sf,) 0C0

- 4dai0 sllEo)s2<E«)'o^Ea) + |g 0(SllEa) '"a (Ea})}

O

-§E0 S1 <^31^ <Ea) \tS^UX ■
Expanding once again, and then collecting all terms yields 

-6S3(Ea^a(Ea)= - E|e lS1(E„)S2(E0)A1{Ea)}
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(8)

Once again, taking limit a -> 0, the second inverse energy 
weighted sum is

Fourth and higher terms can be obtained by further differen­
tiation of eqn.(8), with respect to a.

(B) Configuration space corrections to ground state energy- 

extension to Halemane's result s 
FrOrn equation (1 ) , •

the first order correction term is given by

S1(Ea)= “l*_ i (>° v £«) da a=o

Recalling that the perturbed hamiltonian can be written as 

H -> H + a K, the centroid changes as*.

i0<Sl(E0)S2(E0)/°0(E0))

d
(9)

c c6(c) -> 6a(c) = <H?+a<K>

= €0(c) + oc < K >C

d€a(c) = < K >
t—

c (2)
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Change in width also takes place similarly s 

2a2(c) -> aa (c) = a2 (c) + 2^ak(c) aQ(c) + a2aj^ (c)

da2(c) = 2£,a (c) a.(c) + 2{*a2(c) - (3)
da c u k. K

We have also used the symbols aQ and a^for cr^(c)and a^Cc) below . 
In the limit a o, the integration limits do not depend

upon a. The integration over x can be interchanged with 

differentiation with respect to a,

SFgU)
d a

= i/pa (x) dx =*/ 
da -oo a *

dPa(x) dx
FT

Since the space is decomposed into configurations, we have :

dF (E) E rd- a C
—ST = “ U) dx

(4)

Now /0C 
a

X II w!
*-

Q p o exp j(-1 (i
"sjtct; i

• d• • ’So" '«<*>
2 £l + d/°aC (x) d ea(c)

da (c) d a d€Tc) , d<r
a

= i(2 Vkao + 2«°k K (x){- 
a b

1 (x-&(c)2 (-
2 ao*(c)

+ H/2)

+ <
cX >C Pai*) * (+2) (x- ea(c)>

2d2 (c) 
a
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For convenience, let *c = (*- g (c))/^c)

c= V*> *c <K> t (;c2- 1 )
°a(c) (ojc#

Hence d /° (x) j = P (x) ____IL... o

d°= a->o
*„< K >
o0(c) 0Q(c)

(5)

In terms of Hermite Polynomials He*(x )> the above expressionX C
can be written as :

a/® (x) . /°0(x)—«---  j =
a a=o a0(c)

( xc<Kf +ttfk(c)He2 (xj (6)

To carry out the integration,we make use of the identity

■2 M - x2/2x _ x /2 
/ He e
_ <v* '

dX * HeV-l e

Also since xc = (x-eQ(c))/ oQ(c),

dxc = dx/oQ(c) or dx = oQ(c) dxc (7)

dF„(E) Z dc £ /of <xc)
a' 
d« c D / a

o0(c)
/ xc< K>v ^.<_<SKCc>He2(jTc) } dx

c ^t_{KCx^ *c<K> + Vc,He2(5;c)Cc^,
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c < K >C + (Ec)i;e
(8)

dF„( E)’• Ae) "At^Ae) e tH /°°'(Ec) < K> + crkCOEctc (9)

Where E = (E- £0CO) / a (c)

Finally, one has

Sl(E) = c -f-ffy {<K >c -6K«Ectc} (10)

The second order correction

s (E) = =L.
2 2*o( e)

"d2Fg(E)

(da)2 a=o

We already have expression for d Pq (E) j from S^(E)
doc

d^F { E)
We need to evaluate av ' j_ j .

a=o

doc a=o

d2F (E) 
ax 7

a* 2

. c

(11)

(12)

d__ /O/ \ _ d
2 <*'*' ~ t(X

doc Y2?fra(c)
“f i K> c (x- €„(c))

aa (c)

+ 1 ( tc^V^)(<’<-2Ms) )2 - !>)

o £c) a ' V(c)
(13)

For convenience, let us split up the expression into three terms.

T1 = ^lx)
V27aa(c) exp cTTcF/ J

a
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2
t2= < |<> (x -e(c) / 005(c) (14)

and T3 2
0«<e>

2 c
d M

on2
= 3T t WT3)J

oT, dT„ 4T-
47 (T2 + T3) + VtI"* -flr >

dT]
■33- = (x) [<K> 2

°« <«>

s (x-^(c)l ^ 1 (V»fc><Vc)+acfcX»^g<4 11

0 or 1
aa(c)

dT

da
1 J- Six)

a-o

<K> x.

0 (c) o '

^C0|f Cf^ ~ 1
%(c)

1 ) (15)

dT.
”3a“ = < K >

C (x-^(c)K-n Se 2 (C) , 3g,(c)
L a* (c) 2 da J

aa(c)

c -(x-C-(c)) c
f777 <2«/°M ^(<;)+2ad;(c))-_<Ji> ]

0 *(c) 
a a

c x-C-(c) c 2
<K>( -----  ) (2Xc0q(c) ok(c)+2gggCc)~ ( <:k>)

04 (c) 
a

a2 (c)

or.

