CHAPTER-II
RELATION BETWEEN CERTAIN SUMMABILITY
METHODS OF AN INFINITE SERIES
2.1. INTRODUCTION:

Huseyin Bor has established a relation between the
V. p,

pointed out that |C,J|, summability method can be obtained from

,and |C.1;, k=1 summability methods of an infinite series. He

V. »,

He has also remarked that one can find a sequence (p,) for which

ksummability method by taking p, =1for all values of nen.

the methods |¥,p,

, and |C.]|, are independent from each other.
Hence a question arises that, if a series is summable IC.y,. then
what conditions should be imposed on a sequence (p,) so that the
same series becomes summable [N, p,| , £21? . In order to answer

this type of question Hiiseyin Bor has proved the following two
theorems.

THEOREM 1 [10]:

Let (p,) be a sequence of positive real constants such that as

n—» o

np, =O(P,), (2.1.1)
P, =0(p,). (2.1.2)
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k>1.

k’

If > a, is summable |C,i,, then it is also summable (¥, p,
n=0

THEOREM 2 [11]:

Let (p,) be a sequence of positive real constants such that it

satisfies the conditions (2.1.1) and (2.1.2). If ia,, is summable
n=0

[V.p,| .thenitis also summable |Ci, , k>1.

k
Further, by putting these two results together, Hiiseyin Bor
obtained the following theorem.

THEOREM 3 [11]:

Suppose (p,) is a sequence of nonnegative real constants such
thatr, =3 p, %0, P, > as n-w, and that (2.1.1) and (2.1.2)
=0

N,p,

hold. Then summability |C,J}, is equivalent to summability
k1. "

k’

All these theorems of Hiiseyin Bor are related to |C,], and

summability methods. Considering more general

V. p,

k

summability methods such as |c,;;6], and 17\?, p,;0

iy Huseyin Bor

generalized his own Theorem 1 by proving the following.

THEOREM 4 [12]:

Let (p,) be a sequence of positive real constants such that as
n— oo
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np, =O(P,) (2.1.3)

P, =0(np,). (2.1.4)
and
() {4

If > a, is summable |C;1;5],, then it is also summable [N, p,;5
n=0

k’
k=1, 620.

On the other hand, Theorem 1 was also generalized by
O.Cakar and C.Orhan [22], replacing condition (2.1.2) by a weaker
condition. Their result is given below:

THEOREM 5 [22] :

Let (p,) be a sequence of positive real constants for which as

n—>

np, =O(P,) (2.1.6)

i(f”-)w(ﬂ-.)- 2.1.7)

=1\ V

If a series 3 a, is summable |c1|,, then it is also summable [V, p, X
=0

kx>1.

it is interesting to note that M.A.Sarigol [51] battered
Theorem 1 due to Hiuseyin Bor by using only the condition (2.1.1)
and dropping condition (2.1.2). He also bettered Theorem 2 by
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using only the condition (2.1.2) and dropping condition (2.1.1). In
fact, his results are as under:

THEOREM 6 [51, Theorem 3.1]:

Let (p,) be a sequence of positive real constants satisfying

condition (2.1.1) . If ia,, is summable |C,],, then it is summable
=l

PV_,p,,L, k=1.

THEOREM 7 [51, Theorem 3.2] :

Let (p,) be a sequence of positive real constants satisfying

condition (2.1.2). If 34, is summable [¥,p,
=0

L then it is summable

lc,, k1.

Further in this direction, G.Sunouchi and L.S.Bosenquent,
proved the following theorem in 1950.

THEOREM 8 [( [52],[4])]:

The necessary and sufficient condition for a series ian to be

n=0

summable W,q,, whenever it is summable ]’N’, p,| is

4Fe _o0) (2.1.8)
0,p,

as n—ow .

The sufficiency part of the above Theorem was proved by
G.Sunouchi and the necessity part was proved by L.S.Bosanquet.
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In 1987, H.Bor and Thorpe [17] proved a more general result

in this direction as under:
THEOREM 9 [17]:
Let (p,) and (g,) be sequences of positive real constants. If

ann = 0(‘ann) (2'1'9)

Pg,=90(p,0,) (2.1.10)

then the series ) a,is summable [}\7, Pal, whenever it is also
n=0

summable [N,q,| , k>1.

£ 3

2.2 MAIN RESULTS:

In this chapter, we intend to prove more general results by
establishing the relation between |C,1;5], (see chapter-l, definition 2)

and |N,p,:o

,(see chapter-l, definition 7) summability methods

under a weaker condition. Incidentally our results will generalize
the results due to Hiseyin Bor (Theorem 1, Theorem 2 and
Theorem 4) and O.Cakar and C.Orhan (Theorem 5). Our aim in
this chapter is also to extend Theorem 6 to Theorem 9 for

X ~|ﬁ, P,

. summability. In this regard, we refer the definition of

X ~—|—N—, D,

\ summability due to S.M.Mazhar, whichis given earlier
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in chapter-| (see definition 9). S.M.Mazhar has remarked in [39]

that the summabilities ||, [R.p,),, [N.p,| and [N.p,

kcan be

obtained from a single summability x -[¥, p,

, k=1 In fact, we shall

prove the following theorems.

THEOREM A [54]:

Let (p,) be a sequence of positive real constants such that as

n—>o
np, =O(F,) (2.2.1)
2 (P
2 ~f—J=0(%.1) (2.2.2)
v=i \ 44
and
= ¢ p VB PV
I =0l +|- 2.2.3
;.Zv:\l’n) Poy 0[[1)”] P,} ( )
If ian is summable |CLé|,, then it is summable ﬁ,p,,;&k, k21,
=0
520.
Remark 1:

O.Cakar and C.Orhan [22] have pointed out that condition (2.1.2)
implies condition (2.2.2) but converse is not true. Thus our
Theorem A is a generalization of Theorem 4, as we are replacing
condition (2.1.4) by a weaker condition (2.2.2).

Remark 2:

It is also interesting to observe that when =0, our Theorem A

gives Theorem 5.
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THEOREM B [54]:

Let (p,) be a sequence of positive real constants such that as

n-—>
P, =0(np,) (2.2.4)
npn = O(Pn) (2'2'5)
and
Ok} &
(P 1 Y 1
- =0|| =>| —|. 226
;[pn) ‘Pn‘l [[pv] Pv} ( )
If 3 a,is summable [V.p,;4], , then itis summable |c16],, k>1,
n=0
0< k<1, §20.
Remark 3 :

It is easy to see that, when s =0, Theorem B reduces to Theorem 2

due to Hiiseyin Bor.

THEOREM C [55]:

Suppose (p,), (g,), (x,) and (¥,) are sequences of positive real

constants such that as »n->
‘ann = O(ann) (2‘2‘7)

9,=0(,X,) (2.2.8)

p.Y, =0(p,). (2.2.9)
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If Sa, is summable X-[N,p,

n=0

.+ then it is summable Y—rN—,q"

k’

k>1.

Remark 4:

It may be observed that if we take x, -% and Y, -2 in Theorem
pn qn

C then we get Theorem 9 due to H.Bor and B.Thorpe.

THEOREM D:

Suppose (p,), (z,), (x,) and (v,) are sequences of positive real

constants such thatas n—» «

P4, =0(p,0.) (2.2.10)
Y4, =0(0,) (2.2.11)
P, =0(X,p,) (2.2.12)
If gan is summable x-[V,p,| , then it is summable r-|V.q,| ,
kx1.
Remark 5 :
‘ It can be o.bserved that if we take x, =§", Y, :g" and k=1 in

Theorem D, then we get sufficient part of Theorem 8 due to

G.Sunouchi.
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Remark 6 :

It is also interesting to observe that, if we take p, =1 forall rnen

and 7, =9"—,X,, -% in our Theorem D, then we get Theorem 6
Pn

due to M.A.Sarigol.

If we interchange the role of the sequences (x,) and (v,) in

Theorem D, then we get the following theorem.

THEOREM E:

Suppose (p,), (g.), (x,) and (¥,) are sequences of positive real

constants such that
Pg,=0(p,0,) (2.2.13)
X,4,=0(0,) (2.2.14)
P, =0(,p,) (2.2.15)

If >a, is summable Y-[N,q,| , then it is summable X -[N, p,
n=0

k!

k=1.

Remark 7 :

it can be observed that if we take X, zfﬁ-, Y, -2 and k=1 in
pl! qn

Theorem E, then we get necessary part of Theorem 8 due to

L.S.Bosenquent.
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Remark 8 :

It may noted that if we take x -5 and g, =1 for all value of ne N
Py,

in Theorem E, then we get Theorem 7 due to M.A.Sarigol.