0 a
j = - <K> xc ( 2 C„0i, (c)) 
a=o o

a0(c)

c 2
( <*>)

°a (°)
o

(16)
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T3 “ % °0°k + otga'e'
-* 2 *> {•*)

• ■• & • {i t?.v aii, ss ] .1 -}L a 4(c) d“ ‘ ' “(c)' J«« <«>

+ -i- ( *>„«*+
l oj2(c) dac)

a

•2 (tcVnn2!2 gk<c)

— 4/ \ 2°a (c) a (c).

C*-€«ft»2£5sJ£

(X— ( c) ) _ ,
A ■*

°a C‘>

+ (^foak + aak2V c
K 2<K> (x-Ctr(c)

2
aa Cc)

2
a (c) 

a

- 2 ( tc<ro<rk + a a2) (x-^(c))
“4
a (c) 

a

dT3 ,
da* ~ a=o 2 cao ^ °o ^

2 \ok
a0C«)

- 2
Wk V

2
a (c) 

o
}
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2̂oCc)
{(°k(cj - 2!?ok2 (=0 - 2C°kUKK>Cx(

2 2- 2 ^c\ lc) ><c2)

' 5 I o0(c)V
k-(0k2(C) l*c-l ) - 4 *C2 + 2 ^°V ^C)7 2 

v°!c

-2c:c^fc>VK>}

*2 cd -°a C*> 6T, dt,.
doc cx=o

L = (W TF „L + T1 ( "TF J=o+ da
a=o

Substituting from equations 14-17, we get

lT2+T3)^H:[<*>cL,+ Saisi j
^ M‘> '"c

/O C(k)
TFT t*c<K>+WtV 1 ) J

4^
—_— [<K> xc + $cak(c) ( x(
o0 (c)

) ]

dT„ c dT9 dT„3 j i ^ ( __4 j . JTlC -5^- J + -gf- J_ J - ( ”5aj_z da
a=o a=o

+ dF ^ ^
a=o a=o

(17)

i )
cc=o

1
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/°0 (x) (-2<k>cxcrc ak(c) + crk2(c) (x2-l) - 4 tc ak (c) x£

2
ao (c)

2 2 c+ 2 tc <*k (c) - 2 ^cok(c) xc<K> - (<K>C)2 )

c .,2 2 2 2
(x) C (<k> > *C +- ak (C) ^r“1}

"VTc)

+ Cc0k ( *c " 2*c + 3 - ) - (<K>C )2

+ 2CK>c '5c0x(c) (xc3- Xc - 2x^)• ]• •

2 2°1°g(x)

0 cc J =
a=o

^.(j[((<K>)Z^(c) ) He2(xc) + t£<Jk2(c) He^x^

a0(c)
+ 2<k>c Ccak (c) He3(xc) j.

a\(E)

Cda?
I
a=o

£
c

/
%c

D fa«i2
J dx 

a=o

dc
D o0(c)

a2 c /^ % a y©a (xc) j
2 1 

(da) a=
dx c
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go^c)
ao2(c)

I ii 
c D

dc c c <. 2 2 .
-K- f x°(xj CC«K> 1 •+CTlc «>) He2 (xe)

-» oo

Qak2 (c) He4 (xc) + 2<K> tc ak(c) He3(xc)]dx'c 

^0(EcK((<K^X'f'ak2(c) > Hel(Ec)+i:c2 ak He3^Ec)

+ 2<Kf«,c ak(c) He2 (Ec)} .

N°w .d.F&lf2 I _ _ 2 dc yo0 (Ec) C < )<>+ tc ak (c) Ec J
da a=o C 0

For evaluation of the second term in the expression for S2(E), 

we need

4 1 , aFa<E}. , *
P(E) ‘ ocio >

- ( dF‘(E) J )2 d
dE
*1 + - 

^°(E)
2 d
77

FJS) i 
a=o

+
le ( 4 F»

6a
(E) | 

a=o
)

Now d£ ( loll) ) = -1
(P( E)2

dP(E)
dE

^ l dc t C«o'rE-^(c) J exp ^ -1/2 {E_to(c) t 1 
1 a0(c)J J" (Aef c D V2kct(c) 1

a0(c)
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</°(k)
2 dc 

2 c D
> (Ec)

<f 6

• d , dFg(£) dc /^(Ec) (<k>C+ t_ok(c) E )}
* ^ V ^oT J )“ dElcD CK CJ

dE a=o

f (<K>C + £ ok(c) E.) x, c 
c C k c C * X>(EJ (-Be)

D

and ^ (M) (

d F (E)
-35s—

2 ,1 } } 
a=o J

cro(c)

(^(E))‘

Tc r/°C(Ec) (<^>+ °k(c) ECJ2? /°C^Ec) Ec

a0U)

+ —^ dc ^ (Ec) a (c) E. )
+ /0(E) CD c ^><7 + S: *>'

* C ^ ^ \ ^
c r -oTsr [ Ec<K> + Cc°k(c) He2<M j

S0(E) =-l
z zoTe)

2
d F (E) d 1 a p (c) j 2,
-8“ aio * *> ( ‘ J

da"

afe)3 (c£ *& ^E)C«.<>+^ak(c) Ec]} 2 2 dc /o (Ec) Ec
&• D —~ ;..\—cr0(c)

—' o . £ dc Pq (Ec) «K>C+ Ok(c) Ej 
( P(E)2 C D C C K C

c.2 dc ^o^c)
* c

S2 -TTiT C Ec«> + Vk<c> He2 *Ec> 3

do /)co (ec) |(<K>cf + HetC ej + t,c He3(Ec 3
p cToCO