Remark 9:

Further, it is interesting to note that if we put X, =Y,=»n inour

Theorems C to Theorem E, then we get a relation between
Absolute Reisz summabilities of order k with respect to the
sequences (p,) and (g,) in the form of the following corollaries:

COROLLARY 1:

Suppose (p,) and (g,) are sequences of positive real constants

suchthatas n—>

Fq,= 0(ann) ’

npn = O(Pn) ’
and
0, =0(ng,).

If the series ) a, is summable |R,p,|, , then it is also summable

=0

IR.q.},, k=1

COROLLARY 2:

Suppose (p,) and (g,) are sequences of positive real constants

such thatas n—>
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nqn = O(Qn) L

Pn =O(npn)‘

and

If the series ) a4, is summable |8, p,|,, then it is also summable
=0
[R,q,,L, k>1.

COROLLARY 3:

Suppose (p,) and (g,) are sequences of positive real constants

such thatas »—»
P4,=0(p,0,)
np, =O(F,)
0, =0(nq,).
If the series f;a,, is summable |Rq,|,, then it is also summable

[R.p,|,, k1.

Now we provide one by one, proof of our results from
Theorem A to Theorem E.

2.3. PROOF OF THE THEOREMS:

First we establish some general terms. Let (r,) be sequence of

(¥,p,) means of the series f:a,, . Then, by definition, we have
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1&
L, ;—v_z vy s

n

where
Sv:a0+al+a2+ “““““ +an-

Therefore

t, = prvZa

;, y=0 z=0

1l

[poza IHNATH R +p,.Zaz]

z=0 z=0 z=0

= i"[poa0+p,(ao+a1)+p2(ao+a,+a2)+~—*+Pn(ao +a,+--—+a,)]
Y RS SES SERPL N
= %[g,ao-;-(}’"— po)a, +(B,~(po + p,))ay +————- +p,a,]
= }};[gao+(p,,_g)al+(1>,,-g)az+ ————— +(@2,-P,)a,]
= }};-vz;;(P,,-—Pv.,)av,nzo. (2.3.1)

Then for »n>1, we have

t, - —-'Z(P P_l)a Z( 1 v-«l)av

,, v=] n-l v=l
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I
™M
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!
| -
M=
i
&

i

]
[eay
1

il

(2.3.2)

Similarly, if (r,) denotes a sequence of (Xf,q,,) means of the series

> a,. Then, by (2.3.1) and (2.3.2), we have
n=0

Tn = _élmi(gv «Qv-vl)av

> (2.3.3)
and
T,-T., = Q,.qQ",,.l z::QHav : (2.3.4)
PROOF OF THEOREM A :

Since the series f:a,, is summable |c;5], it follows that ( see
n=0

chapter-l, definition 2 )
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[ <oo. 2.3.5)
By (2.3.2),we have
t~ty = PP —2 P, a,
S Z(w}l]“v- (2.36)

Applying Able's transformation on the right hand side of (2.3.6), we

get
= (P, (P
t,—t = Al =2t + n-1
T PP,I;( ng )(PP,)ZZ_;M
= Py ‘S (Rnl) N pn)
- Zaz + za
PP, 1§ v ; \ ;
Since
A[f”i) = Lla@.)- AA(-I—]
v v v
= }.Pv_l Pv)—R(l.._.....];_J
vy v+l
= _p__h
v vy+1)
Therefore,

n

_ = n-1 pv n-l R’ + p”
t,~1,, pp Z Zz PP"}Z[V("H))Z Zza

n-1 v=1 z=1 =l e ” ey
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- Py 2l y+1 + P, -1
R,Pn.lé;(v) [v+1§m) PP_,:.Z; v+1§“’
(_’Eji)____l_"m
n JPin+lg

D, v+1 P "*‘(R,) (n+l)p
T e Ny (e 2 PR ) Al . 3
PP_,Z,[ )p"’ P,,P,,,,é y ) T h e

=, +1,,+t,, , SaY.

Since

t

k
n3f -

it follows that,to complete the proof of theorem A , it is enough to

sl +ltal ),

,tn,l +1,,

nl

show that

i)

3

ni

Y <, for i=123. (2.3.7)

=] pn

Let us apply Holder's inequality with indices x and »' , where

l+--«1 we get

kK

ml P Sk+k-1 .

Z = tnl

n=2 pn ’

_ f(—&]&+k—l pn "Z"l(v-{»l)p . k
=2\ Py PP =\ v Y
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() el P Sk+k-1 p k el k
0)] —= - t
S(2)" () e

n

mﬂ( P \&+k—] pn 4 1 n-1 k
2 o) [—-;} 7 (k)

I
2
S’

™M

|:

1
2
-

~
[+
. o
t
[y
E
}
S
=
T
b

i
Q
=
M
TN
[+
b
KR
$Y
oy
%3
S
=
[ ——_
s,
LG
Mz
3
(—
T

]
2
=
M2

N
y f;g
g
R
L
oy i —
—t—
]
b~
-
QN
N

m g (p &-1 1
o) Set F[L] 2

n=v+1 pn

&
p,

o0 5 (&) ks

o) ; P, , by (2.2.3)

tv

;.ul‘__‘

of) SvE [, by (22.1)

= 0O) as m—>o , by(2.3.5).

Again , we have

mtl P Sk+k~1
X

+
n=2 .pn

k

n2
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0
3
A g
N
51
Nt
%
e
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IA
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—

D |3
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S
x
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N

-]
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A
£

it
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TN
e
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¥
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g,
LML
TN
< !:u
M—’

s

A
1 gt
TN
S
.. o
b4
L
%]~
—Pe—
i1
—
< ‘,;'u
\;:_:/
-
"

= o0 S22 {53

tvk} . by (2.2.2)
\pn n1 vl
ml [ p -1 1
= t —n
lv} ;I(P,,] Pn—-l

o) 3(%]
3

| (pv J&}}- by (2.2.3)

A4

o) 3%

= o) é; (—ﬁ”:)&-l]t,["

o) >v* | ,by(2.2.1)

= Ofl) as m—>«» , by(2.3.5).

Finally, we have

- Ok+k~1
55

n3
n=2 p n

k
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k

_ mil & Sktk-1
- 5

m=2\ Pn

(m—l)&t
n JP "

n

it f P Sk+k—1 k
w
=2\

]

o) ; -5—)&-1 I

o) 3>k ,by(22.1)

n=l

o) as m—x , by(2.3.5).
Therefore we get

© P Sk+k-1
Z[—"-] | <e0si=123.

n=l Py

This completes the proof of theorem A.

PROOF OF THEOREM B:

Since the series ) q,is summable I“N', p,,;(sk,it follows that ( see
n=0

chapter-l, definition 7))

= (p Sk+k-1
Z(—;—J b~ <. (2.3.8)
n=l n

By (2.3.1), we have for n>1
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We write
— - Pn <
A, =t,,—t1, = -—== P_a,
n-1 )] P,, P,,.} vz:_:, 1
Therefore
P, & D
A, = P a, - =*a,
PP_] e} Pn

. P n-1
Le. ~ta =
P P P Z

n1
Le a, = - "'I”E" a1 ! Z])»-wlav
P, n- v=l
ie. o = fip sTBep (2.3.9)
n n-1

Let (w,) denotes the nth (C,1) means of the sequence (na,). Then

by definition 1 of chapter-l, we have

1 n
— ) va,
n+1%5

13 v[~——}i—At,_l+£"—:2— H} . by (2.3.9)

n+l v=l p, pv—d

1 & P nP,
__..__2: —p} AL = e B A 2: v-2
+1v=1( V)pv o (n+l)pn ) v-2

V‘l Pya

39



nP

1 & P
= . + o I\ v1AL - n
n+12( ! n+1§‘,(v+’pv & (n+1)pn
[& At,,_lr
= g Bee A
n+llz vP, +(v+l) ]} ( " )Pn t,
Since
—~vP, +(y+1)P_, = —vP,+vP_, +P,_,
= (vl P)+ v-1
= _va+l)v~i
=—vpv+Rv—pv
=P, ~(v+py).
Therefore

n-1

1 E(P, nP,
w, o= At - v DAL, - A
n+1,,_1(p ] n+l vz-;( ) l ( )pn

= ow,tw, +w,,3,say.

Since
k

k)’

we see that,to complete the proof of theorem B , it is enough to

k
+

+{W,3

E o ak
Wy + W, +wn,3‘ S4\|W,,y

wn,Z

show that

o

&-1t
Zn Wrw‘
n=1

w , for i=123. (2.3.10)

Applying Holder's inequality with indices © and &', where

1+37=1 , we have
k k
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IA

A

i

It

H

mtl Sl n—lf}) ¢
0(1) Zznn Z - lAtv—llk}

v=1\ Py J

wﬁmi“mﬂ

o)) i(fx‘\kfmwlk 2 pe=

v=l Pv J n=v+l

o(1) f:(ﬁ-\ lat, .| ( m)

=1\ Dy J

Sk+k-1

k-1

m (P 3 R
o) >i—=| |a. by(224)

v=1 \py)

O(1) as m— , by (2.3.8).
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Again

ml E

Zn""“ w
n=2

n2

Z &y z (v+1)Ar,

n=2

iﬂn‘*“( 1 ) {Zv(vn)l Ar,_,l}

=2 n+l

o0 Er{gmrfig)

_ ml 1 n-1 ' " ln—l Lo
- o0 St )

A

= 0ofl) gni& gv’f}mﬂi"}
= o) ZV" a S — %

n=v+1 1

= 0f) fv"‘*""]AtHI"
v=t

= o) ZG }&+k—l| . by (2.2.5)

= 0(l) as m—w , by (2.3.8).

Finally, we have

k

n3

mtl 5
3t n
n=2
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k
..._.'.'_.

n+lp,

n-1

- Z&-:

n=2

o() Zn‘*“‘( ) las, .|

1

ofD) g[i—)ﬂm—l Iae, .

= 0fl) as m—> , by (2.3.8).

Hence

> n*lw o , for i=1,23.

np
n=l

This completes the proof of theorem B.

PROOF OF THEOREM C :

Since the series Za is summable X - [N p,,} it follows that ( see

chapter-l, defi nmon 9)

> Xt < . (2.3.11)

n=l

By (2.3.1), (2.3.2) and (2.3.9) we have

Tn=_1_zn:(gn ‘Qv—l)av
Qn v=0
Tn ”Tn——l = Q Q,,_l Z;Qv—lav ’ for (n>1)’
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and

P P
a, © ——2At_ +-2EA .
pn pn—!

Therefore, we have

P
T, -T,, = O, | - Ar, +=22 AL, ]
! Q Qn-—l ; l[: v ' v—1
- 4P q ""(P J 4, "”“[PH
- — Ain— + Q Atv«
ann ' Q Qn——l ; ! QnQn—-l § pv
— q P q ’hl v—l
= H—L&Atn~ + - (Qv—- ‘P QVI)V‘ )
ann ' Q Qn-] Zl: v ! 1
But

Qv—va “QvPv—l = Qv-IPv "QvPv + Qv.pv
= (Qv—l - Qv)})v + pva

= —quv +pva .

P n-!
T ~Tn-l = —'_g_n—jmn—l + Qan Z} v—l( qvj)v-'-pv )
ni’n n-l v= v

- QR‘Pn - qn S P v A &
Atn—l Z( }1 Q Q ZQ

ann Q Qn—-l =1\ Dy n-1 v=1
= T,+T,,+T,, ,say.

Since

k

<o )

T +[T..

+ T,,,3

)QVAI -1

v-1



we see that,to complete the proof of theorem C ,

show that

, fori=123.

-1
2L <o

n=1

Firstly, we have

n=l

- ZY’:—: 9.5, At
o,r

< nin

- Zyk—-l(gnp ] [Atn-—ll

n=l

= ZY*“( M—é—’ﬂkl%l" , by (2.2.7)

n=l

]

o0 (%) ot

n=1

o(xj S xar, [, by (2.2.8)

n=1

= o(i) , by (2.3.11).

Another application of Holder's inequality, gives

n2 l

S Yﬁ-—lT *
2.7,

45
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A

A

i

k
m+l

Z Yk—l

z[ . {"“ Hq = *}
S (2] ,..,L( J

v—l

\ E
m(p kB Skl 9n 1
of1 x, At 1 Y;l
0 5[] afa {,,2 &) Q}
m( p ¢ xr”'“ P = q k 1 w ’
o@) 3| = | q,lar,I" . < >, by (2.2.9
() vz;(pv) qv‘ v_l R;M(pn] (Q”} Q"“IJ Y( )
) Z;(pv) 0JA| ,;,(q,, o, Q""J 4 !

o() Z\%}kqvl Aty {Z 0, Q.,.;}

=yl

(g

} [qv Ji ALl by (2?.7)

(

o) Z

“u l;'c:

!tQ

o(1) Z(

©

v~—ll

o(1) Z(

v=1 qv
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of) 3 x*ar, [, by (2.2.8)
=

o) as m—o , by (2.3.4).

Finally, we have

i}’nk.l Tn,3 *

n=l

n-1

B0 20

% H[QQHJ (Som.if
Er(e) gle) e o Bef
o0 S (&) g8 vt

mil Yk—l g!!-)k 1
]"”‘A {,E " [Q,, Q,,-,}

o)) 2(%] Tl L by (22.7) &(2.2.9)

mil
21"

IA

A

o) 52

= 01) ZX*“‘]A l° by (2.2.8)

= 0f) as m—x ,by(2.3.12).
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Therefore, we get

o , fori=123.

n=t

This completes the proof of theorem C.

PROOF OF THEOREM D :

it follows that ( see

Since the series Y a,is summable x-[¥,p,| ,
n=0

chapter-i, definition 9 )

3 x| <oo (2.3.13)

n=1

Then by (2.3.1), (2.3.2), (2.3.4) and (2.3.9) we have

— - P, ¥
r -t .= A _ =—_=F P_a, ,
n n-l n-1 P,, P,,_l ?:; 1"y
T,-T,, = =22 %0 a,,for (121).
Qn n-1 v=1
and
a, = Top sBe2p (2.3.14)
pn prx—-l

Therefore, we have

Lot = -l -Lu Lu, | by @a1g

n res
Qn~n—l v=l -1
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=1

- 4P q ""(P ) g, [PM)
- — At - + - — QvAtv- + QvAtv-
ann : QnQn—} Z;\Pv 1 QnQn—l g; pv :

P A
= ‘”gn—n—Atn-l + qn Z el @W}R_QV'PV-I) .

an n QnQn—i vz Py
But .
Qv»l‘Pv —Qv‘Pv-l = Qv—-l‘Pv ~QV‘RV +vav
= (Qv—l -Qv)Pv +pva
= -q,P,+p,0,.
Thus
- q,b, g, TN, {
Tn'—Tn— - ——-—-’-’-—-—'LA?”“ + = > —quv+pva)
' ann 1 QnQu—I ; pv .

P mif p ; n-l
= - fn s Ain-l - 2 Z( v)qvAtv-l + 4 ZQvAtv—l
ann QnQn-l v=1\ Py QnQn-l e |

= T, +T,,+T,, , Say.

To prove the Theorem, by Minkowski's inequality, it is sufficient to
show that

4

Z Yk-l

n=1

F<w |, for i=123. (2.3.15)

Tn,r

Firstly, we have

k

z.o: Yk—l

n=1

Tn,l

k

- Z}/ﬂk-l qn})n Atn_.].
n=1 ann
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- Zynk—l(qnp ) ' Atn—l!

n=} n n

—O(I)ZXk[q"}[ . by (2.2.10)

= of) 3.x |, , by (2.2.12)

n=l

= 0(1) , by (2.3.13).

We now apply Holder's inequality with indices ¢ and &', where

1 1 L
—+—=1. This gives
k+k' g

Tn,2 r

i Yk-1

n=l

m+l k

— Z Yk—l

g El e
s S (o) ElE b

(8 {8
o0 S (1) {52 ot
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k

m 3 m+l £
- o (5 fumt{ S (3] o)

n=v4

I

n(p )
o) Z} 5 (gg-”—){AtH{“ by (2.2.11)

o) 3 x+ijar ', by (2.2.12)

o(t) as m—>» , by (2.3.13).

Finally, we have

i Y nk-‘l Tn,3 *

n=1

m+l 4

- z Yk—l

n=2
Prr( g T{E‘Q " l}k
n=2 ! szQn~l v=l Y >
m+l q k 1 (=20 £ | -1
Yk-—l dn § 1 Xy At k 1
2" (QJ 0.y {Z;[qv)‘”' s HQM ;q}
Atv_llk}

m+l q k 1 -1 Q k
= o0 (g 52«

A £ | 28 Yk—l _g_r_r__) 1
tv li {nszw-:l n (Qn Qn__l}

[
——2. 04,
Qn Qn«-—l Z; !

A

A

of) g;[%—]q




k

At L]

0 5{%)

o) 3 x*ar,[* , by (2.1.10) and (2.2.12)

Af,

= o) as m—>o , by (2.3.13).

Therefore, we get

F e |, fori=123.

i Yk-l

n=1

Tn,z

This completes the proof of theorem D.

PROOF OF THEOREME :

The proof of Theorem E is similar to Theorem D , which
can be obtained by interchanging the role of the sequences (x,)

and (v,) in Theorem D.
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